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Question

LetW,V ⊂ Cn be algebraic varieties with 0 < dimW, dimV < n.
Suppose f is a transcendental meromorphic function.
If f(W ) ⊆ V , what can we conclude about V andW?
Notation: f(W ) = {(f(w1), . . . , f(wn)) : (w1, . . . , wn) ∈ W}
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The Ax–Lindemann–Weierstrass Theorem

If exp(W ) ⊆ V , what can we say aboutW and V ?
Theorem (Ax)

IfW is a maximal irreducible component of exp−1(V ), thenW is a
translate of a rational subspace of Cn.

Example:
W = {(w1, w2) ∈ C2 : 2w1 + 3w2 =

√
5}

V = {(v1, v2) ∈ C2 : (v1)
2(v2)

3 = e
√
5}

Analogs of (a strengthening of) this result are known for other dif-ferentially algebraic functions.
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The Lindemann–Weierstrass Theorem

Theorem (Ax)

IfW is a maximal irreducible component of exp−1(V ), thenW is a
translate of a rational subspace of Cn.

Theorem (Lindemann–Weierstrass)

If a1, . . . , an ∈ Q and exp(a1), . . . , exp(an) are algebraically
dependent, then a1, . . . , an areQ-linearly dependent.

Schanuel’s Conjecture: If tr.deg.QQ(z1, . . . , zn, exp(z1), . . . , exp(zn)) < n for
z1, . . . , zn ∈ C, then z1, . . . , zn areQ-linearly dependent.
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The Γ function

Γ extends the factorial function on positive integers holomorphi-cally to C \ Z≤0.
Γ satisfies three kinds of functional equations:
1. Γ(z + 1) = zΓ(z)

2. Γ(z)Γ(1− z) = π
sin(πz)

3. ∏m−1
k=0 Γ

(
z + k

m

)
= (2π)

1
2 (m−1)m

1
2−mzΓ(mz)

Stirling’s formula: Γ(z) = √
2πe(z−

1
2
) log z−z+φ(z) for z ∈ C \ R≤0
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What kinds of varietiesW and V satisfy Γ(W ) ⊆ V ?

1. Γ(z + 2) = (z + 1)Γ(z + 1) =
(
Γ(z+1)
Γ(z) + 1

)
Γ(z + 2)
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What kinds of varietiesW and V satisfy Γ(W ) ⊆ V ?

1. Γ(z + 2) = (z + 1)Γ(z + 1) =
(
Γ(z+1)
Γ(z) + 1

)
Γ(z + 1)

So Γ(W ) ⊆ V for
W = {(w1, w2, w3) : w1 + 1 = w2, w1 + 2 = w3}

V = {(v1, v2, v3) : v3 =
(

v2
v1

+ 1
)
v2}
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What kinds of varietiesW and V satisfy Γ(W ) ⊆ V ?

2. Γ(z)Γ(1− z) = π
sin(πz)

gives
π2

Γ(z)2Γ(1− z)2
+

π2

Γ(z + 1
2
)2Γ(1

2
− z)2

= 1

3. Γ(z)Γ (
z + 1

2

)
=

√
π21−2zΓ(2z) gives, for any a ∈ C,

Γ(z)Γ

(
z +

1

2

)
·
√
π21−2(z+a)Γ(2z + 2a)

=
√
π21−2zΓ(2z) · Γ(z + a)Γ

(
z + a+

1

2

)
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What kinds of varietiesW and V satisfy Γ(W ) ⊆ V ?
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+
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=
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What kinds of varietiesW and V satisfy Γ(W ) ⊆ V ?

1. Γ(az + 1) = a
Γ(z+1)
Γ(z)

Γ(az)

2. π2

Γ(z)2Γ(1−z)2
+ π2

Γ(z+ 1
2 )

2Γ( 1
2−z)2

= 1

3. Γ(z)Γ
(
z + 1

2

)
· 2−2aΓ(2z + 2a) = Γ(2z) · Γ(z + a)Γ

(
z + a+ 1

2

)
Observations: In all three examples
• dimW = 1 < dimV

• Some coordinates ofW are related by an affine rationaltransformation wi = qwj + c for q ∈ Q and c ∈ C.
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Can any instance of Γ(W ) ⊆ V be explained by an affine ra-
tional relationship between some coordinates ofW?

Conjecture (Rohrlich–Lang)

If a1, . . . , an ∈ Q and Γ(a1), . . . ,Γ(an) are algebraicallydependent, then the dependency comes from the functionalequations Γ is known to satisfy:1. Γ(z + 1) = zΓ(z)

2. Γ(z)Γ(1− z) = π
sin(πz)

3. ∏n−1
k=0 Γ

(
z + k

n

)
= (2π)

1
2 (n−1)n

1
2−nzΓ(nz)

In particular, each ai is related to some aj by a rational linear trans-formation.
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Two functional transcendence results for Γ

Theorem (1)

Let q1, . . . , qn ∈ Q and b1, . . . , bn ∈ C. If
Γ(q1z + b), . . . ,Γ(qnz + bn) are algebraically dependent, then the
dependency comes from the functional equations Γ is known to
satisfy.

Theorem (2)

IfW,V ⊂ Cn are algebraic varieties with dimW = dimV and
Γ(W ) ⊆ V , thenW and V are defined by equations of the form
xi = xj and xi = a ∈ C.
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Strategies for proving functional transcendence results
• O-minimality and point counting
Theorem (P., Speissegger)

Γ is definable on certain unbounded complex domains in RG,exp.

But there are serious obstacles to adapting the standardapproach to Γ

• Differential algebraBut Hölder proved Γ is differentially transcendentalDifference algebra?
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A Lang-Rohrlich theorem for linear functions

Theorem (1)

Let q1, . . . , qn ∈ Q and b1, . . . , bn ∈ C. If
Γ(q1z + b), . . . ,Γ(qnz + bn) are algebraically dependent, then the
dependency comes from the functional equations Γ is known to
satisfy:1. Γ(z + 1) = zΓ(z)

2. Γ(z)Γ(1− z) = π
sin(πz)

3. ∏n−1
k=0 Γ

(
z + k

n

)
= (2π)

1
2 (n−1)n

1
2−nzΓ(nz)

We may assume q1, . . . , qn are even integers by rescaling z.

June 1, 2026 Bialgebraic varieties for theΓ function Slide 14



Sketch of Theorem (1)

Theorem (1)

Let q1, . . . , qn be even integers and b1, . . . , bn ∈ C. If Γ(q1z + b1), . . . ,Γ(qnz + bn)

are algebraically dependent, then the dependency comes from the functional
equations Γ is known to satisfy.

K = field of 1-periodic meromorphic functions. sin(qjz + b) ∈ K.
UseΓ(z+1) = zΓ(z) andΓ(z)Γ(1−z) = π

sin(πz)
tomake q1, . . . , qnpositive even integers and 0 ≤ ℜ(b1), . . . ,ℜ(bn) < 1.

We can do this at the cost of introducing z and elements ofK intothe algebraic dependency.
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Sketch of Theorem (1)

Call S = {Γ(q1z + b1), . . . ,Γ(qnz + bn)} a normalized set if
q1, . . . , qn are positive even integers and 0 ≤ ℜbj < 1 for j =
1, . . . , n.
Theorem (1)

Let S = {Γ(q1z + b1), . . . ,Γ(qnz + bn)} be a normalized set. If S
is algebraically dependent overK(z), then the dependency comes
from the functional equations Γ is known to satisfy.

We show if S is a normalized set, then it is multiplicatively depen-dent via instances of the multiplication equation.
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Sketch of Theorem (1)

Theorem (Eterović, P., Zhao)

Let S = {Γ(q1z + b1), . . . ,Γ(qnz + bn)} be a normalized set. S is
algebraically dependent overK(z) if and only if there are integers
d1, . . . , dn not all zero such that

n∏
i=1

Γ(qiz + bi)
di = b,

where b =
∏n

i=1

(
(2π)(1−qi)/2q

bi−1/2
i

)di
, and∑n

i=1 diqi log(qi) = 0.
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A differential Lang-Rohrlich theorem for linear functions

Theorem (Eterović, P., Zhao)

Let S = {Γ(q1z + b1), . . . ,Γ(qnz + bn)} be a normalized set. S is
differentially algebraically dependent overK(z) if and only if
there are integers d1, . . . , dn not all zero such that

n∏
i=1

Γ(qiz + bi)
di = b exp(qz),

where q =
∑n

i=1 diqi log(qi) and b =
∏n

i=1

(
(2π)(1−qi)/2q

bi−1/2
i

)di
.
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Strategies for proving functional transcendence results
• Difference algebra, but unclear how to proceed for nonlinearW
• Valuation theory, asymptotic expansions
Let f = exp or Γ and assume f(W ) ⊆ V ⊂ Cn. For simplicity,assume n = 2 and dimW = dimV = 1, no constantcoordinates.
Let α(z) and β(z) be algebraic functions such that
(x, α(x)) ∈ W and (x, β(x)) ∈ V for all large enough real x.
Then f(α(x)) = β(f(x)) for all large enough x.As x → ∞, f(α(x)) and β(f(x)) have different grow rates
unless α and β are of particular forms.
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Formalize this idea with transseries
The field of logarithmic-exponential transseries T is an ordered valued differen-tial field of formal sums of transmonomials (built iteratively from R((xR)) using
exp, log, compositions . . . ) with coefficients in R.
Example

• real Puiseux series at+∞
• exp(x) = ex

• log Γ(x) = x log x− x− 1
2 log x+

∑∞
l=1

B2l

2l(2l−1)x2l−1

Idea: Expand f(α(x)) and β(f(x)) as transseries. Show thetransseries expansions are different unless α and β are of partic-ular forms.
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Formalize this idea with transseries

When can we expand f(α(x)) and β(f(x)) as transseries?
Fact
The germs at+∞ of functions definable in an o-minimal expansion of the real field
form an ordered differential field (called a Hardy field).

Theorem (van den Dries, Macintyre, Marker)

The field of germs at+∞ of one-variable functions definable in Ran,exp embeds
into the field T of transseries as a differential field.

Theorem (van den Dries, Speissegger)

The field of germs at+∞ of one-variable functions definable in RG,exp embeds into
the field T of transseries as a differential field.
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Sketch of Theorem (2)

Theorem (2)

IfW,V ⊂ Cn are algebraic varieties with dimW = dimV and Γ(W ) ⊆ V , thenW

and V are defined by equations of the form xi = xj and xi = a ∈ C.

• Suppose Γ(α(x)) = β(Γ(x)) and α, β are nonconstant. This is actually twoequations: ℜΓ(α(x)) = ℜβ(Γ(x)) and ℑΓ(α(x)) = ℑβ(Γ(x)).
• P. Speissegger and I characterized the domains where Γ is definable in RG,exp.Show Γ(α(x)) = β(Γ(x)) holds definably in RG,exp (picture)
• Using the embedding of definable functions into transseries, get two equationsof transseries (real and imaginary parts).
• Do transseries computations to show α(x) = β(x) = x.
June 1, 2026 Bialgebraic varieties for theΓ function Slide 22



Remarks

Theorem (3)

SupposeW ⊂ Cn and V ⊆ C2n are irreducible algebraic varieties satisfying that
for all (z1, . . . , zn) ∈ W we have (z1, . . . , zn,Γ(z1), . . . ,Γ(zn)) ∈ V . If
dimV = 2dimW , thenW is completely defined by equations of the forms
Xi = Xj + bij , where bij ∈ Z, andXi = c, for some c ∈ C.

• Prove the full statement of Theorem (2) by induction.
• We also have another proof of Theorem (2).
• The valuation theory/transseries strategy adapts to give a new proof of theAx–Lindemann–Weierstrass theorem.
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Next steps

If Γ(W ) ⊆ V , what can we say aboutW and V ?
• Theorem (2) gives the answer if dimW = dimV .
• Theorem (1) gives the answer ifW is a translate of aQ-line.
• Di Vizio and Pellarin: algebraic dependencies between functionsof the form Γ(z − f(z)) where f(z) is algebraic overK.
• In general, when is S = {Γ(α1(z)), . . . ,Γ(αn(z))} algebraicallydependent? Do the dependencies come from the knownfunctional equations for Γ?
• What about other o-minimal functions with transseriesexpansions?
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