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Motivation

Theorem (Pillay-Steinhorn 1986)

Let R = (R, <,+,−, ·, 0, 1) be an ordered field. The following are equivalent:

1 R is real closed.

2 R is o-minimal.

3 R is definably complete.

In his 1951 paper, Tarski proves that the theory of the real field is decidable. At the end of the
paper, he asks: what about decidability of the real exponential field Rexp?

Theorem (Macintyre-Wilkie 1996)

Assume Schanuel’s Conjecture for R. Then the theory of Rexp is decidable.

Schanuel’s conjecture for R: for all x1, . . . , xn ∈ R that are Q-linearly independent, the tuple
(x1, . . . , xn, ex1 , . . . , exn ) has transcendence degree ≥ n. I will abbreviate it by SCR.

It is a “lower bound” for transcendence of exp: below a certain threshold, all algebraic relations
between numbers and their exponentials must be explained by Q-linear dependence and the fact
that exp is a group homomorphism.
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Main theorem

By an ordered exponential field I mean an ordered field R equipped with a function exp : R → R
which is everywhere continuous and differentiable and satisfies exp′ = exp and exp(0) = 1.

Question

Let R = (R, <,+,−, ·, 0, 1, exp) be an ordered exponential field. Are the following equivalent?

1 R is elementarily equivalent to Rexp.

2 R is o-minimal.

3 R is definably complete.

(1 ⇒ 2) is Wilkie’s theorem that Rexp is o-minimal (1996). (2 ⇒ 3) is true in general. (3 ⇒ 2)
holds by work of Fornasiero-Servi (2010) and Hieronymi (2011).

Theorem

Assume SCR. Then (3 ⇒ 1): every definably complete exponential field is elementarily equivalent
to Rexp.

Definable completeness is first-order expressible by a scheme of axiom saying that for every
formula ϕ(x , y) and every tuple of parameters a, if the set defined by ϕ(x , a) has an upper bound
then it has a least upper bound.

Clearly this axiom scheme is recursive, so we also get a new proof of the Macintyre–Wilkie
conditional decidability result (using that every complete, recursively axiomatized theory is
decidable.)
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Proof strategy

A restricted exponential field is an ordered field R equipped with a function exp| : (−1, 1) → R

which is continuous and differentiable on (−1, 1) and satisfies exp′| = exp| and exp|(0) = 1.

Theorem (Ressayre 1993)

Let (R, exp) be an exponential field. If exp satisfies some growth axioms (essentially, if it grows
faster than every polynomial) and (R, exp|(−1,1)) is elementarily equivalent to Rexp|(−1,1)

, then

(R, exp) is elementarily equivalent to Rexp.

Theorem 1

The theory of definably complete restricted exponential fields is model complete.

Theorem 2

Assume SCR. Then the prime model of the complete theory of Rexp|(−1,1)
embeds into any

definably complete restricted exponential field.

Theorems 1 and 2 imply that under SCR the theory of definably complete restricted exponential
fields is complete. With Ressayre, we obtain the main theorem.
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Comments

Ressayre’s growth axioms follow from definable completeness and the differential equation,
so we do not need to worry about them. Under definable completeness, Ressayre’s theorem
becomes just that if (R, exp|(−1,1)) is elementarily equivalent to Rexp|(−1,1)

then (R, exp) is
elementarily equivalent to Rexp.

It would be interesting to see if we can strengthen Ressayre’s theorem so that we obtain
model completeness for definably complete exponential fields (unrestricted).

By one of the characterizations of model completeness, every definable subset of a definably
complete restricted exponential field is then existentially definable.

L.S. Krapp has proved independently the unrestricted version of Theorem 2.
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Khovanskii points

Let (R, exp|) be a restricted exponential field.

Definition

Let ℓ ≤ n ∈ N.
An (ℓ, n)-exp|-polynomial over R is an expression Fp(x1, . . . , xn) of the form

p(x1, . . . , xn, exp|(x1), . . . , exp|(xℓ)), where p ∈ R[x1, . . . , xn, y1, . . . , yℓ] is a polynomial over
R.

An (ℓ, n)-Khovanskii point over R is a solution of a system of the form
Fp1 (x1, . . . , xn) = · · · = Fpn (x1, . . . , xn) = 0 and Jac(Fp1 , . . . ,Fpn )(x1, . . . , xn) ̸= 0 where the
Jacobian matrix is obtained taking formal derivatives of exp|-polynomials according to the

rule
∂exp|(x)

∂x
= exp|(x).

We call the number ℓ of restricted variables the complexity of an exp|-polynomial or of a
Khovanskii point.

Proposition (Servi)

Let M ⊆ N be definably complete restricted exponential fields.
If Fp1 , . . . ,Fpk are exp|-polynomials over M of complexity ≤ ℓ and they have a common zero, then
the zero set of Fp1 , . . . ,Fpk contains a projection of a Khovanskii point over M of complexity ≤ ℓ.

Applying the Proposition and some tricks, we reduce model completeness to: for all M ⊆ N
definably complete restricted exponential fields, every Khovanskii point in N over M has
coordinates in M.
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Proving model completeness, I

The proof of model completeness is by induction on the complexity of Khovanskii point.

We
define:

Aℓ: every Khovanskii point of complexity ≤ ℓ over M has coordinates in M.

Bℓ: every Khovanskii point of complexity ≤ ℓ over M has coordinates bounded by elements
of M.

We show that Aℓ ⇒ Bℓ+1 and that Bℓ ⇒ Aℓ. A0 and B0 hold by model completeness of the
theory of real closed fields.

The main novelties in our approach are in the proof of Aℓ ⇒ Bℓ+1. Wilkie’s proof of the
corresponding statement for models of the theory of Rexp|(−1,1)

uses the fact that every function

definable in one variable in Rexp|(−1,1)
is asymptotic to ctq for some c ∈ R× and q ∈ Q, while we

do not even have polynomial boundedness. We replace these tools with Ax’s functional version of
Schanuel’s conjecture (which is a theorem) to control polynomially the growth of certain
definable functions: if certain definable functions decrease too fast, then this must be explained
by the algebraic properties of exp.
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Proving model completeness, II

A Khovanskii point a ∈ Nn over M is a solution of a Khovanskii system given by exp|-polynomials

Fp1 , . . . ,Fpn .

We may assume Fp1 , . . . ,Fpn−1 have complexity ≤ ℓ− 1 and Fpn is xn = exp|(xℓ).

Then a is in the intersection of a curve C defined by Fp1 , . . . ,Fpn−1 (so an object of lower
complexity) and the hypersurface H defined by xn = exp|(xℓ).

We parametrize C by (ϕ1(t), . . . , ϕn(t)). Our key argument is that there is m ∈ N such that
|ϕn(t)− exp|(ϕℓ(t))| > t−m for every sufficiently large t. If there is no such m, then after

modding out by the “flat” functions we have that ϕn(t) and exp|(ϕℓ(t)) are equal, which gives
“too many” algebraic relations, forbidden by Ax–Schanuel.

The proof that Bℓ ⇒ Aℓ is similar to Wilkie’s proof and it is reminiscent of Sturm’s theorem on
solutions of polynomials over real closed fields.We show that under Bℓ every solution to a
Khovanskii system must be trapped in a bounded region of a specific form, and count the number
of solutions in those regions.

From model completeness we also obtain that in any definably complete restricted exponential
field R, a point x ∈ R is definable over a set C iff it is exponentially algebraic in the sense of
Kirby (it is a coordinate of a Khovanskii point over the field generated by C).
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Proving the embedding theorem, I

Theorem 2

Assume SCR. Then the prime model of the theory of Rexp|(−1,1)
embeds into any definably

complete restricted exponential field.

Let N be a definably complete restricted exponential field, O the convex hull of Q. This is a
convex subring with maximal ideal m.

Then O/m inherits the restricted exponential function and embeds into Rexp|(−1,1)
.

The prime model of the theory of Rexp|(−1,1)
consists of all points which are coordinates of

Khovanskii points over Q (so as we saw, points which are definable over the empty set).
We prove that every Khovanskii point over Q in O/m has a unique lift in N.

We use a version of Newton’s method for definably complete structures (due to Servi): if
x ∈ (O/m)n solves a Khovanskii system over Q, then any point in On with residue x is very close
to being a non-singular solution of the same system. By Newton, a solution exists nearby.

However, this tells us that a lift of a Khovanskii point exists, but what if there are two different
ones? Then their difference is infinitesimal, and the field they generate cannot embed in R...
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Proving the embedding theorem, II

This is where SCR comes in: if the transcendence degree of (x , exp|(x)) is high, then x cannot
satisfy too many different Khovanskii systems, which gives the uniqueness result.

In fact our strategy works whenever certain transcendence assumptions are satisfied.

For example, we obtain:

Theorem

Let N be a definably complete restricted exponential field, A ⊆ N a convex subring with maximal
ideal m. If A contains an elementary substructure of N, then A/m embeds into N as a restricted
exponential field.

Note that if SCR holds, then the prime model embeds into N and it is contained in every convex
subring of N. So in this case the hypothesis of the theorem is always true.
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More recent and future work

Following comments from Wilkie, we observed that we can prove something similar to our main
theorem using what Macintyre–Wilkie call Weak Schanuel’s Conjecture (which is a statement
equivalent to the decidability of the theory of Rexp).

The idea is that even if Schanuel is false, but there is a computable way of listing the
counterexamples, then a complete axiomatization of Rexp is given by definable completeness and
this computable list of counterexamples to Schanuel.

It follows from our theorem that under SCR the theory of definably complete restricted
exponential fields is polynomially bounded (because it coincides with the theory of Rexp|(−1,1)

.)

Question

Is it true unconditionally that every definably complete restricted exponential field is polynomially
bounded?

This would be a key step in showing that the theory of definably complete exponential fields is
model complete.
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Following comments from Wilkie, we observed that we can prove something similar to our main
theorem using what Macintyre–Wilkie call Weak Schanuel’s Conjecture (which is a statement
equivalent to the decidability of the theory of Rexp).

The idea is that even if Schanuel is false, but there is a computable way of listing the
counterexamples, then a complete axiomatization of Rexp is given by definable completeness and
this computable list of counterexamples to Schanuel.

It follows from our theorem that under SCR the theory of definably complete restricted
exponential fields is polynomially bounded (because it coincides with the theory of Rexp|(−1,1)

.)

Question

Is it true unconditionally that every definably complete restricted exponential field is polynomially
bounded?

This would be a key step in showing that the theory of definably complete exponential fields is
model complete.
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