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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.
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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.
@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.
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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.

o If T is strongly minimal, triviality is equivalent to having disintegrated
pregeometry: acl(A) = [J,c acl(a).
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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.

o If T is strongly minimal, triviality is equivalent to having disintegrated
pregeometry: acl(A) = [J,c acl(a).

Goode (1991) extended this to k-triviality for k € N*.
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k-triviality

Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.

o If T is strongly minimal, triviality is equivalent to having disintegrated
pregeometry: acl(A) = [J,c acl(a).

Goode (1991) extended this to k-triviality for k € N*.

Definition

Say that a tuple (a1, ..., an) is independent over a small set D if a; |, a<; for all
i € [n].
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Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.

o If T is strongly minimal, triviality is equivalent to having disintegrated
pregeometry: acl(A) = [J,c acl(a).

Goode (1991) extended this to k-triviality for k € N*.

Definition

Say that a tuple (a1, ..., an) is independent over a small set D if a; |, a<; for all
i € [n].
@ Triviality: a triple is independent over a small set D whenever all proper
sub-tuples are.
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k-triviality

Let T be a simple theory. Say that T is trivial if, for all tuples a, b, ¢ and small
sets D, ifa |, b, b l,c anda ,c thena |, bc.

@ Notion of geometric simplicity, e.g., no group G definable in a trivial theory:
else can find b,c € G with b | ¢, sothat b-c | band b-c | c but
b-c/ bc.

o If T is strongly minimal, triviality is equivalent to having disintegrated
pregeometry: acl(A) = [J,c acl(a).

Goode (1991) extended this to k-triviality for k € N*.

Definition

Say that a tuple (a1, ..., an) is independent over a small set D if a; |, a<; for all
i € [n].
@ Triviality: a triple is independent over a small set D whenever all proper
sub-tuples are.

@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
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k-triviality

Say that a tuple (ay, ..., a,) is independent over a small set D if a; J/D a.; for all
i€[n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
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k-triviality

Definition

Say that a tuple (ay, ..., a,) is independent over a small set D if a; J/D a.; for all
i€[n].

@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.

o Equivalently, a tuple is independent over D whenever all sub-tuples of length
k + 1 are. ‘Independence reduces to independence between (k + 1) points.’
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k-triviality

Definition

Say that a tuple (ay, ..., a,) is independent over a small set D if a; J/D a.; for all
i€[n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.

o Equivalently, a tuple is independent over D whenever all sub-tuples of length
k + 1 are. ‘Independence reduces to independence between (k + 1) points.’
Thus, (k — 1)-triviality = k-triviality. Say that T is strictly k-trivial if it is
k-trivial but not (k — 1) trivial.
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k-triviality

Definition

Say that a tuple (ay, ..., a,) is independent over a small set D if a; J/D a.; for all
i€[n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
o Equivalently, a tuple is independent over D whenever all sub-tuples of length
k + 1 are. ‘Independence reduces to independence between (k + 1) points.’
Thus, (k — 1)-triviality = k-triviality. Say that T is strictly k-trivial if it is
k-trivial but not (k — 1) trivial.

Goode also introduced the stronger notion of k-total triviality.
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k-total triviality

Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
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k-total triviality

Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all

proper sub-tuples are.
o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].
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Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].
Likewise, say that T is strictly k-totally trivial if it is k-totally trivial but not
(k — 1)-totally trivial.
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k-total triviality

Definition

Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].
Likewise, say that T is strictly k-totally trivial if it is k-totally trivial but not
(k — 1)-totally trivial.

The following example (Goode, 1991) shows that they are not equivalent.

Consider the two-sorted structure (Xi, Xz, g : X1 x Xa = X3), whose axioms say
that g induces a free action of F(Xi) on X (free: no non-trivial word has a fixed
point).
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Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
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Likewise, say that T is strictly k-totally trivial if it is k-totally trivial but not
(k — 1)-totally trivial.

The following example (Goode, 1991) shows that they are not equivalent.

Consider the two-sorted structure (Xi, Xz, g : X1 x Xa = X3), whose axioms say
that g induces a free action of F(Xi) on X (free: no non-trivial word has a fixed
point). This is a ‘labelled free pseudoplane’.
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k-total triviality

Definition

Say that a tuple (a1, ..., a,) is independent over a small set D if a; J/D a.; for all
i€ [n].
@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.
o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].
Likewise, say that T is strictly k-totally trivial if it is k-totally trivial but not
(k — 1)-totally trivial.

The following example (Goode, 1991) shows that they are not equivalent.
Consider the two-sorted structure (Xi, Xz, g : X1 x Xa = X3), whose axioms say
that g induces a free action of F(Xi) on X (free: no non-trivial word has a fixed
point). This is a ‘labelled free pseudoplane’.
Goode: its theory is superstable, 1-trivial, and strictly 2-totally trivial.
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k-total triviality

Definition

@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.

o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].

The following example (Goode, 1991) shows that they are not equivalent.
Consider the two-sorted structure (Xi, Xo, g : X1 X Xo — X3), whose axioms say
that g induces a free action of F(Xi) on Xy (free: no non-trivial word has a fixed
point). This is a ‘labelled free pseudoplane’.
Goode: its theory is superstable, 1-trivial, and strictly 2-totally trivial.

Mervyn Tong (University of Cambridge) k-distality, k-triviality, and k-arity



k-total triviality

Definition

@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.

o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].

The following example (Goode, 1991) shows that they are not equivalent.
Consider the two-sorted structure (Xi, Xo, g : X1 X Xo — X3), whose axioms say
that g induces a free action of F(Xi) on Xy (free: no non-trivial word has a fixed
point). This is a ‘labelled free pseudoplane’.
Goode: its theory is superstable, 1-trivial, and strictly 2-totally trivial.
This construction can be iterated to give an n-sorted structure
(Xl, ...,Xn,gz : Xl X X2 — Xz,g::, : X2 X X3 — X3, ey 8n - Xn—l X Xn — Xn)
Goode: its theory is superstable, 1-trivial, and strictly 2" 1-totally trivial.
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k-total triviality

Definition

@ k-triviality: a (k + 2)-tuple is independent over a small set D whenever all
proper sub-tuples are.

o k-total triviality: a [, by -+ biy1 whenever a | by for all i € [k +1].

The following example (Goode, 1991) shows that they are not equivalent.

Consider the two-sorted structure (Xi, Xo, g : X1 X Xo — X3), whose axioms say
that g induces a free action of F(Xi) on Xy (free: no non-trivial word has a fixed
point). This is a ‘labelled free pseudoplane’.

Goode: its theory is superstable, 1-trivial, and strictly 2-totally trivial.

This construction can be iterated to give an n-sorted structure
(Xl, ...,Xn,gz : Xl X X2 — Xz,g::, : X2 X X3 — X3, ey 8n - Xn—l X Xn — Xn)
Goode: its theory is superstable, 1-trivial, and strictly 2" 1-totally trivial.

This separates k-triviality from k-total triviality for all k € N7,
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Observe that the examples went up the total triviality hierarchy while remaining
(1-)trivial.
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Observe that the examples went up the total triviality hierarchy while remaining
(1-)trivial.

Theorem (Goode, 1991)

Among superstable theories, k-triviality collapses to (1-)triviality.
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Observe that the examples went up the total triviality hierarchy while remaining
(1-)trivial.

Theorem (Goode, 1991)

Among superstable theories, k-triviality collapses to (1-)triviality.

Question (Goode, 1991)

Does this collapse hold among stable theories?
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Observe that the examples went up the total triviality hierarchy while remaining
(1-)trivial.

Theorem (Goode, 1991)

Among superstable theories, k-triviality collapses to (1-)triviality.

Question (Goode, 1991)

Does this collapse hold among stable theories?

Theorem (T., 2026+)

Yes, even among simple theories.
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Connection to k-arity

Theorem (T., 2026+)

Among simple theories, k-triviality collapses to (1-)triviality.
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Connection to k-arity

Theorem (T., 2026+)

Among simple theories, k-triviality collapses to (1-)triviality.

We get a large class of trivial theories.
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Connection to k-arity

Theorem (T., 2026+)

Among simple theories, k-triviality collapses to (1-)triviality.

We get a large class of trivial theories.

Definition

Let k € NT. Say that T is k-ary if it has QE in a relational language of arity at

most k; equivalently, if every formula is equivalent to a Boolean combination of
k-ary ones.
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Connection to k-arity

Theorem (T., 2026+)

Among simple theories, k-triviality collapses to (1-)triviality.

We get a large class of trivial theories.

Definition

Let k € NT. Say that T is k-ary if it has QE in a relational language of arity at
most k; equivalently, if every formula is equivalent to a Boolean combination of
k-ary ones.

Proposition (Palacin, 2017)

A stable (k + 1)-ary theory is k-totally trivial (and hence k-trivial).
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Connection to k-arity

Theorem (T., 2026+)

Among simple theories, k-triviality collapses to (1-)triviality.

We get a large class of trivial theories.

Definition

Let k € N*. Say that T is k-ary if it has QE in a relational language of arity at
most k; equivalently, if every formula is equivalent to a Boolean combination of
k-ary ones.

Proposition (Palacin, 2017)

A stable (k + 1)-ary theory is k-totally trivial (and hence k-trivial).

A stable theory with QE in a relational language of bounded arity is trivial.
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Connection to k-arity

A stable theory with QE in a relational language of bounded arity is trivial. \
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Connection to k-arity

A stable theory with QE in a relational language of bounded arity is trivial.

What about simple theories?
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Connection to k-arity

A stable theory with QE in a relational language of bounded arity is trivial.

What about simple theories?

Theorem (Baldwin—Freitag—-Mutchnik, 2024+)

A simple theory with QE in a finite relational language is trivial.
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Connection to k-arity

A stable theory with QE in a relational language of bounded arity is trivial.

What about simple theories?

Theorem (Baldwin—Freitag—-Mutchnik, 2024+)

A simple theory with QE in a finite relational language is trivial.

Remaining gap: simple theories with QE in an infinite relational language of
bounded arity.
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Why am | doing this?
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Why am | doing this?

— Amador Martin-Pizarro
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Why am | doing this?

‘The Leeds people are quite unstable.’
— Amador Martin-Pizarro
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Distality

Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
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Distality

Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:

@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,
without endpoints), and ag,a; € Y. If Zop + ap + Z1 + Z, and
To + Ty + a1 + I, are indiscernible, then so is Zo + ag + 771 + a1 + Z».
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Distality

Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zop + ap + Z1 + Z, and
To + 11 + a1 + I are indiscernible, then so is Zy + ag + Z1 + a1 + I».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible. )
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Distality

Definition (Simon, 2012)

A theory T is distal if either of the following equivalent conditions hold:

@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,
without endpoints), and ag,a; € Y. If Zop + ap + Z1 + Z, and
To + Ty + a1 + I, are indiscernible, then so is Zo + ag + 771 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

(ii) = (i) is easy. (i) = (ii) requires work.
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Distality

Definition (Simon, 2012)

A theory T is distal if either of the following equivalent conditions hold:

@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,
without endpoints), and ag,a; € Y. If Zop + ap + Z1 + Z, and
To + Ty + a1 + I, are indiscernible, then so is Zo + ag + 771 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

(ii) = (i) is easy. (i) = (ii) requires work.

[Simon, 2012] assumes NIP throughout the paper. In particular, his proof that (i)
= (ii) uses NIP.
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Distality

Definition (Simon, 2012)

A theory T is distal if either of the following equivalent conditions hold:

@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,
without endpoints), and ag,a; € Y. If Zop + ap + Z1 + Z, and
To + Ty + a1 + I, are indiscernible, then so is Zo + ag + 771 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

(ii) = (i) is easy. (i) = (ii) requires work.

[Simon, 2012] assumes NIP throughout the paper. In particular, his proof that (i)
= (ii) uses NIP. A proof that (i) = NIP appears in [Walker, 2023], due to
Chernikov.
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Distality

Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag, a1 € Y. If Zop + ap + Z1 + Z and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible. )
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Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zy + ap + Z; + Z, and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

Examples of distal theories/structures

\ |
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Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zy + ap + Z; + Z, and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

Examples of distal theories/structures
e DLO;
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Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zy + ap + Z; + Z, and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

Examples of distal theories/structures

e DLO;
@ O-minimal structures, such as (R, <, +, X);
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Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zy + ap + Z; + Z, and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

Examples of distal theories/structures
e DLO;
@ O-minimal structures, such as (R, <, +, X);
o (Z,<,+);
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Definition (Simon, 2012)
A theory T is distal if either of the following equivalent conditions hold:
@ (Internal characterisation) Let Zy, Z1, and Z, be infinite sequences (dense,

without endpoints), and ag,a; € Y. If Zy + ap + Z; + Z, and
To + 11 + a1 + 1o are indiscernible, then so is Zg + ag + Z7 + a1 + Z».

@ (External characterisation) Let Z and J be infinite sequences (dense, without
endpoints), a € U, and B CU. If T+ J is B-indiscernible and Z + a+ J is
indiscernible, then Z + a + J is B-indiscernible.

Examples of distal theories/structures
e DLO;
@ O-minimal structures, such as (R, <, +, X);
° (Z,<,+);
e (T., 2025) (Z,<,+,R) for R={2": ne N},{n!: n € N}, {Fibonacci}, ...
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k-distality

Internal characterisation of distality

Let Zy, Z1, and Z, be infinite sequences (without endpoints), and ag, a; € U. If
To+ ao+Zi + 1o and Zg + Z1 + a1 + I, are indiscernible, then so is
To+ao+Zi + a1 + 1.
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k-distality

Internal characterisation of distality

Let Zy, Z1, and Z, be infinite sequences (without endpoints), and ag, a; € U. If
To+ ao+Zi + 1o and Zg + Z1 + a1 + I, are indiscernible, then so is
To+ag+2Zi + a1 +1Io.

A\

Definition (Walker, 2023)
A theory T is 2-distal if

To + Th+a+DL+a+13
To+ag+1i + Ir + a» +7Z3 indisc. = Zo+ag+Z1+a1+Ir+ax+Zs indisc.
To+ao+Ii+ar+Ir + 13
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k-distality

Internal characterisation of distality

Let Zy, Z1, and Z, be infinite sequences (without endpoints), and ag, a; € U. If
To+ ao+Zi + 1o and Zg + Z1 + a1 + I, are indiscernible, then so is
To+ag+2Zi + a1 +1Io.

A\

Definition (Walker, 2023)
A theory T is 2-distal if

To + Th+a+DL+a+13
To+ag+1i + Ir + a» +7Z3 indisc. = Zo+ag+Z1+a1+Ir+ax+Zs indisc.
To+ao+Ii+ar+Ir + 13

v

Obvious extension to k-distality for k > 2 (and we say I-distality for (the internal
characterisation of) distality).
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k-distality

Internal characterisation of distality

Let Zy, Z1, and Z, be infinite sequences (without endpoints), and ag, a; € U. If
To+ ao+Zi + 1o and Zg + Z1 + a1 + I, are indiscernible, then so is
To+ag+2Zi + a1 +1Io.

A\

Definition (Walker, 2023)
A theory T is 2-distal if

To + Th+a+DL+a+13
To+ag+1i + Ir + a» +7Z3 indisc. = Zo+ag+Z1+a1+Ir+ax+Zs indisc.
To+ao+Ii+ar+Ir + 13

v

Obvious extension to k-distality for k > 2 (and we say I-distality for (the internal
characterisation of) distality). Observe that (k — 1)-distality = k-distality, so we
say that T is strictly k-distal if it is k-distal but not (k — 1)-distal.
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Strong k-distality

External characterisation of distality

Let Z and J be infinite sequences (dense, without endpoints), a € U, and B C U.
If Z+ J is B-indiscernible and Z + a + J is indiscernible, then Z + a + J is
B-indiscernible.
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Strong k-distality

External characterisation of distality

Let Z and J be infinite sequences (dense, without endpoints), a € U, and B C U.
If Z+ J is B-indiscernible and Z + a + J is indiscernible, then Z + a + J is
B-indiscernible.

Definition (Walker, 2023)
A theory T is strongly 2-distal if

= I+ a+J BiBs-indisc.
I+J B1 B>-indisc. a+ J BiB-indisc

{I +a+J Bj-indisc. and By-indisc.

\
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Strong k-distality

External characterisation of distality

Let Z and J be infinite sequences (dense, without endpoints), a € U, and B C U.
If Z+ J is B-indiscernible and Z + a + J is indiscernible, then Z + a + J is
B-indiscernible.

Definition (Walker, 2023)
A theory T is strongly 2-distal if

= I+ a+J BiBs-indisc.
I+J B1 B>-indisc. a+ J BiB-indisc

{I +a+J Bj-indisc. and By-indisc.

A\

Obvious extension to strong k-distality for k > 2 (and we say strong I-distality
for (the external characterisation of) distality).
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Strong k-distality

External characterisation of distality

Let Z and J be infinite sequences (dense, without endpoints), a € U, and B C U.
If Z+ J is B-indiscernible and Z + a + J is indiscernible, then Z + a + J is
B-indiscernible.

Definition (Walker, 2023)
A theory T is strongly 2-distal if

= I+ a+J BiBs-indisc.
I+J B1 B>-indisc. a+ J BiB-indisc

{I +a+J Bj-indisc. and By-indisc.

A\

Obvious extension to strong k-distality for k > 2 (and we say strong I-distality
for (the external characterisation of) distality). Observe that strong

(k — 1)-distality = strong k-distality, so we say that T is strictly strongly k-distal
if it is strongly k-distal but not strongly (k — 1)-distal.
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g) k-distality

Have: distality < 1-distality < strong 1-distality. Obvious that strong k-distality
= k-distality for all k € N*. (Also, k-distality = NIPy.)
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rong) k-distality

Have: distality < 1-distality < strong 1-distality. Obvious that strong k-distality
= k-distality for all k € N*. (Also, k-distality = NIPy.)

Question (Walker, 2023)
Let k > 2. Is k-distality equivalent to strong k-distality?
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rong) k-distality

Have: distality < 1-distality < strong 1-distality. Obvious that strong k-distality
= k-distality for all k € N*. (Also, k-distality = NIPy.)

Question (Walker, 2023)

Let k > 2. Is k-distality equivalent to strong k-distality?

To answer this, we need to go back to k-triviality.
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Connection to k-triviality

Theorem (Walker, 2023)

Let k € N*. Among stable theories, k-triviality < (k + 1)-distality.
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Connection to k-triviality

Theorem (Walker, 2023)

Let k € N*. Among stable theories, k-triviality < (k + 1)-distality.

Theorem (Chernikov—Westhead, 2026+; T., 2026+)

Let k € NT. Among stable theories, k-total triviality < strong (k + 1)-distality.
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Connection to k-triviality

Theorem (Walker, 2023)

Let k € N*. Among stable theories, k-triviality < (k + 1)-distality.

Theorem (Chernikov—Westhead, 2026+; T., 2026+)

Let k € NT. Among stable theories, k-total triviality < strong (k + 1)-distality.

Recall that Goode's labelled free pseudoplanes separated k-triviality from k-total
triviality for all k € N*,
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Connection to k-triviality

Theorem (Walker, 2023)

Let k € N*. Among stable theories, k-triviality < (k + 1)-distality.

Theorem (Chernikov—Westhead, 2026+; T., 2026+)

Let k € NT. Among stable theories, k-total triviality < strong (k + 1)-distality.

Recall that Goode's labelled free pseudoplanes separated k-triviality from k-total
triviality for all k € N*. Since they are (super)stable, they also separate k-distality
from strong k-distality for all kK > 2.
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Examples

iversity of Cambrid



Observe that no examples were given that are NIP and strictly k-distal for some
k > 3. (Goode's examples are strictly strongly k-distal for arbitrarily large k.)

Question (Walker, 2023)

Is there an NIP theory that is strictly k-distal for some k > 37
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Observe that no examples were given that are NIP and strictly k-distal for some
k > 3. (Goode's examples are strictly strongly k-distal for arbitrarily large k.)

Question (Walker, 2023)
Is there an NIP theory that is strictly k-distal for some k > 37

Recall our result that, among stable (simple, even) theories, k-triviality collapses
to (1-)triviality. Thus, among stable theories, k-distality collapses to 2-distality for
all k > 2.
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Observe that no examples were given that are NIP and strictly k-distal for some
k > 3. (Goode's examples are strictly strongly k-distal for arbitrarily large k.)

Question (Walker, 2023)
Is there an NIP theory that is strictly k-distal for some k > 37

Recall our result that, among stable (simple, even) theories, k-triviality collapses
to (1-)triviality. Thus, among stable theories, k-distality collapses to 2-distality for
all k > 2.

If an NIP theory is strictly k-distal for some k > 3, it must be unstable.

| would like to know if an example exists!
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An important omission
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition
Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition

Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

Let'sdo k =2. FixZ, 7, a, by, by such that Z + J is by by-indiscernible and
T + a—+ J is bi-indiscernible and by-indiscernible.
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition
Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

Let'sdo k =2. FixZ, 7, a, by, by such that Z + J is by by-indiscernible and

Z + a+ J is by-indiscernible and by-indiscernible. Let ¢(x, y1, y2) € L(ZoJo) for
some finite Zo C Z, Jo C J. Fixing any a’ € T occurring after every element of
To, we show that ¢(a, b1, by) <> ¢(a’, by, b).
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition
Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

Let'sdo k =2. FixZ, 7, a, by, by such that Z + J is by by-indiscernible and

Z + a+ J is by-indiscernible and by-indiscernible. Let ¢(x, y1, y2) € L(ZoJo) for
some finite Zo C Z, Jo C J. Fixing any a’ € T occurring after every element of
To, we show that ¢(a, b1, by) <> ¢(a’, by, b).

Since T is binary, ¢(x, y1, y2) is equivalent in T to a Boolean combination of
some Y1(X, ¥1,¥2), -, Vi(X, ¥1, ¥2) € L(ZoJo), where each 1); either has no
x-dependence or no y;-dependence for some i € [2]. Write 7(¢1, ..., ;) for this
Boolean combination.
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition
Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

Let'sdo k =2. FixZ, 7, a, by, by such that Z + J is by by-indiscernible and

Z + a+ J is by-indiscernible and by-indiscernible. Let ¢(x, y1, y2) € L(ZoJo) for
some finite Zo C Z, Jo C J. Fixing any a’ € T occurring after every element of
To, we show that ¢(a, by, by) <> ¢(a’, by, bo).

Since T is binary, ¢(x, y1, y2) is equivalent in T to a Boolean combination of
some Y1(X, ¥1,¥2), -, Vi(X, ¥1, ¥2) € L(ZoJo), where each 1); either has no
x-dependence or no y;-dependence for some i € [2]. Write 7(¢1, ..., ;) for this
Boolean combination. We have that ¢(a, by, by) is equivalent to
T(¢v1(a, b1, b2), ..., ¥i(a, b1, b2)), which is in turn equivalent to
7(11(8’, b1, b2), ..., w1(a’, b1, b2)) by indiscernibility. But this is equivalent to
(', by, bp) as required.
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition
Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition

Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

(Strong) k-distality is intended as a (k + 1)-ary dividing line, characterised by the
behaviour of (k + 1)-ary formulas, so k-ary examples are not very illuminating.
We have four new classes of non-k-ary examples.
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An important omission

All known examples of non-distal, (strongly) k-distal theories are k-ary.

Proposition

Let k € N*. If T is k-ary, then T is (strongly) k-distal (and hence k-distal).

(Strong) k-distality is intended as a (k + 1)-ary dividing line, characterised by the
behaviour of (k + 1)-ary formulas, so k-ary examples are not very illuminating.

We have four new classes of non-k-ary examples.

It will be helpful to talk about the precise arity of a theory T, ar(T); define this
to be the least k € w such that T is k-ary if this exists, and w otherwise.

So, for k > 2, we seek strictly (strongly) k-distal theories T with ar(T) > k.
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Example 1: Goode's labelled free pseudoplanes
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Example 1: Goode's labelled free pseudoplanes

Let T, denote the theory of Goode's n-sorted labelled free pseudoplane. Recall
that T, is strictly 2-distal and strictly strongly (2"~! + 1)-distal.

Proposition (T., 2026+)

Forn>2 ar(T,)>2"—1>2"14+1>2
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Example 2: universal homogeneous kay-graphs
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Example 2: universal homogeneous kay-graphs

Fix k € Nt \ {1}. Let RG be the theory of the random k-uniform hypergraph, in
the language consisting of a unique k-ary relation symbol.
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Example 2: universal homogeneous kay-graphs

Fix k € N\ {1}. Let RGy be the theory of the random k-uniform hypergraph, in
the language consisting of a unique k-ary relation symbol.

Let (V, E) be any sufficiently saturated model of RG,. Define a reduct (V, R)
of this model as follows, where R is a (k 4 1)-ary relation symbol.
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Example 2: universal homogeneous kay-graphs

Fix k € N\ {1}. Let RGy be the theory of the random k-uniform hypergraph, in
the language consisting of a unique k-ary relation symbol.

Let (V, E) be any sufficiently saturated model of RG,. Define a reduct (V, R)
of this model as follows, where R is a (k 4 1)-ary relation symbol.

For vi,..,vki1 € V, let V |E R(v1, ..., vky1) if and only if

Hielk+1]: V= E(vs)} =1 mod 2,
where E(vy;) is shorthand for E(w, ..., Vi—1, Vit1, ..., Vk+1). Equivalently,

k+1
1r(vay ooy V1) = Z L1g(vei) mod 2.
i=1
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Example 2: universal homogeneous kay-graphs

Fix k € N\ {1}. Let RGy be the theory of the random k-uniform hypergraph, in
the language consisting of a unique k-ary relation symbol.

Let (V, E) be any sufficiently saturated model of RG,. Define a reduct (V, R)
of this model as follows, where R is a (k 4 1)-ary relation symbol.

For vi,..,vki1 € V, let V |E R(v1, ..., vky1) if and only if

Hielk+1]: V= E(vs)} =1 mod 2,
where E(vy;) is shorthand for E(w, ..., Vi—1, Vit1, ..., Vk+1). Equivalently,
k+1

1r(vay ooy V1) = Z L1g(vei) mod 2.
i=1

Let Tk := Th((V, R)). [Meir-Papodopoulos, 2023+]: T has QE, so
ar(Tyx) = k+ 1.
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Example 2: universal homogeneous kay-graphs

Fix k € N\ {1}. Let RGy be the theory of the random k-uniform hypergraph, in
the language consisting of a unique k-ary relation symbol.

Let (V, E) be any sufficiently saturated model of RG,. Define a reduct (V, R)
of this model as follows, where R is a (k 4 1)-ary relation symbol.

For vi,..,vki1 € V, let V |E R(v1, ..., vky1) if and only if

Hielk+1]: V= E(vs)} =1 mod 2,
where E(vy;) is shorthand for E(w, ..., Vi—1, Vit1, ..., Vk+1). Equivalently,
k+1

1r(vay ooy V1) = Z L1g(vei) mod 2.
i=1

Let Tk := Th((V, R)). [Meir-Papodopoulos, 2023+]: T has QE, so
ar(Tyx) = k+ 1.

Proposition (T., 2026+)

Ty is strictly (strongly) k-distal.
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Example 2: universal homogeneous kay-graphs

Let us show that T, is strictly (strongly) 2-distal. We need to show that is
strongly 2-distal but not (1-)distal.
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Example 2: universal homogeneous kay-graphs

Let us show that T, is strictly (strongly) 2-distal. We need to show that is
strongly 2-distal but not (1-)distal.
Now R is a ternary relation with

]]-R(Vla Vo, V3) = :l].E(Vl7 V2) =+ ]].E(VQ, V3) + ]].E(V3, Vl) mod 2.
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Example 2: universal homogeneous kay-graphs

Let us show that T, is strictly (strongly) 2-distal. We need to show that is
strongly 2-distal but not (1-)distal.

Now R is a ternary relation with

]]-R(Vla Vo, V3) = :l].E(Vl7 V2) =+ ]].E(VQ, V3) + ]].E(V3, Vl) mod 2.

Firstly, we show that T is not (1-)distal. Indeed, let vi,v» € V and Zy,71, 7,
be infinite sequences of elements of V, such that:

@ The sequence J :=Zp + v; +Z; + v» + I, consists of pairwise distinct
elements,

@ VE-E(vi,wn);
@ V = E(x1, x2) for every subsequence (xi1, x2) of J distinct from (vy, v2).
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Example 2: universal homogeneous kay-graphs

Let us show that T, is strictly (strongly) 2-distal. We need to show that is
strongly 2-distal but not (1-)distal.
Now R is a ternary relation with

]]-R(Vla Vo, V3) = :l].E(Vl7 V2) =+ ]].E(VQ, V3) + ]].E(V3, Vl) mod 2.

Firstly, we show that T is not (1-)distal. Indeed, let vi,v» € V and Zy,71, 7,
be infinite sequences of elements of V, such that:

@ The sequence J :=Zp + v; +Z; + v» + I, consists of pairwise distinct
elements,

@ VE-E(vi,wn);
@ V = E(x1, x2) for every subsequence (xi1, x2) of J distinct from (vy, v2).

Then, for distinct x1,x2,x3 € J, V |E R(x1, %2, x3) if and only if
{vi, v} Z {x1,x2, x3}.
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Example 2: universal homogeneous kay-graphs

Let us show that T, is strictly (strongly) 2-distal. We need to show that is
strongly 2-distal but not (1-)distal.
Now R is a ternary relation with

]]-R(Vla Vo, V3) = :l].E(Vl7 V2) =+ ]].E(VQ, V3) + ]].E(V3, Vl) mod 2.

Firstly, we show that T is not (1-)distal. Indeed, let vi,v» € V and Zy,71, 7,
be infinite sequences of elements of V, such that:

@ The sequence J :=Zp + v; +Z; + v» + I, consists of pairwise distinct
elements,

@ VE-E(vi,wn);

@ V = E(x1, x2) for every subsequence (xi1, x2) of J distinct from (vy, v2).

Then, for distinct x1,x2,x3 € J, V |E R(x1, %2, x3) if and only if

{vi,wo} € {x1,x2,x3}. Thus, J is not indiscernible, but 7 \ {v1} and J \ {v2}
are, showing that T is not (1-)distal.

Mervyn Tong (University of Cambridge) k-distality, k-triviality, and k-arity



Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) =] ]]-E(Vla V2) + ]].E(VQ, V3) aF ]].E(Vg, Vl) mod 2. J

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wor-indiscernible, we must show that Z + v + J is wyws-indiscernible.
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) =] ]]-E(Vla V2) + ]].E(VQ, V3) aF ]].E(Vg, Vl) mod 2. J

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it
suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa).
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) =] ]]-E(Vla V2) + ]].E(VQ, V3) aF ]].E(Vg, Vl) mod 2. J

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it
suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa).

Observe that for all y € v + 7,

1r(y, w1, wa2) = 1gr(x, w1, wa)
< 1e(y,wr) + 1e(y, wa) + 1e(x, w1) + 1e(x,w2) =0 mod 2
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) =] ]]-E(Vla V2) + ]].E(VQ, V3) aF ]].E(Vg, Vl) mod 2. J

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it
suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa).

Observe that for all y € v + 7,

1r(y, wi, w2) = 1r(x, wi, wa)
< 1e(y,wr) + Le(y, wz) + Le(x,wi) + 1e(x,w2) =0 mod 2
< 1e(y,ws) + 1e(y, wo) + Le(x,wr) + 1e(x,wa) +2- 1g(x,y) =0 mod 2
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) = ]]-E(Vla V2) aF ]].E(VQ, V3) aF ]].E(Vg, Vl) mod 2.

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it
suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa).

Observe that for all y € v + 7,

1r(y, w1, w2) = LR(x, w1, wa)
< 1e(y,wr) + 1e(y, wa) + 1e(x, w1) + 1e(x,w2) =0 mod 2

< 1e(y,ws) + 1e(y, wo) + Le(x,wr) + 1e(x,wa) +2- 1g(x,y) =0 mod 2
< 1r(x,y,ws) + 1r(x,y,w2) =0 mod 2.
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) = ]]-E(Vla V2) aF ]].E(V2, V3) aF ]].E(Vg, Vl) mod 2.

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it
suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa).

Observe that for all y € v + 7,

1r(y, w1, w2) = LR(x, w1, wa)
< 1e(y,wr) + 1e(y, wa) + 1e(x, w1) + 1e(x,w2) =0 mod 2

< 1e(y,ws) + 1e(y, wo) + Le(x,wr) + 1e(x,wa) +2- 1g(x,y) =0 mod 2
< 1r(x,y,ws) + 1r(x,y,w2) =0 mod 2.

Fixany y € J. As Z + J is wyws-indiscernible, 1g(y, wi, wo) = 1r(x, wi, wa)
so 1r(x,y,w1) + Lr(x,y,w2) =0 mod 2.
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Example 2: universal homogeneous kay-graphs

]]-R(Vla Vo, V3) = ]]-E(Vla V2) aF ]].E(V2, V3) aF ]].E(Vg, Vl) mod 2.

Next, we show that T, is strongly 2-distal. Given infinite sequences Z, 7 C V
and v, wy, wr € V, such that Z 4+ J is wywy-indiscernible, Z + v + J is wy- and
wsr-indiscernible, we must show that Z + v + J is wyws-indiscernible. By QE, it

suffices to fix x € Z and show that 1g(v, wy, ws) = Lgr(x, wy, wa)
Observe that for all y € v + 7,

1r(y, w1, wa2) = 1gr(x, w1, wa)

< L1e(y,wi) + 1e(y, w2) + 1e(x, wi) + 1e(x,w2) =0 mod 2

< 1e(y,ws) + 1e(y, wo) + Le(x,wr) + 1e(x,wa) +2- 1g(x,y) =0 mod 2

< 1r(x,y,ws) + 1r(x,y,w2) =0 mod 2.
Fixany y € J. As Z + J is wyws-indiscernible, 1g(y, wi, wo) = 1r(x, wi, wa)

so 1g(x,y,w1) + 1g(x,y,ws) =0 mod 2. Since Z + v + J is w;- and

wa-indiscernible, 1g(x, v, wy) 4+ 1g(x,v,w2) =0 mod 2, and so

1g(v, wi, wa) = 1r(x, wi, wa) as required.
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Example 3: Johnson graph
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Example 3: Johnson graph

For k € N*, the Johnson graph J(k) is the structure (N(¥), E), with
E(x,y) & |xNy|=k—1. Let Ty := Th(J(k)).
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Example 3: Johnson graph

For k € N*, the Johnson graph J(k) is the structure (N(¥), E), with
E(x,y) & |xNy|=k—1. Let Ty := Th(J(k)).

Proposition (T., 2026+)

J(k) is homogeneous in the language {Ej : i,j e N2 < i< k+1,0<j< k—1},
where Ej; is an j-ary relation symbol interpreted as

Ej(x1y.0 i) 1 e N Nxg| = 5

(Note that E; x_1 is the graph relation.) Thus, ar(Ty) < k + 1.

k-distality, k-triviality, and k-arity
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Example 3: Johnson graph

For k € N*, the Johnson graph J(k) is the structure (N(¥), E), with
E(x,y) & |xNy|=k—1. Let Ty := Th(J(k)).

Proposition (T., 2026+)

J(k) is homogeneous in the language {Ej : i,j e N2 < i< k+1,0<j< k—1},
where Ej; is an j-ary relation symbol interpreted as

Ej(x1y.0 i) 1 e N Nxg| = 5

(Note that E; x_1 is the graph relation.) Thus, ar(Ty) < k + 1.

Also, ar(T,) > 3,
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Example 3: Johnson graph

For k € N*, the Johnson graph J(k) is the structure (N(¥), E), with
E(x,y) & |xNy|=k—1. Let Ty := Th(J(k)).

Proposition (T., 2026+)

J(k) is homogeneous in the language {Ej : i,j e N2 < i< k+1,0<j< k—1},
where Ej; is an j-ary relation symbol interpreted as

Ej(x1y.0 i) 1 e N Nxg| = 5

(Note that E; x_1 is the graph relation.) Thus, ar(Ty) < k + 1.

Also, ar(T,) > 3, so ar(T) > 3 for all k > 2.
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Example 3: Johnson graph

For k € N*, the Johnson graph J(k) is the structure (N(¥), E), with
E(x,y) & |xNy|=k—1. Let Ty := Th(J(k)).

Proposition (T., 2026+)

J(k) is homogeneous in the language {Ej : i,j e N2 < i< k+1,0<j< k—1},
where Ej; is an j-ary relation symbol interpreted as

Ej(x1y.0 i) 1 e N Nxg| = 5

(Note that E; x_1 is the graph relation.) Thus, ar(Ty) < k + 1.

k—o0

Also, ar(T,) > 3, so ar(Ty) > 3 for all k > 2. In fact, ar(Tx) —— .

Proposition (T., 2026+)

For all k € N, Ty is strictly (strongly) 2-distal.
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Example 3: Johnson graph

J(k) = (N E), with E(x,y) & |xNy| =k — 1.

Proposition (T., 2026+)

For all k € NT, Ty is strictly (strongly) 2-distal.
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Example 3: Johnson graph

J(k) = (N E), with E(x,y) & |xNy| =k — 1.

Proposition (T., 2026+)

For all k € NT, Ty is strictly (strongly) 2-distal.

Since J(k) is interpretable in (N, =), Ty is w-categorical and w-stable. It thus
suffices to show that Tj is (1-)totally trivial.
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Example 3: Johnson graph

J(k) = (N E), with E(x,y) & |xNy| =k — 1.

Proposition (T., 2026+)

For all k € NT, Ty is strictly (strongly) 2-distal.

Since J(k) is interpretable in (N, =), Tk is w-categorical and w-stable. It thus
suffices to show that Tj is (1-)totally trivial.
Since ar(Tx) < w and Ty is stable, we have that Ty is trivial.
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Example 3: Johnson graph

J(k) = (N E), with E(x,y) & |xNy| =k — 1.

Proposition (T., 2026+)

For all k € NT, Ty is strictly (strongly) 2-distal.

Since J(k) is interpretable in (N, =), Tk is w-categorical and w-stable. It thus
suffices to show that Tj is (1-)totally trivial.

Since ar(Tx) < w and Ty is stable, we have that Ty is trivial. [Goode, 1991]:
trivial < totally trivial in stable theories with finite U-ranks. But w-categorical
w-stable theories have finite U-ranks.
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Example 3: Johnson graph

J(k) = (N E), with E(x,y) & |xNy| =k — 1.

Proposition (T., 2026+)

For all k € NT, Ty is strictly (strongly) 2-distal.

Since J(k) is interpretable in (N, =), Tk is w-categorical and w-stable. It thus
suffices to show that Tj is (1-)totally trivial.

Since ar(Tx) < w and Ty is stable, we have that Ty is trivial. [Goode, 1991]:
trivial < totally trivial in stable theories with finite U-ranks. But w-categorical
w-stable theories have finite U-ranks.

So, we obtain strictly (strongly) 2-distal theories with arbitrarily large finite arity.
Can we have infinite arity?
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Example 4: a permutation structure of Cherlin and Lachlan
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Example 4: a permutation structure of Cherlin and Lachlan

Let M := {{{a, b},{c,d}}: a,b,c,d € Ndistinct}, and let Sym(N) act on M
(and hence M for each k € N*) in the obvious way. For each k € N*, there are
finitely many orbits on M.
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Example 4: a permutation structure of Cherlin and Lachlan

Let M := {{{a, b},{c,d}} : a, b, c,d € N distinct}, and let Sym(N) act on M
(and hence M for each k € N*) in the obvious way. For each k € N*, there are
finitely many orbits on M*. There is a canonical structure on M associated with
this action, whose automorphism group is Sym(N): for each k € N*, we have a
k-ary relation symbol for each orbit of M¥ interpreted as membership of the orbit.
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Example 4: a permutation structure of Cherlin and Lachlan

Let M := {{{a, b},{c,d}} : a, b, c,d € N distinct}, and let Sym(N) act on M
(and hence M for each k € N*) in the obvious way. For each k € N*, there are
finitely many orbits on M*. There is a canonical structure on M associated with
this action, whose automorphism group is Sym(N): for each k € N*, we have a
k-ary relation symbol for each orbit of M¥ interpreted as membership of the orbit.

The language L is thus relational, with finitely many relation symbols of each
arity. Let T = Thy(M). [Cherlin-Lachlan, 1986]: ar(T) = w.
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Example 4: a permutation structure of Cherlin and Lachlan

Let M := {{{a, b},{c,d}} : a, b, c,d € N distinct}, and let Sym(N) act on M
(and hence M for each k € N*) in the obvious way. For each k € N*, there are
finitely many orbits on M*. There is a canonical structure on M associated with
this action, whose automorphism group is Sym(N): for each k € N*, we have a
k-ary relation symbol for each orbit of M¥ interpreted as membership of the orbit.

The language L is thus relational, with finitely many relation symbols of each
arity. Let T = Thy(M). [Cherlin—Lachlan, 1986]: ar(T) = w. As ar(T) = w, our
previous proof of (strong) 2-distality does not go through. Nonetheless:

Proposition (T., 2026+)

T is strictly (strongly) 2-distal.
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Example 4: a permutation structure of Cherlin and Lachlan

M = {{{a, b},{c,d}} : a, b, c,d € N distinct}, Sym(N) acts on M naturally.

Proposition (T., 2026+)

T is strictly (strongly) 2-distal.

v

Mervyn Tong (University of Cambridge) k-distality, k-triviality, and k-arity



Example 4: a permutation structure of Cherlin and Lachlan

M = {{{a, b},{c,d}} : a, b, c,d € N distinct}, Sym(N) acts on M naturally.

Proposition (T., 2026+)

T is strictly (strongly) 2-distal.

Observe that M is interpretable in (N, =), so T is w-categorical and w-stable. It
thus suffices to prove that T is (1-)totally trivial. As before, it suffices to prove
that T is trivial.
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Example 4: a permutation structure of Cherlin and Lachlan

M = {{{a, b},{c,d}} : a, b, c,d € N distinct}, Sym(N) acts on M naturally.

Proposition (T., 2026+)
T is strictly (strongly) 2-distal.

Observe that M is interpretable in (N, =), so T is w-categorical and w-stable. It
thus suffices to prove that T is (1-)totally trivial. As before, it suffices to prove
that T is trivial.

As an w-categorical and w-stable theory, T is 1-based. Suppose T were not
trivial. [De Piro—Kim, 2003]: an infinite vector space is interpretable in every
non-trivial, 1-based, w-categorical theory, and hence in T.
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Example 4: a permutation structure of Cherlin and Lachlan

M = {{{a, b},{c,d}} : a, b, c,d € N distinct}, Sym(N) acts on M naturally.

Proposition (T., 2026+)
T is strictly (strongly) 2-distal.

Observe that M is interpretable in (N, =), so T is w-categorical and w-stable. It
thus suffices to prove that T is (1-)totally trivial. As before, it suffices to prove
that T is trivial.

As an w-categorical and w-stable theory, T is 1-based. Suppose T were not
trivial. [De Piro—Kim, 2003]: an infinite vector space is interpretable in every
non-trivial, 1-based, w-categorical theory, and hence in T. [Thomas, 1991]: M is
a reduct of a structure M’ that is homogeneous in a finite binary relational
language, so M’ interprets an infinite vector space.
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Example 4: a permutation structure of Cherlin and Lachlan

M = {{{a, b},{c,d}} : a, b, c,d € N distinct}, Sym(N) acts on M naturally.
Proposition (T., 2026+)

T is strictly (strongly) 2-distal.

Observe that M is interpretable in (N, =), so T is w-categorical and w-stable. It
thus suffices to prove that T is (1-)totally trivial. As before, it suffices to prove
that T is trivial.

As an w-categorical and w-stable theory, T is 1-based. Suppose T were not
trivial. [De Piro—Kim, 2003]: an infinite vector space is interpretable in every
non-trivial, 1-based, w-categorical theory, and hence in T. [Thomas, 1991]: M is
a reduct of a structure M’ that is homogeneous in a finite binary relational
language, so M’ interprets an infinite vector space. This contradicts [Macpherson,
1991], which says that no infinite group is interpretable in a structure that is
homogeneous in a finite relational language.
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We have four classes of strictly (strongly) k-distal theories that are not k-ary,
where k > 2.
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We have four classes of strictly (strongly) k-distal theories that are not k-ary,
where k > 2. However:

@ The universal homogeneous kay-graph, which is strictly (strongly) k-distal, is
a reduct of a k-ary theory.
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We have four classes of strictly (strongly) k-distal theories that are not k-ary,
where k > 2. However:

@ The universal homogeneous kay-graph, which is strictly (strongly) k-distal, is
a reduct of a k-ary theory.

@ The permutation structure of Cherlin and Lachlan is strictly (strongly)
2-distal. We proved this by appealing to the fact that it is a reduct of a
theory with QE in a finite relational language (of arity 2).
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We have four classes of strictly (strongly) k-distal theories that are not k-ary,
where k > 2. However:

@ The universal homogeneous kay-graph, which is strictly (strongly) k-distal, is
a reduct of a k-ary theory.

@ The permutation structure of Cherlin and Lachlan is strictly (strongly)
2-distal. We proved this by appealing to the fact that it is a reduct of a
theory with QE in a finite relational language (of arity 2).

@ Even the Johnson graph J(k), which is strictly (strongly) 2-distal, is a reduct
of a binary theory.
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We have four classes of strictly (strongly) k-distal theories that are not k-ary,
where k > 2. However:

@ The universal homogeneous kay-graph, which is strictly (strongly) k-distal, is
a reduct of a k-ary theory.

@ The permutation structure of Cherlin and Lachlan is strictly (strongly)
2-distal. We proved this by appealing to the fact that it is a reduct of a
theory with QE in a finite relational language (of arity 2).

@ Even the Johnson graph J(k), which is strictly (strongly) 2-distal, is a reduct
of a binary theory.

| do not imagine that every (strongly) k-distal theory is the reduct of a k-ary one,
or vice versa, but | do not have counterexamples for either direction.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.

[Evans, 2004++] gives a theory T that is stable, 1-based, and trivial, and a
reduct T’ of T that is not trivial.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.

[Evans, 2004++] gives a theory T that is stable, 1-based, and trivial, and a
reduct T’ of T that is not trivial. Roughly speaking, T is the theory of a certain
generic digraph, and T’ is obtained by forgetting the orientation of the edges;
moreover, T’ is isomorphic to an ab initio Hrushovski construction.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.

[Evans, 2004++] gives a theory T that is stable, 1-based, and trivial, and a
reduct T’ of T that is not trivial. Roughly speaking, T is the theory of a certain
generic digraph, and T’ is obtained by forgetting the orientation of the edges;
moreover, T’ is isomorphic to an ab initio Hrushovski construction.

[Goode, 1991]: stable, 1-based, and trivial theories are totally trivial, so in fact
T is totally trivial.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.

[Evans, 2004++] gives a theory T that is stable, 1-based, and trivial, and a
reduct T’ of T that is not trivial. Roughly speaking, T is the theory of a certain
generic digraph, and T’ is obtained by forgetting the orientation of the edges;
moreover, T’ is isomorphic to an ab initio Hrushovski construction.

[Goode, 1991]: stable, 1-based, and trivial theories are totally trivial, so in fact
T is totally trivial. Thus, T is strongly 2-distal, and hence strongly k-distal for all
k> 2.
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On the topic of reducts...

A salient (and often undesirable) feature of distality is that it is not preserved
under reducts: the pure set (stable, hence not distal) is a reduct of every theory.
It is, however, (strongly) 2-distal, so it does not give rise to an easy proof that
(strong) k-distality is not preserved under taking reducts.

Proposition (T., 2026+)

For all kK > 2, k-distality and strong k-distality are not necessarily preserved under
taking reducts.

[Evans, 2004++] gives a theory T that is stable, 1-based, and trivial, and a
reduct T’ of T that is not trivial. Roughly speaking, T is the theory of a certain
generic digraph, and T’ is obtained by forgetting the orientation of the edges;
moreover, T’ is isomorphic to an ab initio Hrushovski construction.

[Goode, 1991]: stable, 1-based, and trivial theories are totally trivial, so in fact
T is totally trivial. Thus, T is strongly 2-distal, and hence strongly k-distal for all
k > 2. Now, T’ is not trivial, so not k-trivial for any k € N, and hence not
k-distal for any k > 2.

— = = = >yt
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‘Local’ k-arity

Even though strongly k-distal theories need not be k-ary, they are ‘locally’ k-ary,
in the following sense.
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‘Local’ k-arity

Even though strongly k-distal theories need not be k-ary, they are ‘locally’ k-ary,
in the following sense.

Theorem (T. 2026++), modulo slight lie
A theory T is strongly 2-distal if and only if the following holds.

Let ¢(xi,x;y) € L, BC M= T with [B| > 2 and a;,a, € M. Then there are
Y(x1, %25 2), ¥1(x1, ¥; 21), Y2(x2, ¥; 22) € L such that, for all finite B C B, there are
¢, c1, ¢ € B such that, for all b € B,

(a1, a2) = ¥(x1, x2; €) A 1(x1, by c1) A ha(x2, b; ©2) F d(x1, x2; b) <+ ¢(a1, az; b).
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‘Local’ k-arity

Even though strongly k-distal theories need not be k-ary, they are ‘locally’ k-ary,
in the following sense.

Theorem (T. 2026++), modulo slight lie

A theory T is strongly 2-distal if and only if the following holds.

Let ¢(x1,x;y) € L, BC M= T with |B| > 2 and a;1,a, € M. Then there are
V(x1, %0, 2), ¥1(x1, ¥; 21), Ya(x2, ¥; 22) € L such that, for all finite B C B, there are
¢, c1, ¢ € B such that, for all b € B,

(a1, a2) = ¥(x1, x2; €) A 1(x1, by c1) A ha(x2, b; ©2) F d(x1, x2; b) <+ ¢(a1, az; b).

If T is also NIP, the ¢, 11, and 15 can be chosen uniformly, i.e., independently
of B, ai, and a,.

o
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‘Local’ k-arity

Even though strongly k-distal theories need not be k-ary, they are ‘locally’ k-ary,
in the following sense.

Theorem (T. 2026++), modulo slight lie

A theory T is strongly 2-distal if and only if the following holds.

Let ¢(x1,x;y) € L, BC M= T with |B| > 2 and a;1,a, € M. Then there are
V(x1, %0, 2), ¥1(x1, ¥; 21), Ya(x2, ¥; 22) € L such that, for all finite B C B, there are
¢, c1, ¢ € B such that, for all b € B,

(a1, a2) = ¥(x1, x2; €) A 1(x1, by c1) A ha(x2, b; ©2) F d(x1, x2; b) <+ ¢(a1, az; b).

If T is also NIP, the ¢, 11, and 15 can be chosen uniformly, i.e., independently
of B, ai, and a,.

o

Key ingredient in forthcoming work on hypergraph regularity lemmas for NIP
strongly k-distal theories (also in my PhD thesis).
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