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Exponential Polynomials

Define the ring of exponential sums

Es = {Mexp(p1z) + - + Apexp(pnz) : Ai, pi € C},
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Exponential Polynomials

Define the ring of exponential sums
Es = {Arexp(p12) + -+ + Apexp(pnz) : Ai, i € C},
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Exponential Polynomials

Define the ring of exponential sums
Es = {Arexp(p12) + -+ + Apexp(pnz) : Ai, i € C},
and the ring of exponential polynomials
Ep = { () exp(piz) + - - + A\ (2) exp(pnz) = i € Clz], u; € C}.

Clearly & C &,. An entire function f is in £, if and only if f satisfies a
homogeneous linear differential equation with constant coefficients.

&y ={lexp(uz) : A € C*,u € C}.

An element of &, is irreducible if it is not the product of two non-units.
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Shapiro’s conjecture

Conjecture (H. S. Shapiro, 1958)

If f,g € & have infinitely many common roots, then there is h € & such
that h divides both f and g in &, and h has infinitely many zeros.
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If f,g € & have infinitely many common roots, then there is h € & such
that h divides both f and g in &, and h has infinitely many zeros.

Since &, has a very natural differential-algebraic description, it is
interesting to study the following question (already considered by A. J. van
der Poorten and R. Tijdeman):
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Conjecture (H. S. Shapiro, 1958)

If f,g € & have infinitely many common roots, then there is h € & such
that h divides both f and g in &, and h has infinitely many zeros.

Since &, has a very natural differential-algebraic description, it is
interesting to study the following question (already considered by A. J. van
der Poorten and R. Tijdeman):

Question (Shapiro’s question for &,)

Given any f,g € &, is there h € &, such that the zeros of h are exactly
the common zeros of f and g7
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Shapiro’s conjecture

Conjecture (H. S. Shapiro, 1958)

If f,g € & have infinitely many common roots, then there is h € & such
that h divides both f and g in &, and h has infinitely many zeros.

Since &, has a very natural differential-algebraic description, it is
interesting to study the following question (already considered by A. J. van
der Poorten and R. Tijdeman):

Question (Shapiro’s question for &,)

Given any f,g € &, is there h € &, such that the zeros of h are exactly
the common zeros of f and g7

H. L. Montgomery: although these are problems about analytic functions,
it seems analytic methods on their own are doomed to fail.
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Factorization theory of exponential polynomials

Definition

Given f(z) = Y i Ai(2) exp(piz) € &, we define the support of f,
denoted supp(f), as

supp(f) := Spang(s1, - - -, fin)-

We say that f is simple if l.dimg(supp(f)) = 1.

S. Eterovi¢ (U Vienna)

Shapiro and Schanuel

Chania, June 2026 4/12



Factorization theory of exponential polynomials

Definition

Given f(z) = Y i Ai(2) exp(piz) € &, we define the support of f,
denoted supp(f), as

supp(f) := Spang (1, - - - ; fn)-

We say that f is simple if l.dimg(supp(f)) = 1.

| A

Remark

VAeC*,ueC [A — exp(pz) = (\/X‘ exp (%Z)) (\/XJ’ - (gz»]

S. Eterovi¢ (U Vienna) Shapiro and Schanuel Chania, June 2026 4/12



Factorization theory of exponential polynomials

Definition

Given f(z) = Y i Ai(2) exp(piz) € &, we define the support of f,
denoted supp(f), as

supp(f) := Spang (1, - - - ; fn)-

We say that f is simple if l.dimg(supp(f)) = 1.

| \

Remark

YAEC*, peC [A — exp(pz) = (ﬁ— &g (%2)) (\FMF - (52))]

J. F. Ritt (1927-1929): every f € &, is a finite product of irreducible
exponential polynomials and simple ones.
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Skolem—Mahler—Lech

Definition

An arithmetic progression is a set of the form {a + kd}xen, where a,d € C.
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Skolem—Mahler—Lech

Definition

An arithmetic progression is a set of the form {a + kd}xen, where a,d € C.

Theorem (T. Skolem (1934)-K. Mahler (1935, 1956)-C. Lech (1953))

Let F' denote a field of characteristic zero and let {c,, }n,en be a sequence of
elements of F.
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Theorem (T. Skolem (1934)-K. Mahler (1935, 1956)-C. Lech (1953))

Let F' denote a field of characteristic zero and let {c,, }n,en be a sequence of
elements of F.Suppose there by, ...,b, € F such that for all n > k we have

Cp = blcn_l aF bgcn_g SF oo bkcn_k.

S. Eterovi¢ (U Vienna) Shapiro and Schanuel Chania, June 2026 5/12



Skolem—Mahler—Lech

Definition

An arithmetic progression is a set of the form {a + kd}xen, where a,d € C.

Theorem (T. Skolem (1934)-K. Mahler (1935, 1956)-C. Lech (1953))
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elements of F.Suppose there by, ...,b, € F such that for all n > k we have

Cp = blcn_l aF bgcn_g SF oo bkcn_k.

Then M = {n € N: ¢, = 0} is a finite union of arithmetic progressions.
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Skolem—Mahler—Lech

Definition

An arithmetic progression is a set of the form {a + kd}xen, where a,d € C.

Theorem (T. Skolem (1934)-K. Mahler (1935, 1956)-C. Lech (1953))

Let F' denote a field of characteristic zero and let {c,, }n,en be a sequence of
elements of F.Suppose there by, ...,b, € F such that for all n > k we have

Cp = blcn_l aF bgcn_g SF oo bkcn_k.

Then M = {n € N: ¢, = 0} is a finite union of arithmetic progressions.

v

This statement is often accompanied by the comment that all known
proofs use p-adic methods.
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Connection to linear recurrence relations

Proposition (A. J. van der Poorten-R. Tijdeman, 1975)

Skolem—Mahler—Lech is equivalent to the following statement: if an
exponential polynomial and a simple exponential sum have infinitely many
common zeros, then they have a non-trivial common divisor in &,.
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Skolem—Mahler—Lech is equivalent to the following statement: if an
exponential polynomial and a simple exponential sum have infinitely many
common zeros, then they have a non-trivial common divisor in &,.

Arithmetic progressions can be encoded as zeros of simple exponential
sums. For example, 2miZ is exactly the set of zeros of 1 — exp(z).
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Connection to linear recurrence relations

Proposition (A. J. van der Poorten—-R. Tijdeman, 1975)

Skolem—Mahler—Lech is equivalent to the following statement: if an
exponential polynomial and a simple exponential sum have infinitely many
common zeros, then they have a non-trivial common divisor in &,.

Arithmetic progressions can be encoded as zeros of simple exponential
sums. For example, 27iZ is exactly the set of zeros of 1 — exp(z).

Let f(z) = > 7_; A\jexp(u;z) be an exponential sum, and let
M ={z€Z: f(z) =0}. Then M is a finite union of arithmetic
progressions.
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A connection with Schanuel’s conjecture

Conjecture (S. Schanuel, 1960s)

If 21,...,2, € C are Q-linearly independent, then

tr. deg.g Q (z, exp(z)) > n.
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A connection with Schanuel’s conjecture

Conjecture (S. Schanuel, 1960s)
If z1,...,2, € C are Q-linearly independent, then

tr. deg.o Q (z, exp(z)) > n.

Theorem (P. D'Aquino—A. Macintyre-G. Terzo, 2014)

Shapiro’s conjecture follows from Schanuel’s conjecture. In fact, Shapiro's

conjecture holds over any algebraically closed exponential field on which
Schanuel’s conjecture holds.
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A connection with Schanuel’s conjecture

Conjecture (S. Schanuel, 1960s)
If z1,...,2, € C are Q-linearly independent, then

tr. deg.o Q (z, exp(z)) > n.

Theorem (P. D'Aquino—A. Macintyre-G. Terzo, 2014)

Shapiro’s conjecture follows from Schanuel’s conjecture. In fact, Shapiro's
conjecture holds over any algebraically closed exponential field on which
Schanuel’s conjecture holds.

Theorem (S. Fischler-T. Rivoal, 2025)

Schanuel’s conjecture solves Shapiro’s question when f,g € £, are defined
over Q.
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Main Result

Theorem (P. D'Aquino-S.E., in progress)

Suppose f, g € &, have infinitely many common zeros. Then Schanuel’s
conjecture implies that there is h € &, such that h vanishes precisely at all
the common zeros of f and g.
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Main Result

Theorem (P. D'Aquino-S.E., in progress)

Suppose f, g € &, have infinitely many common zeros. Then Schanuel’s
conjecture implies that there is h € &, such that h vanishes precisely at all
the common zeros of f and g.

By factorizing, we may reduce to the case where g is either irreducible or
simple. Define S :={s € C*: f(s) = g(s) = 0}. Set

d = 1.dimg (supp(f) Usupp(g)),

and let by,...,bq € supp(f) @ supp(g) be a Z-basis.
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Main Result

Theorem (P. D'Aquino-S.E., in progress)

Suppose f, g € &, have infinitely many common zeros. Then Schanuel’s
conjecture implies that there is h € &, such that h vanishes precisely at all
the common zeros of f and g.

By factorizing, we may reduce to the case where g is either irreducible or
simple. Define S :={s € C*: f(s) = g(s) = 0}. Set

d = 1.dimg (supp(f) Usupp(g)),

and let by, ...,bq € supp(f) @ supp(g) be a Z-basis. Write
b= (bi,...,ba).

S. Eterovi¢ (U Vienna) Shapiro and Schanuel Chania, June 2026 8/12



Proof strategy: the easy parts

@ If S is finite, we are done.
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016).
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

f(2) = Qf(z,exp(bz)), ¢g(2) = Qq¢(2,exp(bz)).
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that
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Let K be the field generated by b and the coefficients of Q; and Q.
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

f(2) = Qs(2,exp(b2)), g(2) = Qy(2, exp(bz)).
Let K be the field generated by b and the coefficients of Q; and Q.

J:={G e K[X,Yi,...,Yy] : Vs € S(G(s,exp(bs)) = 0)} .
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

f(2) = Qs(2,exp(b2)), g(2) = Qy(2, exp(bz)).
Let K be the field generated by b and the coefficients of Q; and Q.
J:={G e K[X,Yi,...,Yy] : Vs € S(G(s,exp(bs)) = 0)} .

By assumption, Q¢,Q, € J.
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

F(2) = Qplz,exp(b2)),  g(2) = Qy(z,exp(b2)).

Let K be the field generated by b and the coefficients of Q; and Q.
J:={G e K[X,Yi,...,Yy] : Vs € S(G(s,exp(bs)) = 0)} .

By assumption, Qf,Qy € J. Build {s;}scny € S so that

Se+1 ¢ Q(b1, ..., b4, S0,--.,50).
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

F(2) = Qplz,exp(b2)),  g(2) = Qy(z,exp(b2)).
Let K be the field generated by b and the coefficients of Q; and Q.
J:={G e K[X,Yi,...,Yy] : Vs € S(G(s,exp(bs)) = 0)} .
By assumption, Qf,Qy € J. Build {s;}scny € S so that
Ser1 ¢ Q(b1, ..., b4, 50, -, 80)-

Then d < dimV(J) < d+ 1, so J is principal.
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Proof strategy: the easy parts

Q If S is finite, we are done. @ Now assume S infinite.
@ Suppose g simple. If g € &, use Skolem—Mahler—-Lech. @

@ If g ¢ &, Schanuel's conjecture implies g has only finitely many zeros
in the algebraic closure of any finitely generated field (V. Mantova,
2016). Let Q¢,Qq € C[X,Y7,...,Yy] be such that

F(2) = Qplz,exp(b2)),  g(2) = Qy(z,exp(b2)).
Let K be the field generated by b and the coefficients of Q; and Q.
J:={G e K[X,Yi,...,Yy] : Vs € S(G(s,exp(bs)) = 0)} .
By assumption, Qf,Qy € J. Build {s;}scny € S so that
Ser1 ¢ Q(b1, ..., b4, 50, -, 80)-
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible.
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.

Schanuel’s conjecture, weak Zilber—Pink and Ramsey's theorem
together imply that there is an infinite subset S’ C S with
L. dimQ(S’) < Q.

S. Eterovi¢ (U Vienna) Shapiro and Schanuel Chania, June 2026



The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
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(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.
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together imply that there is an infinite subset S’ C S with
L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.
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For every s € S’ there exists a unique qs € Qf so that s = g, - t.
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.

Schanuel’s conjecture, weak Zilber—Pink and Ramsey's theorem
together imply that there is an infinite subset S’ C S with
L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.

For every s € S’ there exists a unique qs € Qf so that s = g, - t.
Thus, the system of equations f(z - t) = g(z - t) = 0 has infinitely
many solutions z € Q°.
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@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.

Schanuel’s conjecture, weak Zilber—Pink and Ramsey's theorem
together imply that there is an infinite subset S’ C S with
L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.

For every s € S’ there exists a unique qs € Qf so that s = g, - t.
Thus, the system of equations f(z - t) = g(z - t) = 0 has infinitely
many solutions z € Q°.

The non-degenerate rational solutions have bounded denominator (A.
Giinaydin, 2012).
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.

Schanuel’s conjecture, weak Zilber—Pink and Ramsey's theorem
together imply that there is an infinite subset S’ C S with
L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.

For every s € S’ there exists a unique qs € Qf so that s = g, - t.
Thus, the system of equations f(z - t) = g(z - t) = 0 has infinitely
many solutions z € Q°.

The non-degenerate rational solutions have bounded denominator (A.
Giinaydin, 2012). Using (U. Zannier, 2004), the non-degenerate
integer solutions are finite.
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
ses
(b18,...,bgs,exp(b1s),...,exp(bgs)) € V.

Schanuel’s conjecture, weak Zilber—Pink and Ramsey's theorem
together imply that there is an infinite subset S’ C S with
L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.

For every s € S’ there exists a unique qs € Qf so that s = g, - t.
Thus, the system of equations f(z - t) = g(z - t) = 0 has infinitely
many solutions z € Q°.

The non-degenerate rational solutions have bounded denominator (A.
Giinaydin, 2012). Using (U. Zannier, 2004), the non-degenerate
integer solutions are finite. So outside of a finite subset, S produces
degenerate solutions, which means we can reduce the length of g and
do induction.
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The irreducible case: atypical intersections for the win!

@ Suppose g irreducible. Build a variety V c C¢ x (CX)d so that for all
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L.dimg(S’) < oo. Let t = {t1,...,ts} C S’ be a basis.

For every s € S’ there exists a unique qs € Qf so that s = g, - t.
Thus, the system of equations f(z - t) = g(z - t) = 0 has infinitely
many solutions z € Q°.

The non-degenerate rational solutions have bounded denominator (A.
Giinaydin, 2012). Using (U. Zannier, 2004), the non-degenerate
integer solutions are finite. So outside of a finite subset, S produces
degenerate solutions, which means we can reduce the length of g and

do induction. @
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Afterthoughts

Theorem (F. Gallinaro, 2023)

Choose i1, ..., fin, A1y .-y An € C* such that py, ..., u, are Q-linearly
independent. Then the exponential sum

f(2) = Arexp(p12) + - - 4 An exp(pin2)

has infinitely many zeros.
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Choose i1, ..., fin, A1y .-y An € C* such that py, ..., u, are Q-linearly
independent. Then the exponential sum

f(2) = Arexp(p12) + - - 4 An exp(pin2)

has infinitely many zeros.

This can rephrased as an “exponential algebraic closedness” problem
(EAC), in that from f we build varieties L C C? and W C (CX)d, where L
is defined by linear equations, so that L x W is additively free and rotund.
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Afterthoughts

Theorem (F. Gallinaro, 2023)

Choose i1, ..., fin, A1y .-y An € C* such that py, ..., u, are Q-linearly
independent. Then the exponential sum

f(2) = Arexp(p12) + - - 4 An exp(pin2)

has infinitely many zeros.

This can rephrased as an “exponential algebraic closedness” problem
(EAC), in that from f we build varieties L C C? and W C (CX)d, where L
is defined by linear equations, so that L x W is additively free and rotund.
It seems Shapiro's question (and/or our proof) may resolve the strong
version of EAC, namely, that L x W intersects the graph of exponentiation
in a Zariski dense set.
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Further afterthoughts

Skolem—Mahler—Lech is equivalent to a case of Shapiro's question...
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Further afterthoughts

Skolem—Mahler—Lech is equivalent to a case of Shapiro's question...
Schanuel’s conjecture (aided by SML) solves Shapiro's conjecture... @

Conjecture (Uniform version of Schanuel’s conjecture)

For any positive integer n and for any algebraic variety V' C G x G},
defined over Q satisfying dim V' < n, there is a finite set .Z of proper
linear subspaces of G/ defined over Q and a finite set A of proper torsion
cosets of G}, (C), with each H € H of codimension at least 2, such that
for any z € G(C) satisfying (z,exp(z)) € V we have either z € L, for
some L € Z, or exp(z) € H for some H € H.
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linear subspaces of G/ defined over Q and a finite set A of proper torsion
cosets of G}, (C), with each H € H of codimension at least 2, such that
for any z € G(C) satisfying (z,exp(z)) € V we have either z € L, for
some L € Z, or exp(z) € H for some H € H.

Schanuel’s conjecture and the Zilber—Pink conjecture together imply the
uniform version of Schanuel’s conjecture (J. Pila, 2025).
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Further afterthoughts

Skolem—Mahler—Lech is equivalent to a case of Shapiro's question...
Schanuel’s conjecture (aided by SML) solves Shapiro's conjecture... @

Conjecture (Uniform version of Schanuel’s conjecture)

For any positive integer n and for any algebraic variety V' C G x G},
defined over Q satisfying dim V' < n, there is a finite set .Z of proper
linear subspaces of G/ defined over Q and a finite set A of proper torsion
cosets of G}, (C), with each H € H of codimension at least 2, such that
for any z € G(C) satisfying (z,exp(z)) € V we have either z € L, for
some L € Z, or exp(z) € H for some H € H.

Schanuel’s conjecture and the Zilber—Pink conjecture together imply the
uniform version of Schanuel’s conjecture (J. Pila, 2025).

Does the uniform Schanuel conjecture imply Skolem—Mahler—Lech?
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