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@ What was already done?

® What else can be done?

© What are Conic sheaves?

@ How to adapt this to the o-minimal context?
© What did we do so far?

@ What's next?
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Recalling sheaves

Definition (Presheaf)

X a topological space, Op(X) the collection of open subsets of X.
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Recalling sheaves

Definition (Presheaf)

X a topological space, Op(X) the collection of open subsets of X. An
assignment

Op(X) 3 UL F(U)

is called a presheaf of abelian groups if:
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Recalling sheaves

Definition (Presheaf)

X a topological space, Op(X) the collection of open subsets of X. An
assignment

Op(X) 3 UL F(U)

is called a presheaf of abelian groups if:

® F(U) is an abelian group.
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Recalling sheaves

Definition (Presheaf)

X a topological space, Op(X) the collection of open subsets of X. An
assignment

Op(X) > U+ F(U)
is called a presheaf of abelian groups if:
® F(U) is an abelian group.
® |f U C V, there is an associated homomorphism of abelian groups
ovu: F(V)—= F(U), s s|u,

called the restriction morphism, such that if W C U is open, then
(slo)lw = slw.
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Recalling sheaves

Definition (Presheaf)

X a topological space, Op(X) the collection of open subsets of X. An
assignment

Op(X) 3 UL F(U)

is called a presheaf of abelian groups if:
® F(U) is an abelian group.
® |f U C V, there is an associated homomorphism of abelian groups
ovu: F(V)—= F(U), s s|u,

called the restriction morphism, such that if W C U is open, then
(slo)lw = slw.

Terminology: s € F(U) is called a section of F over U.
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Recalling sheaves

Definition (Sheaf)

A presheaf F on a topological space X is a sheaf if, for every open cover

{Ui}ier of an open set U C X, the following conditions hold:
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Recalling sheaves

Definition (Sheaf)

A presheaf F on a topological space X is a sheaf if, for every open cover

{Ui}ier of an open set U C X, the following conditions hold:

® (Locality) If s, t € F(U) satisfy s|y, = t|y, for all i € I, then s = t.
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Recalling sheaves

Definition (Sheaf)

A presheaf F on a topological space X is a sheaf if, for every open cover

{Ui}ier of an open set U C X, the following conditions hold:
® (Locality) If s, t € F(U) satisfy s|y, = t|y, for all i € I, then s = t.

® (Gluing) If for each i € I we have s; € F(U:) satisfying si|u.ny; = siluny
whenever U; N U; # 0, then there exists a unique section s € F(U) such

that s|y, = s; for all i € I.
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Recalling sheaves

Definition (Sheaf)

A presheaf F on a topological space X is a sheaf if, for every open cover

{Ui}ier of an open set U C X, the following conditions hold:
® (Locality) If s, t € F(U) satisfy s|y, = t|y, for all i € I, then s = t.

® (Gluing) If for each i € I we have s; € F(U:) satisfying si|u.ny; = siluny
whenever U; N U; # 0, then there exists a unique section s € F(U) such
that s|y, = s; for all i € I.
Examples:

(i) U~ C°(U,R) ={f: U —R| f continuous}
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Recalling sheaves

Definition (Sheaf)

A presheaf F on a topological space X is a sheaf if, for every open cover

{Ui}ier of an open set U C X, the following conditions hold:
® (Locality) If s, t € F(U) satisfy s|y, = t|y, for all i € I, then s = t.

® (Gluing) If for each i € I we have s; € F(U:) satisfying si|u.ny; = siluny
whenever U; N U; # 0, then there exists a unique section s € F(U) such
that s|y, = s; for all i € I.
Examples:
(i) U~ C°(U,R) ={f: U —R| f continuous}
(i) U C=(U,R)={f: U — R | f smooth}
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What is "a sheaf theory"?

Given a continuous map f : X — Y between topological spaces, we have six
(Grothendieck) operations:
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What is "a sheaf theory"?

Given a continuous map f : X — Y between topological spaces, we have six
(Grothendieck) operations:

® f.:Sh(X) — Sh(Y) and £~ : Sh(Y) — Sh(X) with (f71, £.) forming an
adjunction pair.
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What is "a sheaf theory"?

Given a continuous map f : X — Y between topological spaces, we have six
(Grothendieck) operations:

® f.:Sh(X) — Sh(Y) and £~ : Sh(Y) — Sh(X) with (f71, £.) forming an
adjunction pair.

® Hom(e, ) : Sh(X)° x Sh(X) — Sh(X) and e ® e : Sh(X)? — Sh(X)
such that (e ® F, Hom(F,e)) form an adjunction pair.

® Rf: D®(X) — D®(Y) and f': D®(Y) — D(X) with (Rfi, ') forming an
adjunction pair.

® and some other "compatibility conditions" between them...
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What was already done?
[ Jelele}

@ What was already done?
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What was already done?
[o] lele}

Our general setting

We fix an o-minimal expansion of a real closed field, R = (R, £%), where
£:(+7'70717<7~~-) and let:
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What was already done?
[o] lele}

Our general setting

We fix an o-minimal expansion of a real closed field, R = (R, £%), where
£:(+7'70717<7~~-) and let:

® X C R" be a definable set (with parameters in R), defined by an
L-formula with parameters b = (b1, ..., b.) € R", ¢x(X, b).
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What was already done?
[o] lele}

Our general setting

We fix an o-minimal expansion of a real closed field, R = (R, £%), where
£:(+7'70717<7~~-) and let:

® X C R" be a definable set (with parameters in R), defined by an
L-formula with parameters b = (b1, ..., b.) € R", ¢x(X, b).

* X be the o-minimal spectrum of X, X = {p € SX(R) | ¢x(X, b) € p};
Basis for the topology: [vu] :=={p € X | Yu € p} whenever ¢y defines an

open subset of X.
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What was already done?
[o] lele}

Our general setting

We fix an o-minimal expansion of a real closed field, R = (R, £%), where
£:(+7'70717<7~~-) and let:

® X C R" be a definable set (with parameters in R), defined by an
L-formula with parameters b = (b1, ..., b.) € R", ¢x(X, b).

* X be the o-minimal spectrum of X, X = {p € SX(R) | ¢x(X, b) € p};
Basis for the topology: [vu] :=={p € X | Yu € p} whenever ¢y defines an

open subset of X.

® We're interested in studying Sh()~(), the category of o-minimal sheaves.
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:

@ It has a basis of quasi-compact open subsets (U, for U C X open and
definable) that is closed under finite intersections (because UN V = UN V)
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:

@ It has a basis of quasi-compact open subsets (U, for U C X open and
definable) that is closed under finite intersections (because UN V = UN V)

® The irreducible closed subsets are closures of unique points
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:

@ It has a basis of quasi-compact open subsets (U, for U C X open and
definable) that is closed under finite intersections (because UN V = UN V)

® The irreducible closed subsets are closures of unique points

® Topology of X is controllable:
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:

@ It has a basis of quasi-compact open subsets (U, for U C X open and
definable) that is closed under finite intersections (because UN V = UN V)

® The irreducible closed subsets are closures of unique points

® Topology of X is controllable:

® X is definably connected iff X is connected
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What was already done?
[e]e] e}

Recalling the o-minimal spectrum

® If Y C X is a definable subset, since Y ~ [¢v] C X, we identify Y C X

° Xis quasi-compact and is a spectral space, i.e:

@ It has a basis of quasi-compact open subsets (U, for U C X open and
definable) that is closed under finite intersections (because UN V = UN V)

® The irreducible closed subsets are closures of unique points
® Topology of X is controllable:

® X is definably connected iff X is connected

® X is definably normal iff X is normal
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What was already done?
[e]e]e] }

o-minimal sheaf theory

Given a definable continuous map f : X — Y, we have six (Grothendieck)
operations (mainly by Edmundo-Prelli, 2020):

e £.:Sh(X) — Sh(Y) and f~': Sh(Y) — Sh(X) with (!, %.) forming an
adjunction pair.

* Hom(e, ) : Sh(X)%® x Sh(X) — Sh(X) and e ® e : Sh(X)? — Sh(X)
such that (e ® 7, Hom(F,e)) form an adjunction pair.

® Rfy: D"(X) — D°(Y) and f1: D?(Y) — D°(X) with (Rf,, f!) forming
an adjunction pair.

® and some other "compatibility conditions" between them...
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® What else can be done?
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What else can be done?
[o] lelele]e}

Motivation for conic sheaves

Figure 1: "Propagation" on a manifold.

D.Costa, M.Edmundo, L.Prelli March 18, 2026 Conic o-minimal sheaves



What else can be done?
[o]e] lele]e}

Motivation for conic sheaves

Figure 2: "Propagation" on a manifold.

Point — xo
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What else can be done?
[e]e]e] Jele}

Motivation for conic sheaves

Figure 3: "Propagation" on a manifold.

Point — xg

Curve — {f =0}
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What else can be done?
[e]e]ele] Teo}

Motivation for conic sheaves

Figure 4: "Propagation" on a manifold.
Point — xq
Curve — {f =0}

Open — {f <0} =:U
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What else can be done?
[e]e]e]e]e] J

Motivation for conic sheaves

Figure 5: "Propagation" on a manifold.
Point — xq

Curve — {f =0}

Open — {f <0} =:U

D.Costa, M.Edmundo, L.Prelli March 18, 2026 Conic o-minimal sheaves



What else can be done?

[e]e]ele]e] ]

Motivation for conic sheaves

(RT{r>01(F))o =0

lim H/(UU V,F) ~ H(U, F)

—
xpEV

Figure 5: "Propagation" on a manifold.

Point — xq
Curve — {f =0}

Open — {f <0} =:U
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What else can be done?

[e]e]ele]e] ]

Motivation for conic sheaves

(RT{r>01(F))o =0

!

lim HI(UUV,F)~ H(U,F)

xpEV
Figure 5: "Propagation" on a manifold. (Rr{ " }(]__))l )
Re(f) >0 £=1(0)
Point — xq Zl
1 F
Curve — {f =0} w
conic sheaf

Open — {f <0} =:U
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at are Conic sheaves?
o

© What are Conic sheaves?
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space

® ;1 :R" x X — X continuous action
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space
® ;1 :R" x X — X continuous action

® SC Xisconicif S=R"S := pu(R" x 5)
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space

® ;1 :R" x X — X continuous action

® SC Xisconicif S=R"S := pu(R" x 5)

® Xg+ setwise X, but U C Xg+ is open if (U C X is open and R*U = U)
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space

® ;1 :R" x X — X continuous action

® SC Xisconicif S=R"S := pu(R" x 5)

® Xg+ setwise X, but U C Xg+ is open if (U C X is open and R*U = U)
® 5 X = Xpt
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space

® ;1 :R" x X — X continuous action

® SC Xisconicif S=R"S := pu(R" x 5)

® Xg+ setwise X, but U C Xg+ is open if (U C X is open and R*U = U)
® 5 X = Xpt

S C X is R™-connected if SNRTx is

always connected.
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What are Conic sheaves?
oeo

Classical conic sheaves

® X topological space

® ;1 :R" x X — X continuous action

® SC Xisconicif S=R"S := pu(R" x 5)

® Xg+ setwise X, but U C Xg+ is open if (U C X is open and R*U = U)
® 5 X = Xpt

W, Uy
S C X is R™-connected if SNRTx is 7

always connected.

Figure 6: pn : RT x R?2 — R? | (¢, (x,y)) — t(x,y)
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What are Conic sheaves?
ooe

Classical conic sheaves

Conic sheaves (Kashiwara-Schapira, 1990)

F € Sh(X) is conic if any of the following equivalent conditions holds:
©® 11 F ~ p7lF, with p: RT x X — X projection
® F|p+, = constant
® F(RTU) = F(U) if Uis R*-connected

0}":7]_177*}'
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What are Conic sheaves?
ooe

Classical conic sheaves

Conic sheaves (Kashiwara-Schapira, 1990)

F € Sh(X) is conic if any of the following equivalent conditions holds:
©® 11 F ~ p7lF, with p: RT x X — X projection
® F|p+, = constant
® F(RTU) = F(U) if Uis R*-connected

0}":7]_177*}'

Equivalence of categories (Kashiwara-Schapira, 1990)

If Shg+(X) is the category of conic sheaves,

Shy= (X) ~ Sh(Xa-)
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What are Conic sheaves?
ooe

Classical conic sheaves

Conic sheaves (Kashiwara-Schapira, 1990)

F € Sh(X) is conic if any of the following equivalent conditions holds:
©® 11 F ~ p7lF, with p: RT x X — X projection
® F|p+, = constant
® F(RTU) = F(U) if Uis R*-connected

0}":7]_177*}'

Equivalence of categories (Kashiwara-Schapira, 1990)
If Shg+(X) is the category of conic sheaves,
ShR+ (X) ~ Sh(XR+)

Example:
U G (U,R) :={f: U—R | f continuous and locally f(u(t,x)) = tf(x)}

is a conic sheaf.
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How to adapt this to the o-minimal conte>
@000

@ How to adapt this to the o-minimal context?
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How to adapt this to the o-minimal context?
o] Jele]

Subanalytic site

General topological scenario: Subanalytic scenario:
® X topological space ® X real analytic manifold
® Op(X) — open subsets of X ® Op(Xsa) — open subanalytic subsets of X
® Cov(U) — coverings of U ® Covs(U) — locally finite coverings of U
by objects in Op(X) by objects in Op(Xs,)

D.Costa, M.Edmundo, L.Prelli March 18, 2026 Conic o-minimal sheaves



How to adapt this to the o-minimal context?
o] Jele]

Subanalytic site

General topological scenario: Subanalytic scenario:
® X topological space ® X real analytic manifold
® Op(X) — open subsets of X ® Op(Xsa) — open subanalytic subsets of X
® Cov(U) — coverings of U ® Covs(U) — locally finite coverings of U
by objects in Op(X) by objects in Op(Xs,)

Theorem (Kashiwara-Schapira, 2001)

There is an equivalence of categories:
Sh(Xsa) ~ Indr—c(X)

which means we can always write

]::|I_T>T1p*.7'—1 ,p:X_>Xsa

i
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How to adapt this to the o-minimal context?
[e]e] o]

Subanalytic sheaf theory

Theorem (Kashiwara-Schapira, 2001)

There is an equivalence of categories:

Sh(X.s) ~ Indg_c(X)

which means we can always write

]-':%r; peFi ,p: X = Xa
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How to adapt this to the o-minimal context?
[e]e] o]

Subanalytic sheaf theory

Theorem (Kashiwara-Schapira, 2001)

There is an equivalence of categories:

Sh(X.s) ~ Indg_c(X)

which means we can always write

]-':%r; peFi ,p: X = Xa

Given f : X — Y a real analytic map:

f”]-'::irp) P fi Fi

!
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How to adapt this to the o-minimal context?
oooe

Conic subanalytic sheaves

®* Xp+ ® Xsa,R+
® Qpens are conic opens of X

® QOpens are conic opens of Xs,
L4 n: X — X]R+

i nsa . Xsa — Xsa,]RJr
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How to adapt this to the o-minimal context?
oooe

Conic subanalytic sheaves

b XR+ ® )<sa,]RJr
® Qpens are conic opens of X ® QOpens are conic opens of Xs,
L4 n: X — XR+ ° Msa : Xsa — Xsa,JRJr

Conic subanalytic sheaves

F € Sh(Xsa) is conic if any of the following equivalent conditions holds:
© 1= F~p=Fwithp—R s X Drotecti
@® FigFx=—onstant
® F(RTU) = F(U) if U is R*-connected

(4] ]:217;17753*]:
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How to adapt this to the o-minimal context?
oooe

Conic subanalytic sheaves

b XR+ ® )<sa,]RJr
® Qpens are conic opens of X ® QOpens are conic opens of Xs,
L4 n: X — XR+ ° Msa : Xsa — Xsa,JRJr

Conic subanalytic sheaves

F € Sh(Xsa) is conic if any of the following equivalent conditions holds:
© 1= F~p=Fwithp—R s X Drotecti
@® FigFx=—onstant
® F(RTU) = F(U) if U is R*-connected

(4] ]:217;17753*]:

Equivalence of categories (L. Prelli, 2013)

If Shg+(Xsa) is the category of conic subanalytic sheaves,

Sh]R+ (Xsa) ~ Sh(Xsa,]R‘*')
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What did we do so far?
@0000

© What did we do so far?
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What did we do so far?
(o] lelele]

o-minimal site

General topological scenario: Definable scenario:
® X topological space ® X definable set
® Op(X) — open subsets of X ® Op(Xaet) — open definable subsets of X
® Cov(U) — coverings of U ® Covaef(U) — finite coverings of U
by objects in Op(X) by objects in Op(Xqef)
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What did we do so far?
(o] lelele]

o-minimal site

General topological scenario: Definable scenario:
® X topological space ® X definable set
® Op(X) — open subsets of X ® Op(Xaet) — open definable subsets of X
® Cov(U) — coverings of U ® Covaef(U) — finite coverings of U
by objects in Op(X) by objects in Op(Xqef)

Theorem (Edmundo-Prelli, 2016)
There is an equivalence of categories:

Sh(Xaet) =~ Sh(X)
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What did we do so far?
[e]e] lele]

o-minimal adaptation

Topological case Subanalytic case o-minimal case

® X top. space ® X analytic manifold ¢ X definable set
0/;:]1§+><X—>-X e 4R x X = X ® 4R x X — X def,,
continuous action analytic action continuous action.
® Xpt ® Xa ® Xaet
® i X = X ® Xoamt ® Xiof,rR+
® Nsat Xsa = Xyt ® Ndef : Xdet — Xdef, R+
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What did we do so far?
[e]e] lele]

o-minimal adaptation

Topological case Subanalytic case o-minimal case

® X top. space ® X analytic manifold ¢ X definable set
° RV x X — X e 4R x X = X ® 4 RT x X — X def.,
continuous action analytic action continuous action.
® Xpt ° X ® Xaet
® i X = X ® Xoamt ® Xiof,rR+
® Nsat Xsa = Xyt ® Ndef : Xdet — Xdef, R+
® dof : X = X/d;;+
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What did we do so far?
[e]e] lele]

o-minimal adaptation

Topological case Subanalytic case o-minimal case

® X top. space ® X analytic manifold ¢ X definable set
° RV x X — X e 4R x X = X ® 4 RT x X — X def.,
continuous action analytic action continuous action.
® Xpt ° X ® Xaet
® i X = X ® Xoamt ® Xiof,rR+
® Nsat Xsa = Xyt ® Ndef : Xdet — Xdef, R+
® dof : X = X/d;;+

There is an equivalence of categories:

Sh(Xyet,r+) = Sh(Xqer,r+)
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What did we do so far?
[e]e]e] o]

Conic o-minimal sheaves

F € Sh(Xaef) ~ Sh()N() is conic if:

o F(RTU) 3 F(U) if U is R -definably-connected

Theorem (Equivalence of categories)

If Shg+(Xder) is the category of conic o-minimal sheaves,

Ndef =
PR
shR+(Xdef) >~ Sh(XdeﬁRJr)

-1
def

D.Costa, M.Edmundo, L.Prelli March 18, 2026 Conic o-minimal sheaves



What did we do so far?
oooo0e

Characterization of conic o-minimal sheaves

Theorem (Characterizations of conic o-minimal sheaves)

F € Sh(Xaef) ~ Sh()~<) is conic if any of the following equivalent conditions
holds:

©® i 'F ~p 'F, with p: R x X = X projection

e }'S|S+a = constant, for any elementary extension R < S and a € X(S)

—_~

© Tl —1(s) = constant, for any 8 € Xyer r+

) .F(EITJ) X F(U) if U is R*-definably-connected (definition)

© F = 1 Nt « F
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® Stability (of conic sheaves) under the 6 Grothendieck operations
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® Stability (of conic sheaves) under the 6 Grothendieck operations

® Topological context: always stable
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What's next?

® Finish checking everything

® Stability (of conic sheaves) under the 6 Grothendieck operations

® Topological context: always stable

® Subanalytic context: Not stable only under fj
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What's next?

® Finish checking everything

® Stability (of conic sheaves) under the 6 Grothendieck operations

® Topological context: always stable

® Subanalytic context: Not stable only under fj

® Fourier-Sato Transform: D (E) ~ D7, (E™)
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What's next?

Finish checking everything

Stability (of conic sheaves) under the 6 Grothendieck operations

® Topological context: always stable

® Subanalytic context: Not stable only under fj
® Fourier-Sato Transform: D (E) ~ D7, (E™)

® etc...
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