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Dense Pairs of Ordered Vector Spaces Dense Pairs

Dense Pairs

@ Let T be a complete o-minimal theory in a language L extending the
language {+, —,0,1, <} of ordered abelian groups with a
distinguished positive element 1.

e A dense pair of models of T is a structure (M, ..., N) in the
language L9 := L U {U} extending L by a new unary predicate U,
which is interpreted as N, where M, N = T, N < M with N # M,
and N is dense in M. We denote a dense pair simply by (M, N).

o Note that being a dense pair is expressible in L9; T is the L9-theory
of dense pairs.

4/29



Dense Pairs
Dense Pairs

Theorem 1 (van den Dries, [1])
The theory T9 is complete.

Theorem 2 (van den Dries, [1])

Let (M, N) be a model of T9. Every L9-definable subset of M" can be
defined by a boolean combination of formulas of the form

Fys - ym(Uya) Ao AUWYm) Ad(X1y -y Xny Vi ooy Ym)),

where ¢ is an L-formula.
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Dense Pairs of Ordered Vector Spaces Dense Pairs

ovs

Given an ordered field K, pairs of ordered K-vector spaces fall under the
setting of dense pairs of o-minimal structures in the language L ., where
Lovs :={+,—,0,1, <} U{l\ : A € K} is the language of ordered K-vector

spaces.

Let Toys denote the Loys-theory of ordered K-vector spaces, so Tg,s is the
theory of dense pairs of ordered K-vector spaces in the language L9 .. We

oVvs”®
denote models of T2, by (V, W).

ovs
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Dense Pairs of Ordered Vector Spaces QE in T:VS
; d
QE in T&,

Recall that the definable closure, dcl, in an o-minimal structure gives rise
to a pregeometry. We call the independence given by dcl, the
dcl-independence.

Let (M, N) be a substructure of a model (M, N') = T9. We say M
and N are free over N in M’ if every subset X C M dcl-independent
over N is dcl-independent over A" .

Proposition 1 (Giinaydin-Nayir [2])

Let (V, W) be a substructure of a model (V',W') = TZ_.. Then V and
W' are free over W in V'
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Dense Pairs of Ordered Vector Spaces QE in T:VS

Theorem 3 (van den Dries, [1])

Let (M, N) be a common substructure of (M', V') |= T9 and
(M",N") = T? such that M and N are free over N, and M and N
are free over N in M". See the elementary inclusion diagram:

\M/M”

Y Y
Y

N < _N”

Then (M',N') and (M",N"") are elementarily equivalent over M, that is,
they satisfy the same L¢(M)-sentences.
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Dense Pairs of Ordered Vector Spaces QE in T:VS
; d
QE in T&,

The theory T4

ovs

Theorem 4 (Glinaydin-Nayir [2])
admits quantifier elimination. J
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VC-Dimension

Let L be a first order language, T a complete L-theory with no finite
models and let A = T. Let ¢(x; y) be a partitioned L-formula with
|x| = mand |y| = n.

The shatter function 7, (k) of ¢ in T is the map m, : N — N given by

(k) == max{|8£ﬁ Cl:CCA™|C| = k},

whereS{;‘:{go(A;b):beA"} andS;j‘ﬁC:{SﬁC:SGS;‘}.
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VC-Dimension

The shatter function 7, (k) of ¢ in A= T is the map 7, : N = N
given by

(k) == max{|8£ﬁ Cl:CC A" |C|= k},

whereSé:{go(A;b):beA”} andSéﬂC:{SﬂC:SeSé}.

v

The VC-dimension of ¢ in A |= T is the integer d if m,(d) = 29 and for
any k > d, m,(k) # 25. We denote it by VC(¢) = d. If there is no such
d, we put VC(p) = 0.
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VC-Dimension

The shatter function 7, (k) of ¢ in A= T is the map 7, : N = N
given by

(k) == max{|8£ﬁ Cl:CCA™|C| = k},

whereSé:{go(A;b):beA”} andSéﬂC:{SﬂC:SeSé}.

v

The VC-dimension of ¢ in A |= T is the integer d if m,(d) = 29 and for
any k > d, m,(k) # 25. We denote it by VC(¢) = d. If there is no such
d, we put VC(p) = 0.

Theorem 5 (Laskowski, [2])

A complete theory is NIP if and only if every partitioned formula has finite
VC-dimension.

V.
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VC-Density
Lemma 1 (Sauer [4], Shelah [1])
If VC(¢) = d, then m,(k) < (g) +...+ (5) for any k. J
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e
VC-Density

Lemma 1 (Sauer [4], Shelah [1])
If VC(¢) = d, then m,(k) < (g) +...+ (5) for any k.

If VC(¢) = d, then the VC-density of ¢ in A= T is given by

ve(p) = inf{r € Ryg : my(k) = O(k")}.

Remark
By the Lemma above, if VC(¢) = d, then vc(p) < VC(yp).

The VC-density of T isa map vc’ : N — Rso U {oco} given by

veT (n) := sup{vc(y) : ¢(x;y) is a partitioned L-formula, |y| = n}.
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S VR
Example 1

Consider the following formula with a single object variable x and
parameter variable y of length n:

dixiy):\ x =y

i=1

In A T, we have VC(¢) = ve(y)) = n.
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S VR
Example 2- Spoiler Alert

Consider the following L -formula in a single object variable x and a
single parameter variable y:

dx;y) iy <x<y+1VvUx-—y).

Proposition 2 (Giinaydin-Nayir [2])
In any model of T, the VC-density of ¢(x;y) is at least 2.

Proof

Let (V,W) = T4, and A= {a1,...,ak} C V, where k > 2,
@ a;+ 1 < ajy; for each i, and
° aj—aj¢ Wori#j.
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e
Example 2- Spoiler Alert

Consider the following L .-formula in a single object variable x and a

single parameter variable y:

p(x;iy):y <x<y+1VU(x—y).

o Let (V,W)ETd.and A= {ay,...,ax} C V, where k > 2,
e a;+ 1 < a4 for each i, and
o aj—aj ¢ Wfori#j.

o Clearly, ¢(V,a;) N A= {a;} for each i.
@ Using the density of W, for each i < j, we may find b € V such that

ajc[b,b+1)and aj € b+ W.
Therefore we obtain ¢(V, b) N A = {a;, a;} for each i <.
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S VR
Example 2- Spoiler Alert

Consider the following L .-formula in a single object variable x and a
single parameter variable:

o y):y<x<y+1VvU(x—y).

Proposition 2 (Gijnaydm—Nayir [2])

In any model of T, the VC-density of ¢(x;y) is at least 2.

02 () (1) + (2) -5

and therefore vc(¢) > 2.

o |t follows then
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Basics on VC-Density
UDTFS (Guingona, [3])

Let A(x;y) be a finite set of partitioned L-formulas. We say A has
uniform definability of types over finite sets (UDTFS) with d
parameters in A if there are finitely many families

Fi= (@' (yivi- - ¥d))pen

of L-formulas with i € I, |yj| = |y| for each j =1,...,d such that for
every finite B C AYl and g € S2(B) there are by,..., by € B and some
i € I such that for every b € B and for every ¢ € A,

o(x;b) €q <= AR (b, br,...,by).
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e
VC d Property

We say that A has the VC d property if every finite A(x;y) with x| =1
has UDTFS with d parameters. A theory T has the VC d property if every
model of T has the VC d property.

V.

Theorem 6 (Aschenbrenner et al.,[3])
If T = Th(A) has the VC d property, then n < vc(n) < dn for any n.

v

Theorem 7 (Aschenbrenner et al.,[3])
Let T be weakly o-minimal, then T has the VC 1 property.
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e
VC d Property

Theorem 8 (Aschenbrenner et al.,[3])

Let @ be a set of partitioned formulas in a single object variable x such
that

@ every partitioned formula with object variable x is equivalent in T to
a boolean combination of formulas from &, and

@ every finite subset of ® has UDTFS with d parameters.
Then T has the VC d property.
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Basics on VC-Density
Breadth

A collection S of sets is said to have breadth d if for any nonempty finite
intersection [);c, B; of sets in S with |/| > d, there is J C | with |J| = d

such that
Bi=()8:
iel jed

If there is no such d, then we say S has breadth oc.

Lemma 3 (Aschenbrenner et al.,[3])

Let A(x;y) be a finite set of partitioned L-formulas and assume that
Sa = {p(AX b) : b € AYl o € A} has breadth d. Then A has UDTFS
with d parameters.
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Main Result
Main Result

Theorem 9 (Guinaydin-Nayir [2])
The theory TS has the VC 2 property.

Sketch of Proof

o Let (V, W) |= T4.. Fix a single variable x, and let y vary among
tuples of variables of various lengths. For any A\g € K and A € KI¥I,
let ® be the collection of the following partitioned Lg -formulas in
variables x and y:

QO x=X+Xy
Q x <oty
Q U(x+ Xo+ Ay),

where )\ denotes /\,(1), and Ay denotes Iy, (y1) + -+ - + Ix,(Vn).
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Main Result
Main Result

Theorem 9 (Guinaydin-Nayir [2])
The theory TS has the VC 2 property.

Sketch of Proof

o Let (V, W) |= T4.. Fix a single variable x, and let y vary among
tuples of variables of various lengths. For any A\g € K and A € KI¥I,
let ® be the collection of the following partitioned Lg -formulas in
variables x and y:

QO x=X+2y,
Q x< N+ AY,
Q U(x+ o+ Ay),
where )\ denotes /\,(1), and Ay denotes Iy, (y1) + -+ - + Ix,(Vn).

o Let A(x;y) be a finite subset of ® and consider

Sa ={¢(V;b):be V" p e A}.
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Main Result
Sketch of Proof

d

Svs-formulas in

o Let ® be the collection of the following partitioned L
variables x and y:

(1) X:/\o—f—)\y,
© x< Mo+ )y,
Q U(x+ o+ \y).

o Let A(x;y) be a finite subset of ® and consider Sa.
o Let Ai,...,Am € Sa be such that N, A;j # 0 with m > 2.

o If there are A; defined by formulas of the form (j), their intersection is
given by only one of them, say A;, where j =1,2,3 and
ije{l,...,m}.

o Hence we have either (J; A; = A; for some j = 1,2,3, or

ﬂ A= A,'2 N A,'3.
i=1
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Sharpness

Corollary 1 (Giinaydin, Nayir [2])

In any model of T, every partitioned L -formula o(x;y) satisfies

ve(p) < 2]yl

Therefore the LY, -formula

o y)y<x<y+1vU(x—y)

has the VC-density 2 = 2|y|, and so the VC-density bound in Corollary 1 is
optimal.

v
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