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Oriented Abelian Groups

@ An orientation on an abelian group A is a ternary relation O on A
such that

Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set

A\ {0}.
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Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set
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Oriented Abelian Groups

@ An orientation on an abelian group A is a ternary relation O on A
such that

Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set
A\ {0}.

Q@ O(a,b,c) & O(b,c,a) < O(c,a, b).

Q O(a,b,c)=0O(a+d,b+d,c+d)

0 0(37 b) C) < O(_Ca _b7 _a)

for every a, b, c,d € A.
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Oriented Abelian Groups

@ An orientation on an abelian group A is a ternary relation O on A
such that

Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set
A\ {0}

Q@ O(a,b,c) & O(b,c,a) < O(c,a, b).

Q O(a,b,c)=0O(a+d,b+d,c+d)

Q O(a,b,c) & O(—c,—b,—a)
for every a, b, c,d € A.
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abelian group.
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Oriented Abelian Groups

@ An orientation on an abelian group A is a ternary relation O on A
such that

Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set
A\ {0}.

Q@ O(a,b,c) & O(b,c,a) < O(c,a, b).

Q O(a,b,c)=0(a+d,b+d,c+d)

Q O(a,b,c) & O(—c,—b,—a)
for every a, b, c,d € A.
An abelian group equipped with an orientation is called oriented
abelian group.

@ Oriented abelian groups are topological groups and their basic open
sets are of the form (a, b)o := {c € A: O(a,c,b)} for a,b € A.
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Oriented Abelian Groups

@ An orientation on an abelian group A is a ternary relation O on A
such that

Q {(x,y) € A% x#y:0(0,x,y)} is a strict linear order on the set
A\ {0}.

Q@ O(a,b,c) & O(b,c,a) < O(c,a, b).

Q O(a,b,c)=0(a+d,b+d,c+d)

Q O(a,b,c) & O(—c,—b,—a)
for every a, b, c,d € A.
An abelian group equipped with an orientation is called oriented
abelian group.

@ Oriented abelian groups are topological groups and their basic open
sets are of the form (a, b)o := {c € A: O(a,c,b)} for a,b € A.

@ The unit circle S is an oriented abelian group.
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Theory of Regularly Dense Oriented Abelian Groups

Let Lp = {+,—,0,0}.
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Theory of Regularly Dense Oriented Abelian Groups
Let Lo = {+,—,0,0}.

Lemma /Definition

For an oriented abelian group A, if the chain of successive torsion
subgroups

Torpo(A) < Torpi(A) < ... < Torpe(A) < ... < Toren(A) < ..o,

terminates, then there is some e € N such that Tor e« (A) = Tore(A) for
all k € N. In this case, we put e(A, p) = e. Otherwise, we put
e(A, p) = oc.
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Theory of Regularly Dense Oriented Abelian Groups
Let Lo = {+,—,0,0}.

Lemma /Definition

For an oriented abelian group A, if the chain of successive torsion
subgroups

Toryo(A) < Torpi(A) < ... < Torpe(A) < ... < Torpen(A) < ..o
terminates, then there is some e € N such that Tor e« (A) = Tore(A) for

all k € N. In this case, we put e(A, p) = e. Otherwise, we put
e(A, p) = oc.

Lemma (A.Giinaydin)

Let A and B be regularly dense oriented abelian groups. Then A = B iff
for every prime p, we have |A/pA| = |B/pB| and e(A, p) = e(B, p).
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Definition
For i € N0, let p; denote the i-th prime number. Let d = (d;); and
€= (e,-),-, wheie di,e; e NU {OO}
We define T(d, €) to be the Lp-theory whose models are structures
(A, +,—,0,0) such that:

@ A is a regularly dense oriented abelian group;

o for every prime p;, we have

|A/piAl = pf' and e(A, pi) = €.
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Definition

For i € N0, let p; denote the i-th prime number. Let d = (d;); and
€= (e,-),-, Wheie di,e; e NU {OO}

We define T(d, €) to be the Lp-theory whose models are structures
(A, +,—,0,0) such that:

@ A is a regularly dense oriented abelian group;

o for every prime p;, we have

A/piAl = p’ and e(A, pi) = ei.

Corollary

T(d, &) is complete.
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Let T'(1,0) be the definitional extension of T(1,0) to an
= Lo U{Dm n}mnez theory with defining axioms

Dmn(x,y) <> 3sFt(x =ms Ay = nt NO(0, s, t))

for each m,n € Z.
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The theory T'(1,0) has quantifier elimination in the language L,,.
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Let T'(1,0) be the definitional extension of T(1,0) to an
= Lo U{Dm n}mnez theory with defining axioms

Dmn(x,y) <> 3sTt(x =ms Ay = nt ANO(0,s, t))
for each m, n € Z.

Lemma

The theory T'(1,0) has quantifier elimination in the language L,,.

Remark
By Tran and Walsberg, T(1,0) is dp-minimal, hence has NIP.
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VC Calculations and Results in Oriented Abelian Groups

Lemma

The theories T(0,3%) and T(0,0) admit quantifier elimination.
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VC Calculations and Results in Oriented Abelian Groups

Lemma

The theories T(0,%) and T(0,0) admit quantifier elimination.

Theorem (joint work with Ebru Nayir)
The theories T(0,%) and T(0,0) have the VC 1 property.
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VC Calculations and Results in Oriented Abelian Groups

Lemma

-,

The theories T(0,%) and T(0,0) admit quantifier elimination.

Theorem (joint work with Ebru Nayir)
The theories T(0,%) and T(0,0) have the VC 1 property.

Corollary

In any model of these theories, any partitioned Lo-formula has VC-density
at most |y|.

v
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VC Calculations and Results in Oriented Abelian Groups

Lemma

The theories T(0,%) and T(0,0) admit quantifier elimination.

Theorem (joint work with Ebru Nayir)
The theories T(0,%) and T(0,0) have the VC 1 property.

Corollary

In any model of these theories, any partitioned Lo-formula has VC-density
at most |y|.

Corollary

The theories T(0,%) and T(0,0) are dp-minimal, hence have NIP.
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Pairs of Oriented Abelian Groups

o Lo(V)=LoU{V}
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Pairs of Oriented Abelian Groups

o Lo(V)=LoU{V}

o (A,G)E T((di,é),(dr,&)): A= T(ch,&), G = T(do, &) where
G is a dense subgroup of A and A/G is infinite.
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Pairs of Oriented Abelian Groups

o Lo(V)=LoU{V}

o (A,G)E T((di,é),(dr,&)): A= T(ch,&), G = T(do, &) where
G is a dense subgroup of A and A/G is infinite.

Lemma

Theories T((ﬁ, ), (0, €)) where € is either 0 or 0 and T((ﬁ, 0), (0, 6))
admit quantifier elimination.
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o (A,G)E T((di,é),(dr,&)): A= T(ch,&), G = T(do, &) where
G is a dense subgroup of A and A/G is infinite.

Lemma

Theories T((ﬁ, ), (0, €)) where € is either 0 or 0 and T((ﬁ, 0), (0, 6))
admit quantifier elimination.

Theorem
The theory T((0, ), (d, &) has NIP.
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VC Calculations and Results in Pairs

Theorem (joint work with Ebru Nayir)

The theories T ((0, ), (0,0)), T((0,0),(0,0)) and T((0,0),(0,0))
have the VC 2 property.
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VC Calculations and Results in Pairs

Theorem (joint work with Ebru Nayir)

The theories T ((0, ), (0,0)), T((0,0),(0,0)) and T((0,0),(0,0))
have the VC 2 property.

Corollary

In any models of the above theories, any partitioned Lff)—formula in
parameter variables y has the VC-density at most 2|y|.
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VC Calculations and Results in Pairs

Theorem (joint work with Ebru Nayir)

The theories T ((0, ), (0,0)), T((0,0),(0,0)) and T((0,0),(0,0))

have the VC 2 property.

Corollary

In any models of the above theories, any partitioned L?)—formula in
parameter variables y has the VC-density at most 2|y|.

Lemma

The theories T ((0,0), (0,0)), T((0,2),(0,0)) and T((0,0), (O
not dp-minimal.

,6)) are

v

Melissa Ozsahakyan (Workshop on Tame GedDistality in Oriented Abelian Groups and theii 16 March 2026

9/16



Distality

Definition
An L-theory T is distal if for every small parameter set B C M, every
indiscernible sequence a = (a;);c; and every i € /, the following holds: if
Q@ l.i={jel:j<i}and ls;:={j€l:i<j} areinfinite,
Q@ aj\(;} is B-indiscernible,
then a is B-indiscernible. We say that an L-structure is distal if its theory
is distal.
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Distality in Divisible Oriented Abelian Groups

Theorem (joint work with Charlotte Kestner)
The theories T(0,5%) and T(0,0) are distal.
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Distality in Divisible Oriented Abelian Groups

Theorem (joint work with Charlotte Kestner)
The theories T(0,%) and T(0,0) are distal.

Fact (P.Simon)

If T is dp-minimal and every non-constant indiscernible sequence of
singletons is not totally indiscernible, then T is distal.

Proof of Theorem

By QE, any formula ¢(x; y) is equivalent to Boolean combinations of
atomic formulas O(0, x, ky) and x = ky.

Let (a;)ic/ be a non-constant indiscernible sequence. For given iy < jo we
may assume that O(0, aj,, aj,). Then by indiscernibility, we should have
0O(0, aj, aj) for every i < j.
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Proof Continued

Consider the formula ¢(x; y) := O(0, x, y). Then
go(a,-,aj) — (’)(O,a,-,aj) — i <.
Hence ¢ orders the sequence /, which means (a;);c; is not totally

indiscernible.
Therefore the theories T(0,30) and T(0,0) are distal.
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Pairs are not Distal

Theorem (joint work with Charlotte Kestner)
The theories T((Ji, €1), (Jg, e_ﬁ)) are not distal.
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Pairs are not Distal

Theorem (joint work with Charlotte Kestner)

The theories T((Jl, €1), (Jg, e‘é)) are not distal.

Fact (Aschenbrenner et. al.)
The following are equivalent:
©Q T is not distal.

@ There is an indiscernible sequence a = (aj)icq in My and some
b € My such that ag\ (o} Is b-indiscernible, and some partitioned
L-formula ¢(x; y) such that

= ¢(ai; b) < i #0.
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Proof.

Since the proof is the same for all the theories stated above, wlog we may
assume that (A, G) = T((0,0),(0,0)). Let (a;)icq be an indiscernible
sequence in A\ G such that a; — a; ¢ G for some i # j. By indiscernibility

we obtain a; — aj ¢ G for all i # j.
Let p(x;y) :==V(x —y) and b = ag. Then

p(aj;b) <= aj—a ¢ G < i #0.
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The Next Question

Definition (R.Walker)

We say that T is m-distal if the following holds:

Whenever for every subset B C A with |B| = m, the sequence obtained by
inserting the elements of B into their respective cuts in / is indiscernible,
then the sequence obtained by inserting all elements of A simultaneously

h+a+h+a+...+lh1+a,_1+ 1,

is also indiscernible. Distality rank of a theory T is the smallest integer m
such that T is m-distal.
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The Next Question

Definition (R.Walker)

We say that T is m-distal if the following holds:

Whenever for every subset B C A with |B| = m, the sequence obtained by
inserting the elements of B into their respective cuts in / is indiscernible,
then the sequence obtained by inserting all elements of A simultaneously

h+a+h+a+...+lh1+a,_1+ 1,

is also indiscernible. Distality rank of a theory T is the smallest integer m
such that T is m-distal.

Question
What are the distality ranks of the theories mentioned above?
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