CORRECTION TO “DEFINABLE GROUPS AS HOMOMORPHIC
IMAGES OF SEMI-LINEAR AND FIELD-DEFINABLE GROUPS”.

PANTELIS ELEFTHERIOU AND YA’ACOV PETERZIL

The goal of this note is to fix an error in the proof of [2, Proposition 3.6]. The
statement of the theorem requires a a small change, and so does the proof.

Recall that for a definable abelian group (H,+), a definable subset X C H is
called H-linear if for every g, h € X, there is a neighborhood U of 0 € H, such that
(9—X)NU =(h—X)NU. If in addition 0 € X then we call X a local subgroup
of G.

Given definable abelian groups (G1,+) and (Gs, ®), Gi-linear subset X C G,
and Gs-linear subset Y C G5, amap ¢ : X — Y is called an isomorphism of X
and Y if ¢ is a bijection and in addition for every zi,x9,x3 € X,

(1) &1 —z2 + 23 € X if and only if ¢(z1) © ¢(z2) ® ¢(x3) € Y, in which case
(2) d(x1 — 72 +23) = P(21) © P(2) D H(73).

The error in the proof of [2, Proposition 3.6] is in the last sentence of the second
paragraph: the identity map need not be an isomorphism between (Cjp,+) and
(Cp, ®). Earlier in this paragraph we remarked that the identity map is locally
an isomorphism between those sets (and even without defining what local
isomorphism is). But this does not imply that it is an isomorphism. What
we essentially prove below is that the identity map is a bijective homomorphism
between these two sets (Definition 0.2), which results in the weaker Proposition 0.1
below. In Section 1.3, we show how this proposition suffices for our purposes.

We suspect that [2, Proposition 3.6] is still true as it is stated, but we do not
address this here. An important observation, however, pointed out to us by Eliana
Barriga, is that a bijective homomorphism between two G-linear sets need not be
an isomorphism. Namely:

Caution A definable bijection ¢ : X — Y could satisfy one of the implications in (1)
without ¢~ satisfying it, and thus without being an isomorphism. For example, let
G1 = (R,+) and G2 = ([0,1),+(modl)), let X = (0,3/4) C Gy andY = (0,3/4) C
Gs and let ¢ : X — Y be the identity map.

It is easy to see that if t—y+z € X then xSydz € Y and then x—y+2z = xOydz.
However, 2/361/6®2/3=1/6€Y but2/3-1/6+2/3=7/6¢ X.

We now proceed to fix the error. We recall [2, Fact 3.5], and for that we recall

some definitions:
By a definable parallelogram we mean a set of the form

k
Co = {Z)\i(ti) Dt € JZ},
=1
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each J; = (—a;,a;) is a long interval (with a; possibly co) and Aq,..., Ay are M-
independent partial linear maps from (—ay, a;) into M™.

A k-long cone in M™ is a set of the form C' = B+ (Y, for a k-long cone Cjy, such
that for each z € C there are unique b and ¢;’s with x = b + Zle Ai(t;).

Fact 0.1. [1, Proposition 5.4] Let (G,®) be a definably compact abelian group
of long dimension k. Then G contains a definable, generic, bounded k-long cone
CB + Cy on which the group topology of G agrees with the o-minimal topology.
Furthermore, for every a € C there exists an open neighborhood V. C G of a such
that for all z,y € V Na+ Cy,

(1) roady=x—a+y.

Our goal is to re-formulate and prove Proposition 3.6 from the article. Towards
that purpose we make the following definition.

Definition 0.2. Given groups (G1,+) and (G2®), and given a G;-linear set X C
G1 and a Ga-linear set Y C Go, a definable ¢ : X — Y is a homomorphism from
X toY if for all 1,290,253 € Gy, if 21 — 22 + 23 € X then ¢(z1) © Pp(x2) ® ¢(x3) is
in Y, and we have

p(x1 — 22 + 73) = (1) © P(22) B P(73).

Notice that if, in the above definition, X is an actual subgroup of G and ¢(0) = 0
then ¢(X) is a subgroup of Gy and in particular, if ¢ is injective then it is an
isomorphism of groups.

Proposition 0.3. Let (G, ®) be a definably compact, definably connected abelian
group. Then there exists a definably connected, k-dimensional local subgroup H C G
and a definable short set B C G, dim(B) = dim(G) — k, satisfying:
(1) There existey,...,ex >0 in M, each tall in M, and there exists a definable
bijective homomorphism ¢ : H — H, between the M™-linear set H' and
the G-linear set H. In particular, dim H = lgdimH = k.
(2) The set B&H={b®h:be B he H} is generic in G.

Notice that the difference between the above formulation and the original one
is that the bijective homomorphism between H and H’ is not assumed to be an
isomorphism any more.

1. PROVING PROPOSITION 0.3

1.1. A preliminary result. We work in an o-minimal expansion M = (M, <
,+,...) of an ordered group. Let G = (G, ®,eq) be a definable group. It has a
group topology, the G-topology. We fix an open parallelogram Cy C M™ that is
contained in G. Observe that this does not mean Cjy is an open set. We know
that Cy is affine, connected and definable. Suppose that the subspace topology on
Cy coincides with the G-topology on it. By “open V C Cy” we mean that V is
relatively open in Cy (in either topology). We assume the following local property
holds: for every a € Cp, there is an open V' C C containing a, such that for every
r,yeV,
rOadDy=r—a+y.

Our first goal is to prove in details Proposition 1.6 below.
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Claim 1.1. Let a € Cy and open V C Cy witnessing the local property around a.
Then there is open U C V' containing a such that

UsU®aCV.
Proof. Because Cy is affine, there is open U C V' containing a such that
U+a—-UCVW.
We then have, for every x € U,
UCV-—-a+x=VSada,
and hence U ©x @ a C V. Therefore U U & a C V. O

Lemma 1.2. For every a € Cy, there is an open U C Cy containing a, such that
for every x,z € U,
rozd@a=x—z+a.

Proof. Take V' witnessing the local property around a. By Claim 1.1, there is open
U C V containing a such that
UocU®aCV.
For every z,z € U, we have
rO0z®a=k<s r=kSadz=k—a+ 2z,

since k,z € V, and hence

rozdba=x—2z+a,
as required. O
Lemma 1.3. For every a € Cy, there is an open U C Cy containing a, such that
for every x,y,z € U,

rTOzQYy=r—2+y.

Proof. Fix a € Cy and let V C Cj open containing a witnessing the local property
around a. Let also U C Cj open containing a provided by Lemma 1.2. We may
shrink U if necessary, so that U C V and

U-U+aCV.
Then for every x,y,z € U, we have
20zPYy=(020a)0ady=(r—2+a)0aBy=(x—z2+a)—at+y=z—2z+y,
as needed. O

We can now show a special case of Proposition 1.6 (with z = a below).

Lemma 1.4. For every a,c € Cy, there is open U C Cy containing a, such that
for every x,z € U,
(*) rOz@c=xr—z+c
Proof. Fix a € Cy and let
I' = {c € Cy : there is open U C Cj containing a such that
for every z,z € U, (*) holds}.

We have I' # ), because, by Lemma 1.2, it contains a. We prove that I' is open
and closed in Cy. Since Cj is connected, this will imply that I' = C.
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I" open. Suppose ¢ € I'. Take open V' C Cj containing ¢ witnessing the local
property, and open W C Cy containing a on which (*) holds. Since Cj is an open
parallelogram, we can shrink W, if necessary, so that

W—-W+cCV.
We thus have, for every x,z € W and y € V,
20zBYy=(x028c)Schy=(x—z4+c)Schy=(x—z+c)—c+y=x—2z+y,
and hence y € ', as needed.

I closed. Suppose y € cl(T') N Cy. Let U C Cy be an open set containing y
provided by Lemma 1.2 (for a = y). Hence, there is ¢’ € UNT. Let W C Cy be
open containing a witnessing that ¢’ € I'. Shrink W, if necessary, so that also

W —-W +vy CU.
We have, for every x,z € W,
1020y = (r020y)0y @y = (r—z2+y) oy dy = (z—2+y) —y +y = v —2+y,
and hence y € ', as needed. |

Corollary 1.5. For every a,c € Cy, there is open U C C§ containing (a,a,c), such
that for every (x,z,y) € U,

() TOz@Yy=cr—2+y.

Proof. Let a,¢c € Cyp and U as in Lemma 1.4. Take V C (Cjy open containing
¢ witnessing the local property around c. By shrinking U if necessary, we may
assume that

U-U+cCV.
Then UxU xV C C§ is open containing (a, a, ), and for every (z,z,y) € UxU XV,
202z0y=(26020c)0cdy=(x—2+¢)Ochdy=(x—2+c)—ct+ty=x—2+y,
as needed. 0
Proposition 1.6. For every a,z,y € Cy with x —a+y € Cy,
roadby=r—a+y.
Proof. Fix a,y € Chpand let K ={x € Cy:z—a+y € Cy} and
'={zreK:z0ady=2—a+y}.
We have I" # () because it contains a. We prove I is open and closed in K. Observe
that since Cj is a parallelogram, K is easily seen to be connected and open in Cj.
I' open. Let z € T'. Let also U C Cj containing x provided by Lemma 1.4 for
x,x —a+y (the latter is in Cy, since x € K). We have, for every 2’ € U,
Yoady =2 0z®(r0ady) = 0rd(r—a+y) =2 —z+(r—a+y) =1 —a+tvy,
and hence 2’ € I, as needed.

I closed. Let z € cl(I') N K. Let U C C§ be open containing (z,x,z — a + y)
provided by Corollary 1.5 for , 2z —a+y. We may shrink 71 (U) if necessary so that
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for all ' € 1 (U), 2’ —a+y € m3(U). Now, since x € cl(T'), there is 2’ € m (U)NT.
We have:
r0ady =207 @ (2 0ady) =202’ ®(2' —a+y) = x—2'+ (2’ —a+y) = z—a+y,

and hence z € T', as needed. ([l

1.2. The proof of Proposition 0.1. We have a strongly long parallelogram Cy C
M™ and a short set B C M™, such that for every b € B, and z,y,z € Cy, with
x—y+ z € Cy, we have

b+z)—b+y)+b+z)=0b+z)o(b+y)d(b+2),
or written differently,
b+ (z—y+z2)=0b+z)ob+y) &b+ 2).

(In this notation the cone C from the article is B + Cp).
For b € B, we let fy(xz) = b+ z a map from Cp into C. By the above we have
for all z,y,z +y € Cp,

(2) Jo(x +y) = fo(z) ® fily) ©0.

We now define the binary relation on B: by ~ by iff there exists g € G such that
for all z € Cy we have fi, (x) = fi,(x) ® g. It is easy to see that this defines an
equivalence relation on B (this is true for any independent of the linearity property
above).

We need:

Claim 1.7. Assume that for by,by € B there exists an open set W C Cy and g € G,
such that for every x € W we have fy, () = fo,(x) ® g. Then by ~ ba.

Proof. We first claim that there exists a neighborhood W; > 0 and a constant
element g; € G such that for all 21 € W1, fi, (1) = fo, (1) ® 1.

Indeed, fix zg € W and choose W7 3 0 such that zo + W7y € W. On one hand
we have, for all xy € Wy,

Jor (o +21) = fo,(20) D fo, (21) © b1 = (foo(20) © g) © fo, (1) © 1.
On the other hand,

Jo, (o +21) = fo, (20 +21) © g = fo,(70) D fo,(z1) ©b2 @ g.
It follows that for all 21 € W7 we have

Jor (@1) = fo, (x1) ® (b1 © by).
We now fix g1 = by © by and define

Cor oy = {2 € Co: fo, (%) = fo,(x) D g1}

In order to show that b; ~ by we need to prove that Cy, p, = Cy. Because Cj is
definably connected, we need to verify that it is closed and open in Cjy:

Each of the maps f3, : C — G is continuous with respect to the M™-topology
in the domain and the G-topology in the range (because B + Cj is open in both
topologies). Thus also the map f,(x) @ g is continuous from M™ into G. It follows
that Cp, 5, is closed in Cy. Let us see that it is also open in Cy, so let zg € Cp, ,-
We already saw that 0 is an interior point so fix W; C C}, 1, an open neighborhood
of 0 such that zq + Wy C Cy.
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‘We have
for (o +1) = fo, (20) ® fo, (21) ©b1 = (fo, (20) © (b1 ©b2) D fi, (1) © (b1 ©b2)) ©b1.

= [fo, (w0 +21) © bo] © (by © b2) © by = fi,(x0 + 1) © (b1 © b2),
so xg + Wi is contained in Cp, p,. O

Lemma 1.8. There are only finitely many ~-classes in B.

Proof. This is very similar to the proof in the article. We assume towards contra-
diction that there are infinitely many classes and by replacing B with a definable
set of representatives, we assume that each ~-class contains a single element (and
B is infinite).

We now consider the map F': B x Cy — G given by F'(b,z) = f,(x). We replace
Cy by a definably compact, still strongly long X C Cj of the same dimension. The
map F' is continuous from B x X endowed with the M™-topology into G, endowed
with the group topology. As before, for any b; # bs in B, we obtain an open set
V" C Co, such that the map fi, (v)© fi,(z) is constant on V”. Namely, there exists
g € G such that for all x € V", fp,, () = fp,(2) ® g. By Claim 1.7, we have by ~ b,
contradicting our assumption. ([l

As in our article, we may replace B by one of the equivalence classes B; such
that B; 4+ (Y is still generic in GG, thus we may assume that for all b;,bs € B there
exists g = g(by, ba) such that f,, () = fu,(z) ® g for all z € Cy.

Fix a cone C C M" of the form B + Cy (for B as above), fix by € B and for
every b € B choose g(b) € G such that fi(x) = fp, (z) ® g(b). We now define

B ={g(b)®by:be€ B}
and
H = {f},O(I) Oby:x € 00}
For every b € B and z € Cj, we have

b+x= fo(x) = fo,(x) © g(b) = (fo,(x) ©bo) ® (g(b) © bo),

hence C = B+ Cy = B’® H. Furthermore, O¢ € H and the map o(x) = fi, (z) ©bg
from Cj onto H is injective and satisfies for all z1, zo, 21 + 22 € Cy, o(z1 + x2) =
o(x1) ® o(x2), and in particular, o(z1) @ o(x2) € H. Note however, that we do
not claim that if o(x1) @ o(xs) € H then z1 + x2 is in Cy. We can finish as in the
article (but with the disclaimer that o~! is not a local homomorphism because of
our remark).

1.3. On Section 4.1. We now need to clarify the first few paragraphs of 4.1 .
Actually, the argument there does not really use the existence of an inverse homo-
morphism from H into Cy.

Consider then the bijection o : Cy — H, which is a homomorphism when defined.
Since Cy is convex, for every n € N and x € Cy, we have o(z) = o(z/n) ® -+ ®
o(x/n), where the sum on the right is taken n-times (since C'is convex in M™, each
x/n belongs to Cp). Using the fact that (M™, +) is torsion-free it now immediately
follows:

Corollary 1.9. The map o can be extended to a locally definable homomorphism
from the group generated by Cy in (M™,+) onto (H) the subgroup of G generated
by H.
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The rest of the argument remains the same. Because the set of short elements
in Cp is a subgroup of (M™,+) the restriction of ¢ to it is now an isomorphism of
groups onto its image and we can proceed as before.
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