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RESUME

The common topic of the six works presented in this volume is the analysis of definable
sets in certain well-behaved model-theoretic pairs of first-order structures. Articles [1-3]
concern pairs (M, P), where M is a linear o-minimal structure and P is an o-minimal
expansion of a real closed field defined on a bounded interval in M. Such a pair is
called semi-bounded. Article [1] establishes a structure theorem for all definable sets
in a semi-bounded pair. Articles [2, 3] provide an application of this structure theorem
to definable groups. Namely, every group definable in (M, P) is analysed in terms of
semi-linear groups (definable in M) and groups definable in P. Article [4] proves a
special case of a conjecture that arose in [2]. Articles [5, 6] concern recent work in
pairs (M, P), where M is an o-minimal structure and P is a dense subset of M, such
that certain tameness conditions hold. Such a pair is called a tame pair. Article [5]
establishes a structure theorem for all definable sets in a tame pair, generalizing the
well-known cell decomposition theorem for o-minimal structures. Article [6] provides an
application of this structure theorem to point counting theorems. Namely, it extends the
influential Pila-Wilkie theorem from the o-minimal setting to the general tame setting.

Background

Definable groups have always been at the core of model theory, largely because of
their prominent role in important applications of the subject, such as Hrushovski's proof
of the function field Mordell-Lang conjecture in all characteristics ([Hr]). Examples
include algebraic groups (which are definable in algebraically closed fields) and real Lie
groups (which are definable in o-minimal structures). An indispensable tool in their
analysis has been a structure theorem for the definable sets and types: analyzability
of types and the existence of a rank in the stable category, and a cell decomposition
theorem and the associated topological dimension in the o-minimal setting. In this
habilitation, we establish structure theorems for definable sets and functions in semi-
bounded and tame pairs. In the first case, we use the structure theorem to solve the
compact domination conjecture in expansions of ordered groups. In the second case,
we use the structure theorem to extend the Pila-Wilkie theorem to the general tame
setting.

O-minimal structures were introduced and first studied by van den Dries [Driesl]
and Knight-Pillay-Steinhorn [KPS| [PS] and have since provided a rigid framework to
study real algebraic and analytic geometry. The starting point for the study of definable
groups was Pillay’s theorem in [Pillay] that every such group admits a definable mani-
fold topology that makes it into a topological group. Since then, an increasing number
of theorems have reinforced the resemblance of o-minimal groups with real Lie groups,
culminating in the solution of Pillay’'s Conjecture (PC) and Compact Domination Con-
jecture (CDC) in recent years. (PC) can be viewed as a non-standard analogue of
Hilbert's fifth problem. In its simplified form, it asserts that every definably connected,
definably compact group G admits a surjective homomorphism 7 onto a real Lie group,
whose dimension (as a Lie group) is equal to the o-minimal dimension of G. (CDC)
carries this connection further and implies that 7 induces a unique left-invariant Keisler
measure on the collection of all definable subsets of G.
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4 RESUME

The standard setting for studying these conjectures has been that of an o-minimal
expansion M = (M, <,+,0...) of an ordered group (although, in [EPR] and [EMPRT],
the assumption of the ambient group structure is removed.) Prior to the work presented
in this volume, the two conjectures were established in the case M is a pure ordered
vector space over an ordered division ring (|[ES], [El]), henceforth called a ‘linear o-
minimal structure’, and in the case M expands a real closed field (J[HPP], [HP]).
Peterzil [Pet] combined the two settings and settled (PC) for a general M as above.
The work in the linear case actually yields a stronger characterization of semi-linear
groups as quotients of a \/-definable subgroup U < (M™, +) by a lattice. Articles
[1-3] generalize this strong characterization to groups definable in a semi-bounded pair
(M, P) and obtain from it the solution of (CDC) in the general case.

Tame expansions of o-minimal structures have been developed as a context that
escapes the o-minimal, locally finite one, yet preserves the tame geometric behavior on
the class of all definable sets. An important category of such structures are those where
every open definable set is already definable in the o-minimal reduct. The primary
example is that of the real field expanded by the subfield of real algebraic numbers,
studied by A. Robinson in his classical paper [Ro], where the decidability of its theory
was proven. Forty years later, van den Dries [Dries2] extended Robinson's results to
arbitrary dense pairs of o-minimal structures, and a stream of further developments in
the subject followed (|[BZ| BEG, BH,[DMSTI|,IDMS2| DG [GH}, [MS]). Besides dense pairs,
examples of structures in this category now include pairs of the form (M, P), where M
is an o-minimal expansion of an ordered group, and P is a dense multiplicative subgroup
with the Mann property, or a dense subgroup of the unit circle or of an elliptic curve,
or it is a dense independent set. In [5], we establish a cone decomposition theorem and
develop the associated dimension function in a general setting that includes the above
pairs, extending the known cell decomposition theorem from o-minimal structures and
the usual o-minimal dimension. A local analysis for definable groups is also obtained.
In [6], we give an independent, new application of this structure theorem; namely, we
extend the Pila-Wilkie theorem to the general tame setting.

Description of articles

1. Local analysis for semi-bounded groups. In this article, we establish a structure
theorem for definable sets in a semi-bounded pair (M, P). Following [Pet|, a definable
set X C M™ is called short if it is in definable bijection with a set definable in P.
Otherwise, it is called large. Previous work by Edmundo and Peterzil provided cone
decomposition theorems for definable sets with respect to the dichotomy ‘bounded
versus unbounded’. Peterzil [Pet] conjectured a refined cone decomposition with respect
to the dichotomy ‘short versus long'. This article proves Peterzil's conjecture. The
notions of a long cone and almost linear are a bit technical and we postpone them until
the actual article.

Theorem 0.1. Every A-definable set X C M™ is a finite union of A-definable long
cones. Furthermore, for every A-definable function f : X C M™ — M, there is a finite
collection C of A-definable long cones, whose union is X and such that f is almost
linear with respect to each long cone in C.

We also introduce a new closure operator that defines a pregeometry and gives rise
to the refined notions of ‘long dimension’ and ‘long-generic’ elements. Those are in
turn used in a local analysis for semi-bounded groups:
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Theorem 0.2. Let G = (G, ®) be a definable group of long dimension k. Then every
long-generic element a in G is contained in a k-long cone C' C G, such that for every
xz,y € C,

roadbDy=x—a+y.
In particular, on C, G is locally isomorphic to (M¥ +).

2. Definable quotients of locally definable groups. Here we work in an arbitrary
o-minimal expansion M of an ordered group, and study those \/-definable groups which
arise as covers of definable groups. Earlier, in [EE], it was shown that for every abelian,
definably connected definable group G, there is a connected, divisible, torsion-free \/-
definable group U and a surjective \/-definable homomorphism ¢ : i/ — G, whose kernel
has dimension 0. Such a U is called the universal cover of G. In [2], we introduced the
following notion.

Definition 0.3. Given a \/-definable group U and a normal subgroup L C U, the
quotient group U/ L is called definable if there is a definable group K and a surjective
\/-definable homomorphism ¢ : i/ — K whose kernel is L. We write K =U/L.

The main theorem of the article is the following. It is crucially used in the subsequent
article [3], as we sketch in the proof of Theorem below.

Theorem 0.4. Let U be a connected abelian \/-definable group, which is definably
generated. Then the following are equivalent:
(1) U contains a definable generic set; namely, a set whose boundedly many trans-
lates cover U.
(2) U exists; that is, U contains a smallest type-definable subgroup U of
bounded index.
(3) U contains a normal subgroup L of dimension 0, such that U/L is definable.

Moreover, the above conditions imply that both U and U are divisible.
We also stated the following conjecture, which stands open till now.

Conjecture 0.5. For U as above, conditions (1)-(3) hold.

3. Definable groups as homomorphic images of semilinear and field-definable
groups. In this article, we complete the analysis of groups definable in semi-bounded
pairs. The main theorem is as follows:

Theorem 0.6. Assume N' = (M, P) is semi-bounded. Let G be an abelian, definably
connected, definably compact definable group of long dimension k. Denote by ¢ : U —
G its universal cover. Then there is a short exact sequence of \/-definable groups

0 H - U 2~ K -0

¢

G
where H is definably generated in M, and K is definably generated in P.

A corollary of this theorem is the solution to (CDC) in N' = (M, P), and hence in
any o-minimal expansion of an ordered group.

Theorem 0.7. The Compact Domination Conjecture holds in semi-bounded pairs.
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Sketch of the proof. First, reduce the conjecture to the universal cover U of G and
then to the \/-definable groups H and K. For #, methods from the semi-linear case
apply and we can easily see that H is compactly dominated. On the other hand, unless
we know that /C is a cover of a definable group in P, we cannot conclude it is compactly
dominated. We see that K is such a cover by applying Theorem twice, as follows.
Since U is a cover of a definable group in NV, it contains a definable generic set X.
Then o(X) is generic in KC, and hence K is a cover of a group definable in P. O

4. Lattices in locally definable subgroups of (R",+). In this article, we solve
Conjecture in the case U is a \/-definable subgroup of some cartesian power of
(M,+). Moreover, we reduce the conjecture to a simple statement that we describe
next. First, we introduce the notion of ‘\/-dimension’ for U, which assists us in doing
some inductive arguments. The \/-dimension intends to count how ‘non-definable’ I/
is. Let us call a \/-definable set A C U compatible in U if for every definable X C U,
the intersection X N A is a definable set.

Definition 0.8. The \/-dimension of U, denoted by vdim(Z{), is the maximum & such
that I/ contains a compatible subgroup isomorphic to Z*, if such k exists, and oo,
otherwise.

Theorem 0.9. Conjecture is true if and only if, for every U that satisfies the
assumptions of the conjecture, the following hold:

(1) IfU is not definable, then vdim(U) > 0.
(2) vdim(U) < dim(U). (In particular, vdim(U) is finite.)

In [BEM], property (2) was established, so Conjecture [0.1] reduces to property (1).

5. Structure theorems in tame expansions of o-minimal structures by a dense
set. In this article we study pairs NV = (M, P), where P C M™ and three tameness
conditions hold. Let use call a definable set X C M™ large if there is an L-definable
map f : M™ — M such that f(X*) contains an open interval. Otherwise, it is called
small. We impose the following three conditions on N:

() P is small,

() Th(N) is near-model complete, and

(1) every open definable open set is definable in M.

Under these assumptions, it turns out that a definable set is small if and only if it is
internal to P. It is shown in [5] that the following examples fall into this category: (a)
dense pairs, (b) expansions of the real field by a multiplicative subgroup with the Mann
property, or by a dense subgroup of the unit circle or of an elliptic curve, (c) expansions
by a dense independent set. The main result of this article is a structure theorem for
definable sets and functions in A/. This theorem is inspired by the cone decomposition
theorem (Theorem in semi-bounded pairs. Again, the notions of a cone and fiber
M-definable are a bit technical and we postpone them until the actual article.

Theorem 0.10. Every A-definable set X C M™ is a finite union of A-definable cones.
Furthermore, for every A-definable function f : X — M, there is a finite collection C
of A-definable cones, whose union is X and such that f is fiber M 4-definable with
respect to each cone in C.

We also introduce and analyze the relevant notions of dimension (called ‘large dimen-
sion’) and generics (called ‘large-generics'), and establish a local theorem for definable
groups in this setting:
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Theorem 0.11. Let G = (G, ) be a definable group of large dimension k. Then for
every large-generic element a in G, there is a 2k-cone C' C G x GG, whose topological
closure contains (a,a), and on which the operation

(z,y) = zxatxy

is given by an L-definable map.

6. Counting algebraic points in expansions of o-minimal structures by a dense
set. Pila’s recent solution of certain cases of the André-Oort Conjecture ([Pila]) makes
a beautiful use of o-minimal geometry, together with some number theoretic and func-
tional transcendence results around Ax-Schanuel. Let us roughly state Pila-Zannier’s
approach to arithmetical problems, in the case of the Manin-Mumford Conjecture. The
goal is to prove that if an algebraic subvariety X (of a given abelian variety V') contains
many torsion-points of V' (that is, those should be Zariski dense in X), then X con-
tains an abelian variety. The Pila-Zannier approach begins with applying the Pila-Wilkie
theorem ([PW]), which is a counting theorem from o-minimal geometry, to prove that
such an X contains an infinite semi-algebraic set A. The Ax-Schanuel results are then
employed to prove that a maximal such A is actually an abelian variety contained in X.

In [6], we extend the Pila-Wilkie theorem to the general tame setting, as follows. The
Pila-Wilkie theorem states that if a set X C R is definable in an o-minimal structure R
and contains ‘many’ rational points, then it contains an infinite semialgebraic set. Let
N = (M, P) be a tame pair, where P is either a dense elementary substructure of R,
or a dense independent set. We show that if X is definable in N/ and contains many
rational points, then it is dense in an infinite semialgebraic set. Moreover, it contains
an infinite set which is (-definable in (R, P), where R is the real field. Along the way,
we introduce the notion of the algebraic trace part of any set X C R", generalizing
the usual notion of the algebraic part of X.
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LOCAL ANALYSIS FOR SEMI-BOUNDED GROUPS

PANTELIS E. ELEFTHERIOU

ABSTRACT. An o-minimal expansion M = (M, <,+,0,...) of an ordered
group is called semi-bounded if it does not expand a real closed field. Pos-
sibly, it defines a real closed field with bounded domain I C M. Let us call a
definable set short if it is in definable bijection with a definable subset of some
I™, and long otherwise. Previous work by Edmundo and Peterzil provided
structure theorems for definable sets with respect to the dichotomy ‘bounded
versus unbounded’. In [Pet3], Peterzil conjectured a refined structure theorem
with respect to the dichotomy ‘short versus long’. In this paper, we prove
Peterzil’s conjecture. In particular, we obtain a quantifier elimination result
down to suitable existential formulas in the spirit of [vdD1]. Furthermore, we
introduce a new closure operator that defines a pregeometry and gives rise
to the refined notions of ‘long dimension’ and ‘long-generic’ elements. Those
are in turn used in a local analysis for a semi-bounded group G, yielding the
following result: on a long direction around each long-generic element of G the
group operation is locally isomorphic to (MF*, +).

1. INTRODUCTION

For an o-minimal expansion M = (M, <,+,0,...) of an ordered group, there
are naturally three possibilities: M is either (a) linear, (b) semi-bounded (and
non-linear), or (c) it expands a real closed field. Let us define the first two.

Definition 1.1. Let A be the set of all partial (-definable endomorphisms of (M, <
,+,0), and B the collection of all bounded definable sets. Then M is called linear
([LP]) if every definable set is already definable in (M, <,+,0,{A}xeca), and it
is called semi-bounded ([Ed, Petl]) if every definable set is already definable in

(M, <, 4,0,{A}xen, {B}Ben)-

Obviously, if M is linear then it is semi-bounded. By [PeSt], M is not linear if
and only if there is a real closed field defined on some bounded interval. By [Ed],
M is not semi-bounded if and only if M expands a real closed field if and only if
for any two intervals there is a definable bijection between them.

An important example of a semi-bounded non-linear structure is the expansion
of the ordered vector space (R; <,+,0,z — Az)rer by all bounded semialgebraic
sets.

It is largely evident from the literature that among the three cases, (a) and (c)
have provided the most accommodating settings for studying general mathematics.
For example, the definable sets in a real closed field are the main objects of study

2000 Mathematics Subject Classification. 03C64.

Key words and phrases. O-minimality, semi-bounded structures, definable groups,
pregeometries.

Research supported by the Fundagdo para a Ciéncia e a Tecnologia grants
SFRH/BPD/35000/2007 and PTDC/MAT/101740/2008.

11



12 PANTELIS E. ELEFTHERIOU

in semialgebraic geometry (a classical reference is [DK]). Moreover, o-minimal
linear topology naturally extends the classical subject of piecewise linear topology
and has the potential to tackle problems that arise in the study of algebraically
closed valued fields (see, for example, [HL]). From an internal aspect, the study
of definable groups in both of these two settings has been rather successful (see
further comments below).

On the other hand, the middle case (b) remains as elusive as interesting from
a classification point of view. Although a local field may be definable, and thus
the definable structure can get quite rich, there is no global field, and hence many
known technics do not apply. In particular, little is known with respect to structure
theorems of definable groups in this setting. In this paper, we set forth a project
of analyzing semi-bounded groups, mainly motivated by two conjectures asked by
Peterzil in [Pet3]. Let us describe our project.

For the rest of the paper, we fix a semi-bounded o-minimal expansion
M= (M,<,+,0,...) of an ordered group, which is not linear. We fix an
element 1 > 0 such that a real closed field, whose universe is (0,1) and
whose order agrees with <, is definable in M.

Let £ denote the underlying language of M. By ‘definable’ we mean ‘definable
in M’ possibly with parameters. A group G is said to be definable if both its
domain and its group operation are definable. Definable sets and groups in this
setting are also referred to as semi-bounded. If they are defined in the linear reduct
Miim = (M, <,+,0,{A}xea) of M, we call them semi-linear. The underlying
language of My;,, is denoted by L.

Following [Pet3], an interval I C M is called short if there is a definable bijection
between I and (0,1); otherwise, it is called long. Equivalently, an interval I C M
is short if a real closed field whose domain is I is definable. An element a € M is
called short if either a = 0 or (0, |a|) is a short interval; otherwise, it is called tall.
A tuple a € M™ is called short if |a| := |ai|+ - -+ |an| is short, and tall otherwise.
A definable set X C M™ (or its defining formula) is called short if it is in definable
bijection with a subset of (0,1)"; otherwise, it is called long. Notice that this is
compatible, for n = 1, with the notion of a short interval.

In [Petl] and [Ed] the authors proved structure theorems about definable sets
and functions. (See also [Bel] for an analysis of semi-bounded sets in a different con-
text.) The gist of those theorems was that the definable sets can be decomposed into
‘cones’, which are bounded sets ‘stretched’ along some unbounded directions. Con-
jecture 1 from [Pet3] asks if we can replace ‘bounded’ by ‘short’, and ‘unbounded’
by ‘long’, in the definition of a cone and still obtain a structure theorem. We answer
this affirmatively (the precise terminology to be given in Section 2 below).

Theorem 3.8 (Refined Structure Theorem). Every A-definable set X C M™ is a
finite union of A-definable long cones. (In particular, a short set is a 0-long cone.)
Furthermore, for every A-definable function f : X C R™ — R, there is a finite
collection C of A-definable long cones, whose union is X and such that f is almost
linear with respect to each long cone in C.

As noted in Remark 3.9 below, it is not always possible to achieve disjoint unions
in our theorem.
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This theorem implies, in particular, a quantifier elimination result down to suit-
able existential formulas in the spirit of [vdD1] (see Corollary 3.10). The proof of
the Refined Structure Theorem involves an induction on the ‘long dimension’ of
definable sets, which is a refinement of the notion of ‘linear dimension’ from [Ed].

We then turn our attention to semi-bounded groups. Groups definable in o-
minimal structures have been a central object of study in model theory. The cli-
max of that study was the work around Pillay’s Conjecture (PC) and Compact
Domination Conjecture (CDC), stated in [Pi3] and [HPP1], respectively. In the
linear case, (PC) was solved in [EISt] and (CDC) in [El]. The proofs involved a
structure theorem for semi-linear groups from [EISt] that states that every such
group is a quotient of a suitable convex subgroup of (M™, +) by a lattice. In the
field case, (PC) was solved in [HPP1] and (CDC) in [HP, HPP2] (see also [Ot]
for an overview of all preceding work). In the case of semi-bounded groups, (PC)
was solved in [Pet3] after developing enough theory to allow the combination of
the linear and the field cases. The (CDC) for semi-bounded groups remains open.
Conjecture 2 from [Pet3] asks if we can prove a structure theorem for semi-bounded
groups in the spirit of [EISt]. In the second part of this paper, we prove a local
theorem for semi-bounded groups which we see as a first step towards Conjecture
2 from [Pet3].

The proof of the local theorem involves a new notion of a closure operator in
M, the ‘short closure operator’ scl, which makes (M, scl) into a pregeometry. The
rising notion of dimension coincides with the long dimension (Corollary 5.10). This
allows us to make use of desirable properties of ‘long-generic’ elements and ‘long-
large’ sets, by virtue of Claim 5.13 below. The local theorem is the following:

Theorem 6.3 Let G = (G,®) be a definable group of long dimension k. Then
every long-generic element a in G is contained in a k-long cone C' C G, such that
for every x,y € C,

roady=cr—a+y.
In particular, on C, G is locally isomorphic to (M*, +).

We expect that Theorem 6.3 will be the start point in subsequent work for
analyzing semi-bounded groups globally.

Structure of the paper and a few words for the proofs. Section 2 contains basic
definitions and preparatory lemmas about the main objects we are dealing with in
this paper: the set A, long cones and long dimension.

Section 3 contains the proof of three main statements: Lemma on Subcones 3.1,
Lemma 3.6(v) on long dimension of unions, and the Refined Structure Theorem
3.8. These statements refine the corresponding ones from [Ed], and so do their
proofs. A new phenomenon, however, is that the relative position of two long cones
can now range over a bigger range of possibilities. This is because long cones are
not necessarily unbounded (which was the case with the cones used in [Ed]). The
Lemma on Subcones, as well as Lemma 2.16 from Section 2, provide two main tools
for controlling this situation.

Some difficulties that are incorporated in handling the long dimension are worked
out in Section 4, and they are the following: although it is fairly easy to see that
a definable set X which is the cartesian product of two definable sets with long
dimensions ! and m has long dimension [ + m (Lemma 3.6(iv)), it is not a priori
clear why if a definable set X is the union of a definable family of fibers each of
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long dimension m over a set of long dimension n, then X has long dimension n+m.
We establish this in Lemma 4.2.

Section 5 deals with the new pregeometry coming from the ‘short closure oper-
ator’.

In Section 6 we prove the local theorem for semi-bounded groups.

Acknowledgements. 1 wish to thank M. Edmundo and Y. Peterzil for numerous
discussions that were helpful for this work. Early steps were carried out during my
stay at the Fields Institute in Spring 2009, which I thank for its hospitality. Thanks
also to the anonymous referee for invaluable advice on the exposition of the paper.

2. BASIC NOTIONS AND LEMMAS

We assume familiarity with the basic notions from o-minimality, such as the
inductive definition of cells either as graphs or ‘cylinders’ of definable continuous
functions, the cell decomposition theorem, dimension, generic elements, definable
closure, etc. The reader may consult [vdD2] or [Pi2] for these notions.

Lemma 2.1. Let f: I — M be a definable function, where I is a long interval.
If f(I) is short, then f is piecewise constant except for a finite collection of short
subintervals of I.

Proof. The function f is piecewise strictly monotone or constant. If it were strictly
monotone on a long subinterval of I, then on that subinterval f would be a definable
bijection between a long interval and a short set. O

Lemma 2.2. Let f: X C M™ — M be a definable function. For everyi=1,...,n,
and Tt := (T1,. ., Tim1, Ti1, -, Tp) € M1 let
Xz = {.Z‘i eM: (xl,...,xn) S X}

be the fiber of X above ' and fzi : Xz — M the map fyzi(x;) = f(Z). Consider
the set

A={ae X :Vie{l,...,n}, fa is monotone in an interval containing a;}.
Then dim(X \ 4) < dim(X).
Proof. We may assume that f and X are (-definable. The set A is then also (-
definable and it clearly contains every generic element of X. O

2.1. Properties of A. The definition of a long cone in the next subsection re-
quires the notion of M-independence for elements of A"™. We define this notion and
elaborate on it sufficiently in this subsection. Let us first fix some of our standard
terminology and notation.

By a partial endomorphism of (M, <,+,0) we mean a map f : (a,b) — M such
that for every z,y,z +t,y +1t € (a,b),

flatt) = fl@)=fly+1) = fy)
As we said in the introduction, A denotes the set of all -definable partial endo-
morphisms. A definable function f: A C M"™ — M is called affine on A if it has
form
flay,.. o xn) = e + -+ Az + a,

for some fixed \; € A and a € M. For every ¢ = 1,...,n, we denote by

e;=(0,...,0,1,0,...,0)
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the standard i-th unit vector from A", where 1: M — M is the identity map. For
v € A, we denote by dom(v) and ran(v) the domain and range of v, respectively.
We write vt for v(t). Following [Pet3], we consider the equivalence relation ~ on A
where two A\, € A are said to be ~-equivalent if there is € > 0, a € dom()) and
b € dom(u), such that the restrictions of the maps A(a+x)—A(a) and p(b+xz)—pu(b)
on (—¢,¢) are the same. (That is, those last maps have the same germ at 0). It
is observed in [Pet3, Section 6], that A modulo ~ can be given the structure of an
ordered field with multiplication given by composition. This implies in particular
that

(1) for every A\, p € A and = € dom(Ap) Ndom(pA), Au(z) = pA(x).
We also recall from [LP, Proposition 4.1] that

(2) if two partial endomorphisms agree at some non-zero point of their
domain then they agree at any other point of their common domain.

It is a standard practice in this paper that whenever we write an expression of
the form ‘vt’, with v € A and t € M, we mean in particular that ¢ € dom(v).
Sometimes, however, we say explicitly that ¢ € dom(v). For a matrix A = (a;;)
with entries from A, the rank of A is the rank of the matrix A = (a,;), where a;;
is the ~-equivalence class of a;;. It is then a routine to check, using notes (1) and
(2) above, that various classical results from linear algebra hold for matrices with
entries from A. For example, a n X n linear system with coefficients from A has a
unique solution if and only if the coefficient matrix has rank n. We freely use such
results in this paper.

We now proceed to the notion of M-independence.

Definition 2.3. If v = (v1,...,v,) € A" and t € M, we denote vt := (v1it,...,v,t)
and dom(v) := N_;dom(v;). We say that vy,...,v; € A™ are M -independent if for
all t1,...,tx € M with t; € dom(v;),

vty + - - - + vt = 0 implies ¢ty = --- =t = 0.

If v=(v1,...,0,) € A" and p € A, we denote pv := (pvy,...,uv,). We say that
V1, ..., € A" are A-independent if for all puq, ..., ug in A, with ran(v;) C dom(y;),

M1U1++Mkvk:0 1mphes /L1::,u’k::0

The proofs of the following two lemmas are straightforward computations but
we include them anyway for completeness.

Lemma 2.4. Forvy,...,v € A™ with common domain (—a,a) C M, the following
are equivalent:
(i) vi,...,v are M-independent
(i) v1,...,v; are A-independent
(iii) the set
H={vit1+ - +ut;: —a<t; <a}
has dimension . (This was called ‘open l-parallelogram’ in [E1St].)

Proof. (i)=-(ii). This is essentially a straightforward application of (1) and (2)
above, but we include the complete proof in the interests of completeness. If
v1,...,u; are A-dependent, then there are uy,...u; € A with ran(v;) C dom(y;),
not all 0, such that pivy + --- + vy = 0. In particular, the domain of each p;
contains some interval containing 0 (because so does the range of v;). So we can
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restrict p; so that its range contains that interval and is contained in the domain
of v;.

We claim that for any ¢ # 0 in the domain of all u;’s, we have vy (u1t) + -+ +
vy (pyt) = 0, which will show that the v;’s are M-dependent. To prove the claim
we will need to use commutativity between elements of A. We argue how this is
precisely done.

By restricting p; even more, we can assume that the domain of p; is also con-
tained in the domain of v;. Let us call that new restriction p). We want to argue
that for some ¢ # 0 in the domain of uj, we have

(3) Vi (t) = pivi(t),
where now all arguments make sense.

If we look at the germs of u; and pf, they are the same. Hence the germs of the
maps v;p; and pv; are also the same. Hence the maps v;u; and p;v; are equal at
any t that lies in both of their domains, by (2) above. This finishes the proof of

(3)

We conclude that there is ¢ # 0 so that
vr(pht) + - Fu(pt) = (pvr + -+ or)(t) = 0.

v’L
(ii)=(iii). Since v; = ( : >, i1 =1,...,1, are A-independent, the matrix

v oo o)
A=
UL 1

has rank [. Clearly, it is enough to prove that:
the map f : (—a,a)! = M"™ with = — Az is injective and onto H.

This claim can be proved by induction on n. For the base step, if A is 1 x 1 matrix,
we observe that if A is not the zero endomorphism, then it must be non-zero at any
non-zero point, by (2). So the kernel is 0.

The inductive step is a straightforward argument, which we omit.

(iii)=-(ii). This is an easy adaptation of the proof of [El, Corollary 2.5]. |

Lemma 2.5. Let vy,...,v; € A" be A-independent with N._ dom(v;) # 0 and
denote by m: A — A" the usual projection. The following are equivalent:

(i) There are \,..., An—1 € A, such that for allty, ..., t; € M witht; € dom(v;),
vity + - - - + vty has form:

vits + -+ ot = (a1, apo1, A0 + o+ Apm1Gpo1).
(i) m(v1),...,7(v;) are A-independent.

Proof. (i)=-(ii). The assertion from (i) says that the last coordinate of v1t1+- - -+v;t;
is a function of the first n — 1 coordinates. Therefore the projections under 7
of any two distinct elements from the set {vit; + --- + vt : ¢; € dom(v;)} are
distinct. We claim that the projections 7(vy), ..., m(v;) are A-independent. Indeed,
if they are not, then one of them, say 7(v;), can be written as linear combination
pam(v) + - + p_1m(vi—1). But then, for any a € Ni_,;dom(v;), the elements v;a
and (puiv1 + -+ + —1v1—1)a would have the same projection, a contradiction.
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(ii)=(i). We need to compute the \;’s and a;’s. Assume v; = (v},...,v"). Since
m(v1),...,m(v;) are A-independent, the system
v = )\w% + -+ )\n,w{“1
n _ 1 n—1
v o= Ay e+ A1y
has a unique solution for A1,...,A,—1. The above equations imply that

Vit ot = M(oit o) o A (0] T 0T )
and, hence,
vity + - ot = (a1, .o, @1, Aar - Ap—1an—1)-
whereai:vitl—f—'--—i—vfthforizl,...,n—l. O
Here is another lemma.

Lemma 2.6. Letvy,...,v; € A" be M -independent. Then, for everyty,...,t; € M
with t; € dom(v;),

vty + -+ + vty is short = t1,...,t; are short.

1
Vi

Proof. Since v; = ( :

n

> ,1=1,...,1, are A-independent, the matrix

v;
1 1
U1 v
A= : :
n n
V] U]

t1 S1
has rank [. Let B be an [ x [ submatrix of A of rank [. Then B( : ) = ( ),
" t.l Sy
for some short si,...,s € M. Hence ( :

t1 Sy

S1
) = B! ( : > and each row of the last

matrix consists of a short element.

The following two lemmas will be used in the proof of the Lemma on Subcones
3.1 below.

Lemma 2.7. Let w,vy,...,0y € A", withdom(w) = (0,a) and dom(v;) = (—a;, a;),
for some positive a,a; € M. Assume that

wt = vity + -+ Uyt
for some t,t1,...,tym € M, with t € dom(w) and t; € dom(v;). Then for every
s € dom(w) with s < t, there are s1,...,8m € M with |s;| < |t;| such that

WS = VST + -+ + UmSm.-
Moreover, s; has the same sign as t;.
Proof. This follows from [EISt, Lemma 3.4], whose proof used only the fact that
M is an o-minimal expansion of an ordered group. Indeed, since s < ¢, then by

convexity of the set A = {viz1+- -+ VT : x; € dom(v;)} and the aforementioned
lemma, ws € A. (]
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Lemma 2.8. Let wy,...,w, € A" be M-independent and \1,...,\, € A™. Let
t1,...,tn € M be non-zero elements. Assume that:

w1t1 = )\18% + e+ )\nS?

Wty = )xlsil + 4 sy

for some sf € M. Then there non-zero ay,...,a, € M (mdbg eEM,i,j=1,...,n,
such that:

)\1(11 = wlb% 4+ 4 wnb?

A Gy = wlbrll + - wpby

Proof. In the Appendix. O

2.2. Long cones. Here we refine the notion of a ‘cone’ from [Ed].

Definition 2.9. Let kK € N. A k-long cone C C M™ is a definable set of the form

k
{b+zviti :be B, t; € Ji},
i=1
where B C M™ is a short cell, vy,...,v; € A™ are M-independent and Jy,..., Jg
are long intervals each of the form (0,a;), a; € M>° U {oo}, with J; C dom(v;). So
a 0-long cone is just a short cell. A long cone is a k-long cone, for some k € N. We
say that the long cone C is normalized if for each x € C there are unique b € B
and t1 € Jy,...,tx € Ji such that x = b+ Zle v;t;. In this case, we write:

k
i=1

In what follows, all long cones are assumed to be normalized, and we thus drop the
word ‘normalized’. We also often refer to o = (vy,...,vx) € AF" as the direction
of the long cone C. If we want to distinguish some v;, say vy, from the rest of the
v;'s, we write:

k-1

C=B-+ Zvit”t]i + vg | Jk-

i=1

By a subcone of C' we simply mean a long cone contained in C.

Remark 2.10. By Lemma 2.4, a (normalized) k-long cone C = B—i—Zf:l vit;|J; has
dimension k if and only if B is finite. In fact, dim(C) = dim(B) + k.

Definition 2.11. Let C = B + Zle vit;|J; be a k-long cone and f: C — M a
definable continuous function. We say that f is almost linear with respect to C' if
there are pq,...,ur € A and an extension f of f to {b+ Zle vit; b € B, t; €
{0} U J;}, such that

k k
(4) Ybe B, t; € {0YUJy, ..., tp € {0Y U Jy, f (b—kaiti) = f(b) +thi.
i=1 =1
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Remark 2.12. Let C = B + Zle vit;|J; be a k-long cone.

(i) If f: C — M is almost linear with respect to C, then, since C' is normalized,
the p1,...,ur and f as above are unique. In particular, f is continuous. For this
reason, we often abuse notation and write f for f. Indeed, we simply denote (4) by

k k
f <b + Z Uiti> = f(b) + Z,uiti.
i=1 i=1

(ii) If B={b} and f: C — M is a definable function, then f is almost linear
with respect to C' if and only if f is affine on C. More generally, f is almost linear
with respect to B + Zle vit;|J; if and only if there are uq,...,ur € A such that
for every b € B and s;, s; +t; € J;, we have

k k k
=1 =1 =1

(iii) If f : C — M is almost linear with respect to C, then the graph of f is also
k-long cone, with the short cell being {(b, f(b)) : b € B}:

k
Graph(f) = {(@f(b)) + Z(Uz’aﬂi)ti :be B,te Ji} ,

(iv) Let j € {1,...,k} and assume J; = (0, a;) with a; € M. Then

k
C =B+ vja; + ZU;t”Ji,

i=1

where v; = —v; and for i # j, v; = v;. Indeed, if z = b+ Zle v;t; is in C, then
for s; =a; —t; € J; we have . = b+ vja; —vjs; + Z#j Vit;.
If, moreover, f: C'— M is almost linear with respect to C' and of the form

k k
f (b + ZW%‘) = f(0) + > piti,
i=1 i=1
then

k k
f <b+vjaj +Zv£ti> = f(0+vja;) + Y pits,

i=1 i=1
where pi; = —pu; and for i # j, pi = pi.

Corollary 2.13. If D = b + 2221 vit;|J; € M™ is an l-long cone, then some
projection ™ : M™ — M, restricted to D, is a bijection onto an l-long cone.

Proof. By Lemmas 2.4 and 2.5. O

Notation. If J = (0,a), we denote +.J := (—a,a). Let C = B+ > """ v;t;|J; be an

m-long cone. We set:
<C> = {Zviti 1t € ﬂ:J,}
i=1

Corollary 2.14. Let C = b+ Zle viti|J; be a k-long cone. Let A € A* be such
that for some positive t € M, X\t € (C). Then there is a tall b € M such that
b € (C).
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Proof. Fix i. Let a = sup{z € M : \x € (C)}. It is easy to see that a =
vity + -+ + vptk, with at least one of t1,...,tx, say t;, equal to £|J;|. Hence, by
Lemma 2.6, a is tall. Take b = 1a (since a is not in (C)). O

2.3. Long dimension. Here we refine the notion of ‘linear dimension’ from [Ed].

Definition 2.15. Let Z C M™ be a definable set. Then the long dimension of Z
is defined to be

lgdim(Z) = max{k : Z contains a k-long cone}.

Equivalently, the long dimension of Z is the maximum k such that Z contains a
definable homeomorphic image of J*, for some long interval J. Indeed, this follows
from the proof of Lemma 2.4, (ii)=-(iii).

Some main properties of long dimension will be proved in Section 3.2 below, after
proving the Lemma on Subcones in Section 3.1. For the moment, we state a lemma
which says that given a cone we can always find subcones of suitable direction. An
analogous statement fails in the context of [Ed], where all cones were unbounded.

Lemma 2.16. Let C = b+ Ele vit;|J; be a k-long cone. Let wy,...,wx € A™ be
M -independent such that for every i, there is a positive s; € M, w;s; € (C). Then
there is a k-long subcone C' C C of the form C' = ¢+ Zle w;t; (0, Kk;), for some
tall k; € M.

Proof. By Corollary 2.14, we may assume that each s; is tall. Assume J; = (0, a;).
Let c=b+ Zle %viai and for each i, let x; = ﬁ|81| Using Lemma 2.7, one can
easily check that C' = ¢+ Zle w;t;](0,k;) C C. O

The following lemma will be used in the proof of the Refined Structure Theorem.

Lemma 2.17. Let X = (f,9)x(x) be a cylinder in M such that ©(X) is a k-long
cone and f and g are almost linear with respect to w(X). If there is an x € w(X)
such that 7=1(z) is long, then lgdim(X) =k + 1.

Proof. If k = 0, then there is an 1-long cone 7~ !(x) C X. Now assume k > 0 and
that for some z € w(X), 77! (z) = (f(z), g(z)) is long. Since f, g are almost linear
on 7(X), there is clearly a k-long cone C, = z + Zle v;t;](0,a;) C 7(X) such that
for each element y € Cy, g(y)— f(y) must be tall. Let « = inf{g(y)—f(y) : y € Cy}.
Since f is affine,

k k
Vty € Ji, ..ty € Jp, f <$+Zviti> = f(=) +Zuiti,
=1 i=1

for some pi1, ..., ur € A™. Then clearly the (k + 1)-long cone

k
(z, f(x)) + Z(%Mi)tiuz' + ent1tit1](0, @)

i=1

is contained in X. O

3. STRUCTURE THEOREM FOR SEMI-BOUNDED SETS

In this section we prove the main results for semi-bounded sets.



LOCAL ANALYSIS FOR SEMI-BOUNDED GROUPS 21

1. Generalizing the Lemma on Subcones [Ed, Lemma 3.4]. The Lemma
on Subcones can be viewed as a kind of converse to Lemma 2.16. Recall from
Section 2 that if C = B+ >\, v;t;|J; is an m-long cone, we denote (C) =
{221 vit; 1t € ZEJZ}

Lemma 3.1 (Lemma on subcones). If C' = B+ " lwt |J/ and C = B+
S viti]J; are two long cones such that C' C C C M™, then (C') C (C) (and

hence m’ < m).

Proof. Clearly, we may assume that B’ is a singleton. Moreover, we can translate

both C” and C, so that C’ gets the form ¢’ = > w;t;|J/. Let j € {1,...,m'},
and denote for convenience J := J;. Then Vu € Jwju € ¢' C C, so there
exist a unique b € B and, for each ¢ € {1,...,m}, a unique t; € J; such that

wju =b+ EZZI vit;. This yields the following definable functions:
o f:J— B, with u— B(u)
e foreachie {1,...,m}, 7 : J = J;, with u — 7;(u),

wju = Bu) + Y vi(ri(u))
i=1

By Lemma 2.1 and o-minimality, there are long subintervals I;,...I; C J such that
J\(IyU---UI) is short and on each of them [(u) is constant. Let I = (p, q) be an
interval with maximum length among the I;’s, and assume that on I the map S(u)
is equal to b. Now let u; < ug in I, with uy close enough to p and wusy close enough
to g, so that, if w := ug — uq, then for some k € N, J C (0, ku) (this is possible by
the choice of T). We have:

where

wiju = w] Uy — Ul ZU’L T; U2 - TZ(Ul))

If we denote t; = 7;(ug) — 7;(uq ), then
m
(5) w;u = Z ’Uiti.
i=1
Hence the condition of Lemma 2.7 is satisfied for w = w;.
Now pick any t € J. We have to show that w;t € (C'). We split two cases.
CASE I ¢ < u. By Lemma 2.7, we have w;t = Y " | v;s;, for some 0 < [s;| < |t
and we are done.
CASE II. t > u. By the choice of u, there is k € N, so that ¢ — u < ku. Hence,
by Lemma 2.7 again, we have +w;(t —u) = Y/ | v;s;, for some 0 < |s;| < [¢t;], and
s; having the same sign as t;. Equivalently,

(6) i (t—u) Zvlksz

By (5) and (6), we obtain

m

(7) w;t = Z Ui(ti + ksi),

i=1
so it remains to show that —a; < t; + ks; < a;, where J; = (0,a;). We split two
subcases:
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SUBCASE II(a). t; > 0. We observe that, since ¢ C C, we have
’U.)jt = b/ + Z VT4,
i=1

for some r; € J; and ¥’ € B. Together with (7),

Zvi(ti + ]CSZ) = b/ + Zvﬂ’i.

i=1 i=1
If t; + ks; > r;, then we would have b’ = 2211 v;2;, for some positive z; < t; + ks;.
By (7), this would imply that " = w;s for some 0 < s < t. In particular, b’ € C’,

a contradiction. So 0 < t; + ks; < r; < a;, as required.
SUBCASE II(b). t; < 0. Then also s; < 0. Since 0 € C’, we have

0="b+ Z Uity
i=1
for some r; € J; and b’ € B. Together with (7),

wjt =b + Z’(}Z‘(Ti +t; + ksz)

i=1
Hence, 0 < r; +t; + ks; and, therefore, —a; < —r; < t; + ks; < 0 < a;, as required.
Finally, the fact that m’ < m is now a consequence of Lemma 2.4. [l

Remark 3.2. Observe that it is not always possible to get w;t € (C)>0 := {37, vit;
as in the corresponding conclusion of [Ed, Lemma 3.4].

We can now characterize exactly the subcones of a given long cone C.

Corollary 3.3. The subcones of a long cone C are exactly those cones whose
direction © = (v1,...,vg) satisfies the following property: for every i = 1,...k,
there is a positive s € M, such that v;s € (C).

Proof. By Corollary 2.16 and Lemma on Subcones. (]

Lemma 3.4. Let C' = B'—l—Zf;l vit|J] C C = B—&—Zf:l vit;|J; be two long cones

and f: C — M a definable function which is almost linear with respect to C. Then
f is almost linear with respect to C'.

Proof. By the Lemma on Subcones, for each i = 1,...,k" and t € J/, we have
vit € (C). Tt is then an easy exercise to check that f is affine in each v}, uniformly
on V' € B’; that is, there are uy,...,ur € A such that for every ¥ € B’ and
Si, 8; + t; € J!, we have

k k k
f (b' + Z’Ui(si — ti)) —f (b + Zw&) = Zuiti-
i=1 i=1 i=1

This exactly means (Remark 2.12(ii)) that f is almost linear with respect to C’. O

Corollary 3.5. Let C C C’ be two k-long cones and let v be the direction of C'.
Then there is a k-long cone of direction © contained in C.

Proof. By the Lemma on Subcones, Lemma 2.8 and Corollary 2.14. g

it € Jl},
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3.2. Properties of long dimension.

Lemma 3.6. Let X,Y, Xq,..., X be definable sets. Then:
(i) lgdim(X) < dim(X).

(i) X CY C M" = lgdim(X) < lgdim(Y) < n.

(ii) If C is a n-long cone, then lgdim(C) = n.

(iv) lgdim(X x Y) = lgdim(X) + lgdim(Y").
(v) lgdim(X; U - U Xy) = max{lgdim(X),...,lgdim(X})}.

Proof. (i) is by Lemma 2.4, and (ii) is clear. Item (iii) follows from the Lemma on
Subcones 3.1. The proof of (iv) is word-by-word the same with the proof of [EdEL
Fact 2.2(3)] after replacing ‘ldim’ by ‘lgdim’ and the notion of a cone by that of a
long cone we have here.

For (v), we prove by parallel induction on n > 1 the following two statements.

(1), For all definable X1, Xo such that 1lgdim(X; U X3) = n, either lgdim(X;) =n
or lgdim(Xs) = n.

(2), Let C C M™ be an n-long cone. For any definable set X C C' with dim(X) <
n — 1 we have lgdim(C' \ X) = n.

Statement (v) then clearly follows from (1),, by induction on k.
STEP I: (2); follows from [Pet3, Lemma 3.4(2)].

STEP II: (1),,—1 and (2); for I <n — 1 imply (2),, for n > 2. Assume (1),—; and
(2); for all [ < n — 1. We perform a sub-induction on dim(X). Observe that after
some suitable linear transformation we may assume that C has form

n
C = Z eiti|Ji,
i=1

where the e;’s are the standard basis vectors.

If dim(X) = 0, then X is finite and, without loss of generality, we may assume
that X contains only one point a. Then it is easy to see that C'\ {a} contains 2"
disjoint long cones of the form a+ Y., e;t;|J! such that, for at least one of them,
all J’s are long.

Suppose the result holds for all X with dim(X) <! < n — 1, and assume now
that dim(X) =1+ 1. If I +1 < n — 1, then dim(m(X)) < n — 2 and by (2)n_1,
lgdim(7w(C) \ 7(X)) = n — 1, which implies that lgdim(C \ X) = n, by (iv).

So now assume that dim(X) = n — 1. By cell decomposition and by the Sub-
Inductive Hypothesis, we may assume that X is a finite union of cells X3, ..., Xk,
each of dimension n — 1. We perform a second sub-induction on k.

Base Step: suppose k = 1. If X; is not the graph of a function or lgdim(X;) < n—1,
then by (2),—1 or (1),—1, respectively, we have lgdim(7(C)\7(X1)) = n—1, which
implies lgdim(C' \ X1) = n, by (iv). Thus it remains to examine the case where X;
is the graph of a function f : 7(X;) — M and lgdim(X;) = n — 1. In this case,
lgdim(7 (X)) = lgdim(X;) = n — 1, where the first equality is by Lemma 2.5. Let
D C 7(X;) be a (n — 1)-long cone. Let

A={aeD:Vie{l,...,n—1}, fz is monotone around a;}.
according to the notation of Lemma 2.2. By that lemma,

dim(D \ 4) < dim(D) =n — 1.
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Hence, by (2),,—1, A contains an (n — 1)-long cone F, and by Lemma 2.16, we may
assume that £ = b+ Z?:_ll eit;|(0, k), for some tall k. Let a = b+ 2?2—11 eiik.
Since f is continuous on E, each f3: is monotone on its domain (0, k). Without loss
of generality, we may assume that Vi € {1,...,n — 1}, fz: is increasing on (0, ).
We split into two cases:
Case 1: f(a) is short. Then the n-long cone
n—1
By = (b, f(@)+ Y eiti|(0,/2) + entn| Jn/2
i=1
is contained in Xj.
Case 2: f(a) is tall. Then the n-long cone
n—1
By = (a,0) + Y eitil(0,/2) + entn|Jn/2
i=1
is contained in X;. This completes the case k = 1.
Inductive Step: suppose the result holds for any X which is a union of less than k
cells of dimension n—1, and assume now that X is the union of the cells X1,..., Xk,
each of dimension n — 1. By Second Sub-Inductive Hypothesis, there is an n-long
cone F' contained in C'\ (X; U---U X;_1). Now, we reduce to the Base Step
for C' equal to F and X equal to Xj. This completes the proof of the second
sub-induction, as well as that of Step II of the original induction.

STEP III: (2),, =(1),. Without loss of generality, we may assume that X; and Xs
are disjoint. Since lgdim(X; U X2) = n, we may also assume that X; U X5 is an
n-long cone C' of dimension n. If X = bd(X;) U bd(X3), then dim(X) <n — 1. By
(2)n, we conclude that either X; or X5 contains an n-long cone. O

The following corollary will not be used until Section 6.

Corollary 3.7. Let X C M™ be a definable set of long dimension k. If C C X x X
is a 2k-long cone, then there are k-long cones C1,Cy C X, such that Cy x Cy C C.

Proof. We may assume that C' = b+ Y2% w;t;|Ji. Let © : M2" — M?* be the
projection given by Corollary 2.13, whose restriction ¢ is a bijection onto the
2k-long cone 7(C). Moreover, as it can easily be checked, its inverse (m;c)~! can
be written as mjc = (f1, ..., fon) for some affine maps f; : M** — M. By Remark
2.12(ii) and (iii), the graph of WFC} on a k-long cone contained in 7(C) is a k-long
cone, contained in C.

Now let p; : M?* — MP* and p, : M?* — MPF be the suitable projections, so
that m(C) C pym(C) x pem(C). Since w(C') has long dimension k, by the Lemma
on Subcones and 3.6(iv), each of p;7(C) and pem(C) must have long dimension k.
In particular, for each i = 1,...,2k, there is t > 0 with e;t € (7(C)). By Lemma
2.16, 7(C) contains a 2k-long cone

2k
C' = (b1,b2) + > _ eitil(0,a).
i=1
The k-long cones
k 2k
C{ =b; + Zeiti|(0, a) and Cé = by + Z eiti\(O,a)

i=1 i=k
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are clearly contained in p7(C) and pa7w(C), respectively. By the first paragraph of
this proof, the set
D= 7rr_(} (el
is a 2k-long cone contained in C, and each of
Dy = mo(Cf x {b}) and Dy = mo({b1} x C5)

is a k-long subcone of D. If we take the projection Cy of D; onto the first n
coordinates, and the projection Cs of D5 onto the last n coordinates, then both C
and Cy are k-long cones, contained in X, such that

Ol X 02 =D - C,
as desired. O

3.3. The Refined Structure Theorem. We are now in a position to prove the
first main result of this paper. For a given a definable function f: A x M — M,
with A C M™, let us denote

Atf(avx) = f(aw—i—t) - f(CL,fE)7
for all ,t € M and a € A.

Theorem 3.8. (Refined Structure Theorem). Let X C M™ be an A-definable set.
Then

(i) X is a finite union of A-definable long cones.

(ii) If X is the graph of an A-definable function f :' Y — M, for some Y C
M"Y, then there is a finite collection C of A-definable long cones, whose union is
Y and such that f is almost linear with respect to each long cone in C.

Proof. By cell decomposition we may assume that X is an A-definable cell. We
prove (i) and (ii), along with (iii) below, by induction on (n,lgdim(X)).

(#ii) In the notation from (i), Y contains an A-definable lgdim(Y')-long cone
such that f is almost linear with respect to it.

If n =1, then (i), (ii) and (iii) are clear. Assume the Inductive Hypothesis (IH):
(i), (ii) and (iii) hold for {(n, k) }x<n, and let X C M" ! with lgdim(X) = k < n+1.

Case (I): dim(X) < n+ 1. So, after perhaps permuting the coordinates, we may
assume that X is the graph of a continuous A-definable function f:Y — M.

(i) This is clear, by (IH)(ii) and Remark 2.12(iii).

(ii) By (IH)(i), we may further assume that ¥ = B’ + Zle vit;|J; is an A-
definable k-long cone, where k < n.

Claim. We may assume that Y = B + Zle en—ktiti|Ji-

Proof. To see this, we will define a suitable affine transformation from Y into M™.
The idea is to map elements of the form v;t to e,_x4it. Since the v;’s are not nec-
essarily global endomorphisms, we need to explain how this transformation works.

First extend each v;, 1 < i < k, to a vector u; in A™ with domain 2.J;. More
precisely, if J; = (0, a;), let u; : (0,2a;) = M™ be equal to v;(t) for ¢t € (0,a;), and
equal to (lims_q; v;s) + v;(t — a;) for t € (a;,2a;). Also, choose ugi1,...,u, € A"
with long domains Jg11,...,J, so that all u,... u, are M-independent (in fact,
Uk+41, - - -, Uy can be chosen among the unit vectors in A™).
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Now, fix any b € B’ and let C' = > | v;t;|J;. By Lemma 2.4, b+ (C) is open.
We claim that b+ (C') contains Y. First we observe that B’ is contained in b+ (C).
Since B’ is connected and contains b, if B’ were not contained in b+ (C), we would
have a definable path that starts from b and ends outside b 4+ (C). This path has
short domain but long range, a contradiction.

Now we want to see that every element x in Y is contained in b + (C). Let
z=0b+ Zi;l v;t;. Since b’ is in b+ (C'), we have b’ = b+ Zle v;8; + Z?:kﬂ Ui S;.
Therefore, x = b + Zle wi(si +ti) + Y7 pyq wisi, that is, z € b+ (C).

Now that we know that b+ (C) contains Y, we define the following transforma-
tion:

n k n
T b+ <C> —>Mn, T <b+Zuztl> :b+zen7k+iti+ Z en,”lti
i=1 i=1 i=k+1
This is a bijection map onto its image. Clearly, T(Y) = T(B’) + Ele en—ktitil i,
as the reader can verify that T'(b' + Zle vit;) =T+ Zle en—ktiti. Hence, we
can let B = T(B’ and replace Y by T(Y). O

Let 7 : M™ — M"~! be the usual projection. By [Pet3, Lemma 4.10] and
its proof, there are A-definable linear functions Aq,...,J;, A-definable functions
ag, ... am : 7(Y) — M and a short positive element b € dcl(A) of M, such that
for every xz € n(Y'),

e 0=ap(r) <ai(z) < <am-1(2) < am(z) = en|Ji|
e for every i, either |a;11(z) — a;(z)] < b or the map ¢t — A, f(z,a;(x)) on
(0, aj+1(z) — a;(x)) is the restriction of some \;; that is

(8) f(@,ai(x) + 1) — f(x,ai(x)) = A;(t).
For every z = (z,y) € Y, let b, = a;11(x) — ai(z), where y € (a;(x),ai+1(z)).
Observe that b, € dcl(0). Set

Yo={2€Y :b, >b},

and consider (by cell decomposition) a partition C of Yy into cells so that for every
Z eC,

e there is some \; such that the restriction of f on Z satisfies (8) above,

e 7 is contained in {(x,y) : a;(x) <y < a;y1(x)}.
By (IH)(ii), there is a finite collection C" of A-definable long cones, whose union is
7(Z) and such that each a; is almost linear with respect to each C' € C’. By (IH)(i),
there is a finite collection C” of A-definable long cones, whose union is ZN7w~1(C).
Observe now that Z N 7~1(C) is contained in some long cone W on which f is
almost linear; namely, if C = D + 22:1 w;t;| K;, then W is of the form

l
W =D x {d} + Zwiti|Ki + entn‘Kn,
i=1
where K, is a long interval of length equal to max{a;+1(z) — a;(z) : ¢ € C}. By
Lemma 3.4, we conclude that f is almost linear with respect to each long cone in
c”.
It remains to prove (i) for Y \ Yy. But this is given by (IH)(ii), since, in fact,

lgdim(Y \ Yp) < k: assuming not, apply (IH)(iii) to get a k-long cone C C Y \ Yy C
Y. By Corollary 3.5, there is a tall a € M such that e,a € C. But then f is
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linear in x,, on some long interval contained in Y \ Yy, a contradiction. Hence
lgdim(Y '\ Yp) < k.
(iii) In the above notation, for every i € {0,...,m — 1}, the set
Pi={zen(Y):a;11(%) — a;i(z) > b}

is A-definable and, since J,, is long, n(Y) = U?:Ol P;. By Lemma 3.6(v), one of
the P;’s, say P;, must have long dimension k — 1. By (IH)(iii), there is a finite
collection C’ of A-definable long cones, whose union is W; and such that each a;
and aj;1 are almost linear with respect to each C' € C’. By Lemma 2.17, there is

an A-definable k-long cone E C Y and, as before, f is almost linear with respect
to E.

Case (II): dim(X) = n + 1. The argument in this case is a combination of
the proofs of [EISt, Lemma 3.6] and of [Petl, Theorem 3.1]. So X = (g,h)y is a
cylinder. By (IH)(ii) and Lemma 3.4, we may assume that ¥ = B + Zle vits|J;
is a long cone and that g, h are almost linear with respect to it. Assume they are
of the form:

k k k k
im1 i=1 i=1 i=1

Since g < h on Y, it follows that for every b € B, g(b) < h(b). One of the following
two cases must occur:

Case (II,): for alli=1,...,k, we have n; = m;.

Case (II): for all i = 1,...,k, we have n; < m,;, and for at least one i we have
n; < m;. (We may assume so by Remark 2.12(iv): indeed, if for some i, n; > m;,
then we can change B and replace n; by n, = —n;, and m; by m, = —m;, as

indicated in Remark 2.12(iv). Then n; < m}.)
Proof of Case (II,). We have

k
X = {(b,y) +Z(U¢,ni)f1’ : g(b) <y < h(b),b € B,t; € Jz} .

It is easy to check that, if (g(b), (D)) is a long interval, then
k
X ={(b,g(b)) : b € BY+ Y _(vi,ni)tal Ji + enyrtns1](0, 2(b) — g(b))

i=1
is a (k + 1)-long cone, and if (g(b), k(b)) is short, then
k
X = {{b} x (g(b), (b)) : b€ B} + > (vi,n)t;] J;
i=1
is a k-long cone.

Proof of Case (II,). We have

k k k
X = {<b+Zviti7y> :g(b)—i—Zniti <y< h(b)—&—Zmiti,be B,t; € Jl}
=1

i=1 i=1
Notice that if h = +00 on X (similarly, if g = —o0), then we are done because
k
X ={(b,g(b)) : b€ B} + Zvitiui + entn](0, +00).
i=1
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We partition X in the following way, going from “top” to “bottom”:

k k k
X, = {(b—i—Zviti,y) h(b) +Zniti <y < h(b) +Zmiti,b€ B,ti S JZ},
=1

i=1 =1
k k
X2:{<b+zviti,y>Zy:h(b)+znifi,b€B7tiEJZ‘},
i=1 =1
k k k
X3 = {<b+ Z’Uiti,y> : g(b) + Zniti <y< h(b) + Zniti,b € B,t; € Jz} .
=1 =1 =1

By Remark 2.12(iii), X5 is a k-long cone, whereas X3 clearly satisfies the condition
of Case (II,). Hence we only need to account for X.

Let Sx, ={i=1,...,k:n; <m;}. By induction on |Sx, | we may assume that
|Sx,| = 1. Indeed, if, say, n; < m; and ny < mg, then we can partition X; in the
following way, going again from “top” to “bottom”:

k k k
X{ = {(b—l—Zviti,y) : h(b) + nqtq +Zmiti <y< h(b) +Zmiti,b € B, t; € J;
i=1 =2 =1
k k
X{l e { <b+z1}iti,y> LYy = h(b) +nity +Zmiti,b € B,t; € Jz} s
=1 1=2

k k k
X{H = { <b+ Zviti,y> : h(b) + antz <y < h(b) + nity Jerth,b S B,ti € Jl
i=1

i=1 =2

Observe then that X/’ is a k-long cone, and for X] and X", each of the correspond-
ing Sx; and Sx; has size less than |Sy, |.
So assume now that |Sx,| = 1 with, say, ny < my and n; = m; for i > 1. Let

k k k
A= {(thw) 327%‘751‘ <y<2miti,beB,ti € Jl}.
i=1

i=1 i=1
We show that A is the union of long cones which clearly implies that so is X;. If
J1 = (0,00), then
k
A= (v, n)t]Jr+ D (vi,ma)til J;

i=1
is already a (k + 1)-long cone. If J; = (0,a;), with a; € M, then A is the union of
the following (k + 1)-long cones:

k

)+Z(Ui7mi)ti|Ji7

=2

@
fin

a
Y1 = (v1,n1)t1|(0, ?1) + (v1,m1)t1(0,
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— )

M= ol

a a
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Remark 3.9. As opposed to the corresponding results from [Ed] and [Petl], it is
not always possible to achieve a disjoint union in (i) or (ii). We leave it to the
reader to verify that the following set cannot be written as a disjoint union of long
cones: let X be the ‘triangle’ with corners the origin, the point (a,a) and the point
(0,2a), for some long element a.

As a first corollary, we obtain a quantifier elimination result down to suitable
existential formulas in the spirit of [vdD1].

Corollary 3.10. Every definable subset X C M™ is a boolean combination of
subsets of M™ defined by

3:[/1 3yﬂ’LB(y177yWL) /\(10<x17"-;mm7y15"'7ym)7
where B(y) is a short formula and p(z,y) is a quantifier-free Ly;y,-formula. In fact,
X is a finite union of such sets.

Another corollary is the following.

Corollary 3.11. If f : X — M™ is a definable injective function, then lgdim(X) =
lgdim(f(X)).

Proof. Assume that X C M* and that f = (f!,..., f"), where f/ : X — M. By
the Refined Structure Theorem and Lemma 3.6(v), we may assume that X is a long
cell of the form X =b+ Zle v;t;|J; and such that each f; is almost linear on X.
Hence, for every 7, there are 11}, . . ., u} so that fj(b+2f:1 vit;) = fj(b)+25:1 1,
Thus, f(X) is the long cell

k
(FH0)s s fr ) + D patal T,
i=1
where each p; = (u}, ..., ul) € A™. O

4. ON DEFINABILITY OF LONG DIMENSION
The following example shows that we lack ‘definability of long dimension’.

Example 4.1. Let a > 0 be a tall element and let
X={(z,y):0<z<a,0<y<uz}

Denote by 7 : M? — M the usual projection. Then, by [Pet3, Proposition 3.6], the
set

X, ={x €[0,a] : 7' (x) has long dimension 1}
is not definable.

However, X clearly contains a ‘suitable’ definable set; namely, a definable set of
long dimension 1. It follows from the lemmas of this section that the set of fibers of
long dimension [ of a given definable set X always lies between two definable sets
each of long dimension lgdim(X) — I (Corollary 4.4 below).

Lemma 4.2. Let X C M™™ be a definable set such that the projection (X ) onto
the first n coordinates has long dimension k. Let 0 <1 < m. Then

(i) lgdim(X) < k + m.

(i) lgdim(X) > k + 1 if and only if 7(X) contains a k-long cone C such that
every fiber X., ¢ € C, has long dimension > 1.
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Proof. (i) By Lemma 3.6(ii)&(iv), since X C w(X) x M™.

(ii) («) Assume that every fiber X, ¢ € C, has long dimension . We prove
that lgdim(X) > k + [ by induction on k. For k = 0, it is clear, since any fiber
above C' contains a [-long cone. Now assume that it is proved for lgdim(C) < k,
and let 1lgdim(C') = k. Clearly, we may assume that 7(X) = C. For the sake of
contradiction, assume lgdim(X) < k+1. By the Refined Structure Theorem, X can
be covered by finitely many long cones X7, ..., X;, each with lgdim(X;) < k + [.
By the inductive hypothesis, each 7(X;) has long dimension < k. But then C =
m(X1)U---Um(Xs) must have long dimension < k, a contradiction.

(=) This is clearly equivalent to the following:

Claim. Let
X, ={x e n(X): 7 Y(x) has long dimension > [}
Then there is a definable set Y; C X, such that
lgdim(Y;) = lgdim(X) — 1.
The proof of the Claim is by induction on m.

Base Step: m =1 = 1. By cell decomposition, X is a finite union of cells, and
by the Refined Structure Theorem the domain of each cell is a finite union of long
cones such that the corresponding restrictions of the defining functions of the cell
are almost linear with respect to each of the long cones. If a cell is a graph of a
function, or if its domain has long dimension < k, then clearly its long dimension is
at most k. Hence X contains a cylinder X; = (f, g)r(x,), where 7(X1) is a k-long
cone, such that X; contains a (k + 1)-long cone C' = b+ Zfill v;t;|(0, ;). We will
first show that for some elements x,y € C in the closure of C, with Vi = 1,... n,
x; = y;, and (y — x),11 tall. This is straightforward and we only sketch its proof.

The projection 7(C) is a union of long cones whose directions are tuples with
elements from the set {v1,...,vx4+1}. By (i) and Lemma 3.6(v), there must be
subset of {vy,...,vgs1} of k elements, say {v1,..., v}, whose projections onto the
first m-coordinates is an M-independent set. Without loss of generality, assume
A = {v1,...,v}. It is then an easy exercise to see that there is an element y =
vit] 4+ - + vgt1tgr1 € C, such that the element

r=min{z € C:Vi<n,z =y}
has form o = vy51 + -+ + vpr18k41 € O such that tx 1 — s,y is long. But then
y — x must be tall, by Lemma 2.6. It follows that (y — x),+1 must be tall.

Now, we conclude that there is € 7(X1), such that 7~ (z) = (f(z),g(z)) is
long. Since f,g are almost linear on 7(X;), it is easy to see that there is a k-
long cone C; =z + Zle v;t;](0,a;) € w(X1) such that for each element y € Cy,
g(y) — f(y) is tall. We let Y; = C,. Since, by (i), k > lgdim(X) — 1, we are done.
Inductive Step: assume we know the lemma for every n and X C M"™ x M™, and
let X C M™ x M™+! Let ¢ : M™t™m+l 5 Mm+t™ and »: M™ x M™ — M™ be the
usual projections. Of course, m = roq.

Case (I). lgdim(¢(X)) = lgdim(X). In this case, by the Inductive Hypothesis,
the set

(X)) = {z € n(X) : lgdim(r~(z)) > 1}
contains a definable set A such that

lgdim(A) = lgdim(g(X)) — | = lgdim(X) — 1.
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Since, clearly, ¢(X); C X;, we are done.
Case (IT). lgdim(g(X)) = lgdim(X) — 1. Let
Y = {z € ¢(X) : lgdim(¢ *(z)) = 1}.
By the Base Step, Y7 contains some definable set Y with lgdim(Y") = lgdim(X) — 1.
By the Inductive Hypothesis, the set
Y, = {z €r(Y):lgdim(r—*(z)) > 1 -1}
contains a definable set A with
lgdim(A) = lgdim(Y) — (I — 1) = lgdim(X) — [.
But clearly X; contains A and hence we are done. O

On the other hand, we have the following lemma. It will not be essential until
the proof of Proposition 6.4.

Lemma 4.3. Let X C M™™ be a definable set and denote by w : M™T™ — M™
the usual projection. For 0 <1 < m, let
X, ={x € n(X): 7 *(x) has long dimension > l}.
Then there is a definable subset Z; C w(X) with X; C Z; such that
lgdim(Z;) = lgdim(X) — 1.
Proof. The proof is by induction on m. For any m, if [ = 0, then take Z; = 7(X),
since, by Lemma 4.2(ii), lgdim(7(X)) < lgdim(X).
Base Step: m = 1. Let X € M™ x M and | = 1. By cell decomposition and
Lemma 3.6(v), we may assume that X is a cell. If X is the graph of a function,
then let Z; be any subset of w(X) of long dimension lgdim(X) — 1. So assume X is
the cylinder (f,g)r(x) between two continuous functions f and g. By the Refined
Structure Theorem, we may further assume that 7(X) is a long cone such that f
and ¢ are both almost linear with respect to it. If lgdim(7 (X)) = lgdim(X) — 1,
then take Z; = w(X). If lgdim (7 (X)) = lgdim(X), then by Lemma 2.17, for every
x € n(X), 7 () is short, in which case we let again Z; be any subset of 7(X) of
long dimension lgdim(X) — 1.
Inductive Step: assume we know the lemma for every n and X C M"™ x M™, and
let X C M™ x M™+! Let ¢ : M™t™+L 5 M™+t™ and r: M™ x M™ — M™ be the
usual projections. Let
Y; = {z € ¢(X) : lgdim(qg~*(z)) = 1}.
By Lemma 4.2(ii), Y7 is contains some definable set Y with lgdim(Y") = lgdim(X) —
1. Now, X; is contained in the union of the following two sets:
Ay ={zerY):lgdim(r !(z)) >1—1} and
By = {z €r(¢(X)\Y) :lgdim(r*(z)) = 1}.
By the Inductive Hypothesis, A; is contained in a definable set A with
lgdim(A) = lgdim(Y) — (I — 1) = lgdim(X) — [
and B is contained in a definable set B with
lgdim(B) = lgdim(¢(X) \ V) — ! < lgdim(X) —I.

Hence X; is contained in the definable set Z; = A U B, satisfying lgdim(Z;) <
lgdim(X) — I. By Lemma 4.2(ii), lgdim(Z;) = lgdim(X) — [. O
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We are finally in the position to prove the promised corollary on the definability
of long dimension. Note that this corollary is not needed in the rest of the paper,
but it is recorded here in the interests of completeness.

Corollary 4.4. Let X C M™™ be a definable set and denote by w: M™T™ — M™
the usual projection. For 0 <1 <m, let
I(X) ={x en(X): 7 ' (x) has long dimension 1}.
Then there are definable subsets Y, Z C w(X) with Y C I(X) C Z such that
lgdim(Y') = lgdim(Z) = lgdim(X) — 1.

Proof. With the notation of the previous two lemmas, let Y =Y, \ Z;41 and Z =
Z141. Since lgdim(Y;) = max{lgdim(Y"),lgdim(Z;4+1)}, it follows that lgdim(Y") is
as desired (and, clearly, so is lgdim(Z2)). O

5. PREGEOMETRIES

In this section we develop the combinatorial counterpart of the long dimension
and define the corresponding notion of ‘long-genericity’. This notion is used in the
application to definable groups in the next section.

Definition 5.1. A (finitary) pregeometry is a pair (S, cl), where S is a set and
cl: P(S) — P(S) is a closure operator satisfying, for all A, B C S and a,b € S:

(i) A Ccl(A)

(i) AC B=cl(A) Ccl(B)

(iii) ¢l (cl( )) = cl(A)

(iv) cl(A) = U{cl(B) : B C A finite}

(v) (Exchange) a € cl(bA) \ cl(A) = b € cl(aA).
Definition 5.2. We define the short closure operator scl : P(M) — P(M) as

scl(A) = {a € M : there are b C A and ¢(x, ) from £, such that

(M, b) is a short interval and M F ¢(a, b)}.
We say that the formula ¢(z,7) € L witnesses a € scl(b) if ¢(M,b) is a short
interval and M E ¢(a, b).
We will omit, as usually, the bar from tuples.

Remark 5.3. Given a formula ¢(x,y) € £ witnessing a € scl(b), we can form a
formula Sf’b(m, y) € £ which is satisfied by the pair (a,b) and such that for every

b e M™, Sib(M, b') is short. Indeed, let K € M be short such that
Vz1, 22[p(21,b) A @(22,b) = |21 — 22| < K].
By [Pet3, Corollary 3.7(3)], x may be taken in dcl(f). We then let
Sf,b(%l/) to(x,y) AVz1, 22[0(21,y) A (22, y) = |21 — 22| < k]
Lemma 5.4. a € scl(b) < Ja’ € del(b),a — o is short.
Proof. (=). Let f be a (-definable Skolem function for Sib(x, y), where ¢ witnesses
a € scl(b); that is, for every c € M, = Elef’b(z,c) — Sfb(f(c),c). Let o' = f(b).

(«=). Assume ¢(z,y) witnesses a’ € dcl(b). Let r € dcl(() such that |a —a'| < k.
Then a satisfies the following short formula:

2’ p(a’,b) A (|z — 2’| < k).
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Lemma 5.5. (M, scl) is a pregeometry.

Proof. Properties (i), (ii) and (iv) are straightforward.

(iii). This boils down to the fact that (Lemma 4.2(ii)) a short union of short sets
is short. We provide the details. Let a € scl(b), where b = (by,...,b,) € M™, such
that each b; € scl(¢), for some ¢ C A. Assume that ¢(z,b) witnesses a € scl(b), and
that for each i = 1,...,n, ¢;(y;, ¢) witnesses b; € scl(¢), where 9, ¢; € L. Denote

S(@v 2) = Sl?ll,a(yla 2) TARERNA Sl?:’a(yna 2)

Then the set X defined by the formula

355 (5.2) A Sy (@, )
is ¢-definable and contains a. We show that X is short. Clearly, the set

X = U {5 xS

yeS(M,e)
has long dimension at least the long dimension of X, since the function f : (y,z) —
x maps X’ onto X. But X’ is a short union of short sets and, by Lemma 4.2(ii), it
must have long dimension 0.

(v). Without loss of generality, assume A = (). Let ¢(z,y) be a formula wit-

nessing a € scl(b). We assume that b & scl(a) and show a € scl(f)). Let f(z) be a

()-definable Skolem function for S:f’b(:v,y). Let k € M be short and in dcl(@) such
that

Vz1, 22[d(21,0) A ¢(22,b) — |21 — 22| < K].
(see Remark 5.3). Let
Y={VeM:|f)—al <k}

Then since Y is a-definable and contains b, it must be long. By Lemma 2.1, there
is some interval contained in Y on which f is constant, equal say to a’. But then
a’ € dcl(0) and, by Lemma 5.4, a € scl((). O

Definition 5.6. Let A, B C M. We say that B is scl-independent over A if for all
be B, b¢ scl(AU(B)\ {b})). A maximal scl-independent subset of B over A is
called a basis for B over A.

By the Exchange property in a pregeometric theory, any two bases for B over A
have the same cardinality. This allows us to define the rank of B over A:

rank(B/A) = the cardinality of any basis of B over A.

Lemma 5.7. If p is a partial type over A C M and a = p with rank(a/A) = m,
then for any set B D A there is a’ |= p (possibly in an elementary extension) such
that rank(a’/B) > m.

Proof. The proof of the analogous result for the usual rank (coming from acl) is
given, for example, in [G, page 315]. The proof of the present lemma is word-by-
word the same with that one, after replacing an ‘algebraic formula’ by a ‘short
formula’ in the definition of ®F ([G, Definition 2.2]) and the notion of ‘algebraic
independence’ by that of ‘scl-independence’ we have here. (I
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Definition 5.8. Assume M is sufficiently saturated. Let p be a partial type over
A C M. The short closure dimension of p is defined as follows:

scl-dim(p) = max{rank(a/A) : a C M and a |= p}.

Let X be a definable set. Then the short closure dimension of X, denoted by
scl-dim(X) is the dimension of its defining formula.

In Corollary 5.10 below we establish that the scl-dimension of a definable set
coincides with its long dimension we defined earlier. We note that the equivalence
between the usual geometric and topological dimension was proved in [Pil].

Lemma 5.9. Let a C M be an n-tuple and A C M a set. Then rank(a/A) = n if
and only if a does not belong to any A-definable set with long dimension < n.

Proof. (<) Assume a = (ay,...,a,) and rank(a/A) < n. Then for some i, say
i=1, a1 € scl(AU{ag,...,a,}). Let ¢(z,7) be an L(A)-formula witnessing this
fact. Recall from Remark 5.3 that the £(A)-formula S (z,§) is satisfied by a and
for every b’ € M™', S¢(M,V) is short. By Lemma 4.2(ii), S¢(M™) has long
dimension < n.

(=) We prove the statement by induction on n. For n = 1, it is clear. Suppose
it is proved for n. Let a = (a1,...,an+1) be a tuple of rank, over A, equal to n+ 1
and assume, for a contradiction, that X is an A-definable set containing a with
lgdim(X) < n+ 1. By cell decomposition, we may assume that X is an A-definable
cell. If X is the graph of a function, then a,41 is in del(AU{ay, ..., a,}) and hence
in scl(AU{aq,...,a,}), a contradiction. Now assume that X is a cylinder. By the
Refined Structure Theorem, we may assume that X = (f, g)r(x) is a cylinder whose
domain is an A-definable long cone such that f and g are almost linear with respect
to it. Since rank(a/A) =n+1, g(a1,...,an) — f(a1,...,a,) must be long. But by
Inductive Hypothesis, lgdim(7w (X)) = n. Hence, by Lemma 2.17, lgdim(X) = n+1,
a contradiction. |

Corollary 5.10. For every definable X C M™,
lgdim(X) = scl-dim(X).

Proof. Tt is easy to see that every A-definable k-long cone X contains a tuple a with
rank(a/A) = k. On the other hand, by Lemmas 2.13 and 5.9, X cannot contain a
tuple a with rank(a/A) > k. O

5.1. Long-generics. For a treatment of the classical notion of generic elements,
corresponding to the algebraic closure acl, see [Pi2]. Here we introduce the corre-
sponding notion for scl.

Definition 5.11. Let X C M™ be an A-definable set, and let @ € X. We say that
a is a long-generic element of X over A if it does not belong to any A-definable set
of long dimension < lgdim(X). If A =0, we call a a long-generic element of X.

In a sufficiently saturated o-minimal structure, long-generic elements always ez-
ist. More precisely, every A-definable set X contains a long-generic element over
A. Indeed, by Compactness and Lemma 3.6(v), the collection of all formulas which
express that x belongs to X but not to any A-definable set of long dimension
< lgdim(X) is consistent.

A definable subset V' of a definable set X is called long-large in X if lgdim(X \
V) < lgdim(X). In a sufficiently saturated o-minimal structure, V' is long-large in
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X if and only if for every A over which V and X are defined, V contains every
long-generic element a in X over A.

Two long-generics are called independent if one (each) of them is long-generic
over the other.

Let G be a definable abelian group. Let us recall the notion of a left generic
set (not to be confused with the notion of a generic element). A subset X C G is
called left n-generic if n left translates of X cover G. It is called left generic if it
is left n-generic for some n. We recall from [EISt, Lemma 3.10] (see [PeS] for the
notion of definable compactness):

Fact 5.12 (Generic Lemma). Assume G is definably compact. Then, for every
definable subset X C G, either X or G\ X is left generic.

The facts that (M, scl) is a pregeometry and that the scl-dim agrees with lgdim
imply:

Claim 5.13. Let G = (G, ) be a definable group with lgdim(G) = n. Then

(1) If X C G long-large in G, then X is left (n + 1)-generic in G.
(2) If a and g € G are independent long-generics, then so are a and a - g.

Proof. The proof is standard. (1) is word-by-word the same with that of [Pet2,
Fact 5.2] after replacing: a) the notion of a ‘large’ set by that of a ‘long-large’ set,
b) the ‘dimension’ of a definable set by ‘long dimension’; and c) the ‘dimension’ of
a tuple by ‘rank’. (2) is straightforward using the Exchange property. (]

Note that none of the notions ‘generic element’ and ‘long-generic element’ implies
the other.

Lemma 5.14. Let X, W be definable subsets of a definable group G. Assume that
X is a long-large subset of W and that W is left generic in G. Then X is left
generic in G.

Proof. This is similar to the proof of [PePi, Lemma 3.4(ii)]. Since W is left generic
we can write G =giWU---Ug,W. Let Y =W\ X. Then Z =g, Y U---Ug,Y
has long dimension < lgdim(G). So, by Claim 5.13, finitely many left translates of
G\ Z cover G. It follows then that finitely many left translates of X cover G. O

We record one more lemma, which however will not be used in this paper:

Lemma 5.15. Let G be a definable group and X a definable subset of G. If X is
left generic in G then lgdim(X) = lgdim(G).

Proof. Since the group conjugation is a definable bijection, the statement follows
from Lemma 3.6(v) and Corollary 3.11. O

6. THE LOCAL STRUCTURE OF SEMI-BOUNDED GROUPS

In this section, we assume that M is sufficiently saturated, and we fix
a (-definable group G = (G, &, e.), with G C M™ and long dimension k.

By [Pi2], we know that every group definable in an o-minimal structure can be
equipped with a unique definable manifold topology that makes it into a topological
group, called the t-topology. We refer the reader elsewhere for the basic facts about
the t-topology (which we will not make any essential use of, anyway).
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Remark 6.1. By the Refined Structure Theorem, Lemma 3.7 and Corollary 5.10,
for any two independent long-generic elements a and b of G and any (-definable
function f: G x G — G, there are k-long cones C, and C} in G containing a and
b, respectively, such that for all z € C, and y € Cy,

f(z,y) = Az + py +d,

for some fixed A\, € M(n,A) and d € M™. In the case that f(zr,y) = z Dy is
the group operation of G, the A and p have to be moreover invertible matrices
(for example, setting y = b,  ® b = Az + pb + d is invertible, showing that A is
invertible).

Lemma 6.2. For every two independent long-generics a,b € G, there is a k-long
cone C, containing a, invertible A\, X' € M(n,A) and ¢, € M™, such that for all
x € Oy,

20a®b=Xr+c and Ca®bdr=Nz+.

Proof. By Claim 5.13, since a and b are independent long-generics of GG, a and
Sa @ b are independent long-generics of G as well. Therefore, by Remark 6.1, there
are long cones C,, of a and Cgagp of ©a®b in G, as well as invertible A, u € M(n, D)
and d € M™, such that Vz € Cy, Yy € Cougp,

@By =Ar+ puy+d.

In particular, for all z € C,, t0a®b = A\x+pu(©a®b)+d. Letting ¢ = pu(Sadb)+d
shows the first equality. The second equality can be shown similarly. ([

We are now ready to prove the local theorem for semi-bounded groups.

Theorem 6.3. Let a be a long-generic element of G. Then there is a k-long cone
C, C G containing a, such that for every z,y € C,,

roadby=x—a-+y.
Proof. We first prove:

Claim. There is a k-long cone C, C G containing a, and \,u € M(n,A) and
d € M™, such that for all x,y € C4,

ready =+ puy+d.

Proof of the Claim. Let a; be a long-generic element of G independent from a.
Then a2 = a © a; is also a long-generic element of G independent from a. By
Lemma 6.2, we can find k-long cones C and C’ in G containing a, as well as
A1, A2 € M(n, A) and ¢, co € M™, such that Va € C, Vy € C”:

(9) TS ay =Mz +c1 and Sa; By = Aoy + co.

We let V,, be the image of C' under the map x — z © ag, and V,, the image of
C’ under y — Sa; @ y. Then V,, and V,, are open neighborhoods of a; and as in
G, respectively. Also, since a is long-generic, it must be contained in a k-long cone
C, C CNC’, on which, of course, every x and y satisfy equations (9).

Now, by Remark 6.1 and since a1 and as = a©a; are independent long-generics of
G, there are k-long cones C,, and C,, containing a; and as, respectively, such that
for some fixed v,& € M(n,A) and ¢ € M™, we have: Vo € Cy,, Yy € Cy,, x Dy =
vx+&y+e. By continuity of @&, we could choose C,, V,,, V,, so that V,, C C,, and
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Vo, C Ca,, and still every z,y € C, satisfy equations (9). Then for all z,y € C,,
we have:

rTeady = T0aPa1Sa; Dy
= (z6a2) ® (a1 ©y)
= vMzta)+Ey+e)te
= vhNr+Eytrve+Eca+te
Setting A = v, p = €Xg, and d = vey + Eco + o finishes the proof of the claim. [
By the Claim, for all x,y € C,,
y=a8ady=a+py+d
r=xSa®a=\x+ pa+d

a=aSa®a=Aa+ pa+d.
Hence,z —a+y=Xc+py+d=c6ady. ([

We conclude with a stronger version of the local theorem that we expect to be
useful in a future global analysis for semi-bounded groups. By [Pi2], we know that
the t-topology of G coincides with the subspace topology on a large open definable
subset W& The proof of the following proposition involves all machinery developed
so far.

Proposition 6.4. Assume G is definably compact. There is a left generic k-long
cone C' contained in G, on which the t-topology agrees with the subspace topology,
and for every a € C, there is a relatively open subset V, of a + (C) containing a,
such that Y,y € Vg,

(10) rO0a@y=r—a+y.

Proof. By the Refined Structure Theorem, W is the union of finitely many long
cones C1,...,C;. Let v; = (vj1,...,v5;,) be the direction of each C;. By the
Generic Lemma, one of the C}’s, say C, is a left generic k-long cone.

Claim. Ewvery long-generic element a of W& is contained in some k-long cone
contained in G with direction some T; on which (10) holds.

Proof of Claim. Since a is long-generic, Theorem 6.3 implies that a is contained in
some k-long cone D on which (10) holds. Since a is in W&, it is contained in some
C;. By Corollary 3.5, it is not hard to see that some k-long cone with direction
must be contained in D and contain a. [

Consider now the following property, for an element a € Ci:

(*) there is a relatively open subset V, of a + (C) containing a, such that
Vz,y € V,, (10) holds.

The set X of elements of Cy that satisfy (*) is clearly definable. We claim that
it is also long-large in C}.

Clearly, it suffices to prove that every long-generic element of C; satisfies (*).
Let a be a long-generic element of C7. If a belongs to a k-long cone of direction
71 on which (10) holds, then we are done. Hence, by the Claim, it clearly suffices
to show that for every j # 1, the set A; of all elements of C; that belong to a
k-long cone of direction v; but do not satisfy (*), is contained in a definable set
of long dimension < k. To see this, note that if a € A;, then by Corollaries 2.14
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and 3.5, one of the vj1,...,vjk,, say v;1, must be so that for every positive t € M,
vjit € (C1). Let £ be a tall element and D; = {v;1t : t € (0,x)}. The set

Kj:(Cl+Dj)ﬂG

has long dimension < k, as a subset of G. Hence, by Lemma 4.3, and since each
D; has long dimension 1, A; is contained in a definable set of long dimension
<lgdim(K;) — 1.

We have proved that X is long-large in C;. By Lemma 5.14, X is left generic. By
the Refined Structure Theorem, the Generic Lemma and the Lemma on Subcones,
there is a left generic k-long cone C contained in X with the desired property. [

7. APPENDIX

If we tried to prove Lemma 2.8 by induction on n, then in the inductive step we
would run into a system whose form is more general than that of the original one.
Thus, we prove the following, more general statement.

Lemma 7.1. Letwy, ..., Wp, Wnt1, ..., Wotk € A" be M -independent and Ay, ..., A\, €
A", Let ty,...,t, € M be non-zero elements and, for every i = 1,...,n, let
ri,...,m% € M be such that:
k .
wity + anﬂ'r{ = Ai8] 4o+ Aust
j=1
k
Wytn + an_‘_jrﬂl =A\18E 4+ A8
j=1
for some sg € M. Then there are non-zero ai,...,a, € M and b{ e M, i=

1,...,n,5=1,...,n+k, such that:

1 k
= wlbl —+ -+ wn+kb?+

Ay = wlb,lz 4+ -+ wn+kb2+k

Proof. By induction on n. For n =1, it is trivial. Assume n > 1 and that we know
the statement for < n equations. Since wy, ..., w,1x € A™ are M-independent and
t1 # 0, wit; + Zle w47 # 0. Hence there is some s}, say si, which is not
zero. By switching the equations, if necessary, we may also assume that s} < s},
for every ¢ = 2,...,n. Since

k
(11) 1St =wity + anﬂr{ — (A28t + -+ Anst),
j=1
Lemma 2.7 gives, for every i =2,...,n,
k

Aist =wiTi+ Y wn iR — (ASE+ -+ \SP)
j=1
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for some S%, ..., S", T;, R}, ... R¥ € M. By substituting into the original system of
equations, we obtain:

k
waty —wiTh + anJrj(T% — R}) = Aa(s3 — 83) + -+ Aa(s5 — 57)
j=1

k
Watn —wi Ty + Y Wy (rh — RY) = Xa(sh = Sp) + -+ + An(sy — S7)
j=1

Now apply the Inductive Hypothesis to find as, ..., a, such that
(12) each of Agag, ..., Aya, can be expressed in terms of wy, ..., wptk.

By Lemma 2.7, we can replace the elements of M that appear in (11) by arbitrarily
small positive ones; that is, there are arbitrarily small a1,p1,q],u] € M such that

k
(13) A\iai = wipr + anﬂ-q{ — (Aul 4 - Aul).
j=1

In particular, we may choose 0 < u]1 < aj. Hence, by Lemma 2.7 again and (12),
we can express each of A\gu?, ..., \,ul in terms of wy, ..., w,x. Hence \jai is now
also expressed in terms of wy, ..., Wy, finishing the proof. O
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Definable quotients of locally
definable groups






DEFINABLE QUOTIENTS OF LOCALLY DEFINABLE
GROUPS

PANTELIS E. ELEFTHERIOU AND YA’ACOV PETERZIL

ABSTRACT. We study locally definable abelian groups U in various set-
tings and examine conditions under which the quotient of U by a discrete
subgroup might be definable. This turns out to be related to the exis-
tence of the type-definable subgroup 4°° and to the divisibility of /.

1. INTRODUCTION

This is the first of two papers (originally written as one) around groups
definable in o-minimal expansions of ordered groups. The ultimate goal of
this project is to reduce the analysis of such groups to semi-linear groups
and to groups definable in o-minimal expansions of real closed fields. This
reduction is carried out in the second paper ([8]). In the current paper, we
prove a crucial lemma in that perspective, Theorem 3.10 below. This the-
orem is proved by analyzing \/-definable abelian groups in various settings
and investigating when such groups have definable quotients of the same
dimension. The analysis follows closely known work on definably compact
groups. We make strong use of their minimal type-definable subgroups of
bounded index, and of the solution to so-called Pillay’s conjecture in various
settings.

In the rest of this introduction we recall the main definitions and state
the results of this paper.

Until Section 3, and unless stated otherwise, M denotes a sufficiently
saturated, not necessarily o-minimal, structure.

If M is k-saturated, by bounded cardinality we mean cardinality smaller
than k. Since “bounded” has a different meaning in the context of an ordered
structure we use “small” to refer to subsets of M"™ of bounded cardinality.
Every small definable set is therefore finite.
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1.1. \/-definable and locally definable sets. A \/-definable group is a
group (U,-) whose universe is a directed union U = J;c; X; of definable
subsets of M™ for some fixed n (where |I| is bounded) and for every i,j € I,
the restriction of group multiplication to X; x X is a definable function (by
saturation, its image is contained in some Xj). Following [6], we say that
(U,) is locally definable if |I| is countable. We are mostly interested here in
definably generated groups, namely \/-definable groups which are generated
as a group by a definable subset. These groups are locally definable. An
important example of such groups is the universal cover of a definable group
(see [7]). In [12, Section 7] a more general notion is introduced, of an Ind-
definable group, where the X;’s are not assumed to be subsets of the same
sort and there are definable maps which connect them to each other.

A map ¢ : U — H between \/-definable (locally definable) groups is called
\/-definable (locally definable) if for every definable X C U and Y C H,
graph(¢) N (X x Y) is a definable set. Equivalently, the restriction of ¢ to
any definable set is definable.

Remark 1.1. If in the above definition, instead of M™ we allow all X;’s to be
subsets of a fixed sort S then the analogous definition of groups and maps
works in M®. This will allow us to discuss locally definable maps from a
locally definable group U onto an interpretable group V.

1.2. Compatible subgroups.

Definition 1.2. (See [6]) For a \/-definable group U, we say that V C U
is a compatible subset of U if for every definable X C U/, the intersection
X NV is a definable set (note that in this case V itself is a bounded union
of definable sets).

Clearly, the only compatible \/-definable subsets of a definable group are
the definable ones. Note that if ¢ : Y — V is a \/-definable homomor-
phism between \/-definable groups then ker(¢) is a compatible \/-definable
normal subgroup of Y. Compatible subgroups are used in order to obtain
\/-definable quotients, but for that we need to restrict ourselves to locally
definable groups. Together with [6, Theorem 4.2], we have:

Fact 1.3. If U is a locally definable group and H C U a locally definable
normal subgroup then H is a compatible subgroup of U if and only if there
exists a locally definable surjective homomorphism of locally definable groups

¢ : U —V whose kernel is H.

1.3. Connectedness. If M is an o-minimal structure and 4 C M"™ is a
\/-definable group then, by [2, Theorem 4.8], it can be endowed with a
manifold-like topology 7, making it into a topological group. Namely, there
exists a bounded collection {U; : i € I'} of definable subsets of U/, whose union
equals U, such that each U; is in definable bijection with an open subset
of M* (k = dimi{), and the transition maps are continuous. The group
operation and group inverse are continuous with respect to this induced
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topology. Moreover, the U;’s are definable over the same parameters which
define U. The topology 7 is determined by the ambient topology of M™ in
the sense that at every generic point of I/ the two topologies coincide. From
now on, whenever we refer to a topology on G, it is 7 we are considering.

Definition 1.4. (See [1]) In an o-minimal structure, a \/-definable group U
is called connected if there exists no \/-definable compatible subset § GV G
U which is both closed and open with respect to the group topology.

1.4. Definable quotients.

Definition 1.5. Given a \/-definable group ¢/ and Ag C U a normal sub-
group, we say that U /Ag is definable if there exists a definable group K and
a surjective \/-definable homomorphism u : U4 — K whose kernel is Ag.

One can define the notion of an interpretable quotient by replacing “ K
definable” by “K interpretable” in the above definition. Note, however, that
in case M is an o-minimal structure and U is locally definable, such as in
Section 3 below, by [6, Corollary 8.1], the group U has strong definable choice
for definable families of subsets of /. Namely, for every definable family of
subsets of U, {X; : t € T}, there is a definable function f : 7T — |J X; such
that for every t € T, f(t) € X; and if Xy, = Xy, then f(¢t1) = f(t2). In
particular, every interpretable quotient of & would be definably isomorphic
to a definable group.

1.5. Results. Our results concern the existence of the type-definable group
U, for a \/-definable abelian group U. Recall ([12, Section 7]) that for
a definable, or \/-definable group U, we write U’ for the smallest, if such
exists, type-definable subgroup of I/ of bounded index. In particular we
require that &% is contained in a definable subset of /. From now on we
use the expression ‘U0 exists” to mean that “there exists a smallest type-
definable subgroup of U of bounded index, which we denote by ¢/°°”. Note
that a type definable subgroup H of & has bounded index if and only if
there are no new cosets of H in U in elementary extensions of M.

When U is a definable group in a NIP structure, then A% exists (see She-
lah’s theorem in [18]). When U is a \/-definable group in a NIP structure
or even in an o-minimal one, then /% may not always exist. However, if
we assume that some type-definable subgroup of bounded index exists, then
there is a smallest one (see [12, Proposition 7.4]). Recall that a definable
X C U is called left generic if boundedly many translates of X cover U. In
Section 2, we prove the following theorem for \/-definable groups:

Theorem 2.6. Let U be an abelian \/-definable group in a NIP structure.
If the definable non-generic sets in U form an ideal and U contains at least
one definable generic set, then U exists.

We also prove (Corollary 2.12) that when we work in o-minimal expan-
sions of ordered groups, for a \/-definable abelian group which contains a
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definable generic set and is generated by a definably compact set, the non-
generic definable subsets do form an ideal (this is a generalization of the
same result from [16] for definably compact group, which itself relies heavily
on work in [5]).

In Section 3, we use these results to establish the equivalence of the fol-
lowing conditions.

Theorem 3.9. Let U be a connected abelian \/-definable group in an o-
minimal expansion of an ordered group, with U definably generated. Then
there is k € N such that the following are equivalent:
(i) U contains a definable generic set.
(i3) U exists.
(i41) U0 exists and U /U ~ R* x T, where T is the circle group and r € N.
(iv) There is a definable group G, with dimG = dimU, and a \/-definable
surjective homomorphism ¢ U — G.

If U is generated by a definably compact set, then (ii) is strengthened by
the condition that k 4+ r = dimU.

We conjecture, in fact, that the conditions of Theorem 3.9 are always true.

Conjecture A. Let U be a connected abelian \/-definable group in an o-
minimal structure, which is definably generated. Then

(i) U contains a definable generic set.

(ii) U is divisible.

We do not know if Conjecture A is true, even when U is a subgroup
of a definable group. We do show that it is sufficient to prove (i) under
restricted conditions, in order to deduce the full conjecture. In a recent
paper (see [9]) we prove that Conjecture A holds for definably generated
subgroups of (R",+), in an o-minimal expansion of a real closed field R.

Finally, we derive the theorem that is used in [8].

Theorem 3.10. Let U be a connected abelian \/-definable group in an o-
minimal expansion of an ordered group, with U definably generated. Assume
that X C U is a definable set and A < U is a finitely generated subgroup
such that X + A =U.
Then there is a subgroup A" C A such that U/N is a definable group.
If U is generated by a definably compact set, then U/N' is moreover de-
finably compact.

1.6. Notation. Given a group (G, ) and a set X C G, we denote, for every
n €N,

n—times
A

X(n)=Xxx"1t...xx1
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We assume familiarity with the notion of definable compactness. When-
ever we write that a set is definably compact, or definably connected, we
assume in particular that it is definable.

1.7. Acknowledgements. We wish to thank Elias Baro, Alessandro Berar-
ducci, David Blanc, Mario Edmundo and Marcello Mamino for discussions
which were helpful during our work. We thank the anonymous referee for a
careful reading of the original manuscript.

2. \/—DEFINABLE GROUPS AND TYPE-DEFINABLE SUBGROUPS OF
BOUNDED INDEX

In this section, unless stated otherwise, M denotes a sufficiently satu-
rated, not necessarily o-minimal, structure.

2.1. Definable quotients of \/-definable groups. We begin with a cri-
terion for definability (and more generally interpretability) of quotients.

Lemma 2.1. Let (U,-) be a \/-definable group and Ay a small normal sub-
group of U. Then the following are equivalent:

(1) The quotient U/Ag is interpretable in M.

(2) There is a definable X C U such that (a) X - Ao = U and (b) for
every definable Y CU, Y N Ag is finite.

(3) There is a definable X C U such that (a) X -Aog =U and (b) X N Ay
18 finite.

Proof. (1 =2). We assume that there is a \/-definable surjective yu: U — K
with kernel Ag, and K interpretable. By saturation, there is a definable
subset X C U such that u(X) = K and hence X - Ag = U. Given any
definable Y C U, the restriction of u to Y is definable and thus the small
set ker(u1y) =Y N Ag is definable and, hence, finite.

(2 =3). This is obvious.

(3 =1) We claim first that for every definable Y C U, the set Y N Ag is
finite. Indeed, since Y C X - Ag and Ag is small, by saturation there exists
a finite F' C Ag such that Y C X - F. We assume that X N Ay is finite, and
since F' is a finite subset of Ag it follows that (X - F') N Ag is finite which
clearly implies Y N Ag finite.

Fix a finite F} = XX ' NAg and Fr, = XXX N Ap.

We now define on X an equivalence relation z ~ y if and only if 2y ! € Ag
if and only if xy~! € Fy. This is a definable relation since F} is finite. We
can also define a group operation on the equivalence classes: [z] - [y] =[] if
and only if zyz~! € Ag if and only if 2yz~! € F;. The interpretable group
we get, call it K, is clearly isomorphic to U/Ag, and we have a \/-definable
homomorphism from ¢/ onto K, whose kernel is Aq. ([

We will return to definable quotients of \/-definable groups in Section 3.
We now focus on the existence of % for a \/-definable group U.
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2.2. Subgroups of bounded index of \/-definable groups. Let U be a
\/-definable group in an o-minimal structure. It is not always true that U
has some type-definable subgroup of bounded index. For example, consider
a sufficiently saturated ordered divisible abelian group (G, <,+) and in it
take an infinite increasing sequence of elements 0 < a7 < ag < --- such
that, for every n € N, we have na; < a;y1. The subgroup J;(—as,a;) of
G is a \/-definable group which does not have any type-definable subgroup
of bounded index. However, as is shown in [12] (see Proposition 6.1 and
Proposition 7.4), if U does have some type-definable subgroup of bounded
index then it has a smallest one; namely 4% exists.

Our goal here is to show, under various assumptions on U/, that the ideal of
non-generic definable sets gives rise to type-definable subgroups of bounded
index.

As is shown in [16], using Dolich’s results in [5], if G is a definably compact,
abelian group in an o-minimal expansion of a real closed field then the non-
generic definable sets form an ideal. Later, it was pointed out in [10] and
[14, Section 8| that the same proof works in expansions of groups. We start
by re-proving an analogue of the result for \/-definable groups (see Lemma
2.11 below). We first define the corresponding notion of genericity and prove
some basic facts about it.

Definition 2.2. Let U be a \/-definable group. A definable X C U is
called left-generic if there is a small subset A C U such that U = gea 9X.
We similarly define right-generic. The set X is called generic if it is both
left-generic and right-generic.

It is easy to see that a definable X C U/ is generic if and only if for every
definable Y C U, there are finitely many translates of X which cover Y.

Fact 2.3. (1) IfU is a \/-definable group, then every \/-definable subgroup
of bounded index is a compatible subgroup. In particular, if X C U is a
definable left-generic set, then the subgroup generated by X is a compatible
subgroup.

(2) Assume that U is a \/-definable group in an o-minimal structure. If
U is connected and X C U is a left-generic set, then X generates U.

Proof. (1) Assume that V is a \/-definable subgroup of bounded index. We
need to see that for every definable Y C U, the set Y NV is definable. Since
VY has bounded index in U/ its complement in U is also a bounded union of
definable sets, hence a \/-definable set. But then Y NV and Y\ V are both
\/-definable sets, so by compactness Y NV must be definable.

(2) Assume now that U is a \/-definable connected group in an o-minimal
structure and X C U is a left-generic set. By (1), the group V generated
by X is compatible, of bounded index. But then dimV = dimi, so by
[1, Proposition 1], V = U. O
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Fact 2.4. Let (U, +) be an abelian, definably generated group. If X CU is a
definable set then X is generic if and only if there exists a finitely generated
(in particular countable) group T' < U such that Y = X +T.

Proof. Clearly, if I' exists then X is generic. For the converse, assume that
U is generated by the definable set Y C U/, with 0 € Y. Because X is generic
in U, there is a finite set F' C U such that the sets —Y, Y and X + X are
all contained in X + F.

Let Y'(n) be as in the notation from Section 1.6. If we now let I' be the
group generated by F, thenY =J,,Y (n) = X +T. O

We next show that under some suitable conditions we can guarantee the
existence of 4. We do it first in the general context of NIP theories. We
recall a definition [16]:

Definition 2.5. Given a \/-definable group ¢ and a definable set X C U,
Stabpg(X) = {g € U : X AX is non-generic in U}.

Theorem 2.6. Let U be an abelian \/-definable group in a NIP structure
M. Assume that the non-generic definable subsets of U form an ideal and
that U contains some definable generic set. Then for any definable generic
set X, the set Stabng(X) is a type-definable group and has bounded index in
U. In particular, by [12, Proposition 7.4], U exists.

Proof. The fact the definable non-generic sets form an ideal implies that for
every definable set X, the set Stab,q(X) is a subgroup. Note however that if
X is a non-generic set then Staby,y(X) = U and therefore will not in general
be type-definable (unless U itself was definable).

We assume now that X C U is a definable generic set and show that
Stab,y(X) is type-definable. First note that for every g € U, if gXAX is
non-generic, then in particular ¢X N X # @ and therefore ¢ € XX 1. It
follows that Stabyy(X) is contained in XX 1.

Next, note that a subset of U is generic if and only if finitely many trans-
lates of it cover X (since X itself is generic). Now, for every n, we con-
sider the statement in g: “n many translates of gXAX do not cover X”.
Here again we note that for h(gXAX) N X to be non-empty we must have
he€ XX 1UX(gX)~!. Hence, it is sufficient to write the first-order formula
saying that for every hy,...,h, € XX TUX(¢X)™ 1, X € UL, hi(¢XAX).
The union of all these formulas for every n, together with the formula for
XX~ is the type which defines Stabyy(X).

It remains to see that Stab,y(X) has bounded index in ¢/. This is a
similar argument to the proof of [12, Corollary 3.4] but in that paper the
amenability of definable groups and, as a result, the fact that every generic
set has positive measure, played an important role. Since a generic subset
of a \/-definable group may require infinitely many translates to cover the
group, we cannot a-priori conclude that it has positive measure, even if the
group is amenable. Assume then towards contradiction that Stab,,(X) had
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unbounded index and fix a small elementary substructure Mg over which
all data is definable. Then we can find a sequence gi,...,9n,... € U of
indiscernibles over My, which are all in different cosets of Stabny(X). In
particular, it means that g; XAg;X is generic, for ¢ # j.

Consider now the sequence X; = go; XAgo;+1X, i € N. By NIP, there is
a k, such that the sequence {X; : i € N} is k-inconsistent.

Consider now the type tp(g;/Mp) and find some My-definable set W con-
taining g;. Because of indiscernibility, all g;’s are in W. It follows that all
the g; X, and therefore also all X;, are contained in W X. Because each X is
generic, finitely many translates of X; cover W X. By indiscernibility, there
is some £ such that for every ¢ there are f-many translates of X; which cover
WX.

We then have countably many sets X; C WX, such that on one hand
the intersection of every k of them is empty and on the other hand there is
some ¢ such that for each 4, ~-many translates of X; cover WX. To obtain
a contradiction it is sufficient to prove the following lemma (it is here that
we need to find an alternative argument to the measure theoretic one):

Lemma 2.7. Let G be an arbitrary abelian group, A C G an arbitrary
subset. For every k and ¢ there is a fired number N = N (k,{) such that
there are at most N subsets of A with the property that each covers A with
{-many translates and every k of them have empty intersection.

Proof. We are going to use the following fact about abelian groups, taken
from [13] (see problems 7 and 16 on p. 82):

Fact 2.8. For every abelian group G, and for every set A C G and m, it
is not possible to find A1,...Apr1 C A pairwise disjoint such that each Aj;
covers A by m-many translates.

Returning to the proof of the lemma, we are going to show that N = k£
works. Assume for contradiction that there are k¢ + 1 subsets Xy, ..., Xp11
of A, each covering A by f-many translates, with an empty intersection
of every k of them. We work with the group G' = G x C}, where C} =
{0,...,k — 1} is the cyclic group. For i = 1,...,kl + 1, we define ¥; C G’
as follows: For x € G and n € N, we have (z,n) € Y; if and only if z € X;
and n is the maximum number such that for some distinct i1, ...,, < 1, we
have z € X;, N---N X;, N X;. Notice that even though ¢ might be larger
than k, because of our assumption that every k sets among the X;’s intersect
trivially, the maximum n we pick is indeed at most £ — 1. Note also that
the projection of each Y; on the first coordinate is X;.

We claim that the Y;’s are pairwise disjoint. Indeed, if z € X; N X; and
i < j then by the definition of the sets, if (z,n) € ¥; and (z,n’) € Y; then
n<n,soY,NY; =0.
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Now, let A” = A x C). We claim that each Y; covers A’ by kf-many
translates. Indeed, if A C Ule gij - X; then

¢
A C U U(gij,p) Y.

peCy j=1

We therefore found N + 1 pairwise disjoint subsets of A’, each covering
A’ in N translates, contradicting Fact 2.8. O
Thus, as pointed out above we reached a contradiction, so stabyy(X) does
have bounded index in U. This ends the proof of Theorem 2.6. O

Remark 2.9. The last theorem implies that for a \/-definable abelian group
(U,+) in a NIP structure, if the non-generic definable sets form an ideal,
then U% exists if and only if ¢ contains a definable generic set (we have
just proved the right-to-left direction. The converse is immediate since every
definable set containing % is generic).

We are now ready to show (Corollary 2.12 below) that when we work in o-
minimal expansions of ordered groups, for a \/-definable abelian group which
contains a definable generic set and is generated by a definably compact set,
the assumptions of Theorem 2.6 are satisfied. We begin by proving that we
can obtain Dolich’s result in this setting.

Fact 2.10. Let M be an o-minimal expansion of an ordered group and let
Mo < M be a small elementary submodel. If U is a \/-definable group over
My and Xy CU is a t-definable, definably compact set such that Xy N My =
(0, then there are ti,...,t., all of the same type as t over My such that
Xy N-nXy, =0.

Proof. We need to translate the problem from the group topology to the
M"-topology. As we already noted it is shown in [2] that U/ can be covered
by a fixed collection of My-definable open sets | J; V; such that each Vj is
definably homeomorphic to an open subset of M™. By logical compactness,
X, is contained in finitely many V;’s, say Vi, -+, V,,. Now, by definable
compactness, we can replace each of the V;’s by an open set W; such that
Cl(W;) C V; and X; is still contained in Wy,..., W,,. Each X (i) = X; N
Cl(W;) is definably compact and we finish the proof as in [10, Lemma 3.10].

O

For a \/-definable group U, we call a definable X C U relatively definably
compact if the closure of X in U is definably compact. Clearly, X is relatively
definably compact if and only if it is contained in some definably compact
subset of U.

Lemma 2.11. Let M be an o-minimal expansion of an ordered group. As-
sume that U is a \/-definable abelian group, and X, Y C U are definable, with
X relatively definably compact. If X and 'Y are non-generic, then X UY is
still non-generic.
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Proof. This is just a small variation on the work in [16]. Because commu-
tativity plays only a minor role we use multiplicative notation for possible
future use.

We may assume that U contains a definable generic set (otherwise, the
conclusion is trivial).

We need to prove that if X C U is definable, relatively definably compact
and non-generic, and if Z O X is definable and generic then Z\ X is generic.

Fix My over which all sets are definable. Without loss of generality, X is
definably compact (since the closure of a non-generic set is non-generic).

We first prove the result for Z of the form W - W, when W is generic.
Since X is not generic, no finitely many translates of X cover W (because W
is generic). It follows from logical compactness that there is g € W such that
9 & Uneng, WX Changing roles, there is g € W such that Xg~'n My = 0.
We now apply Fact 2.10 to the definably compact set Xg~!. It follows that
there are g1, . .., g, all realizing the same type as g over My, so in particular
all are in W, such that Xgl_1 N---NXg-! = (. This in turn implies that

T

U_,(W\ Xg; ') = W. For each i = 1,...,7 we have
WA\ Xg ' =(Wgi\ X)g; ' € (WW\ X)g; .

Therefore, it follows that W is contained in the finite union (J;_,(WW \
X)g; U and since W is generic it follows that WV \ X is generic, as needed
(it is here that commutativity is used, since left generic sets and right generic
sets are the same).

We now consider an arbitrary definable generic set Z C U, with X C Z
non-generic. Because Z is generic, finitely many translates of Z cover Z - Z.
Namely, Z-Z C|J'_, hiZ. Tf X’ = |J,_, hi X then X is still non-generic (and
relatively definably compact), so by the case we have just proved, ZZ \ X’
is generic. However this set difference is contained in

t t t
Urz\[Jrx c|Jm(2\ X),
=1 =1 i=1

hence this right-most union is generic. It follows that Z \ X is generic. [

Corollary 2.12. Let M be an o-minimal expansion of an ordered group.
Assume that U is a \/-definable abelian group which contains a definable
generic set and is generated by a definably compact set. Then the definable
non-generic subsets of U form an ideal.

Proof. Every definable subset of & must be relatively definably compact,
because it is contained in some definably compact set. Then apply Lemma
2.11. O

3. DIVISIBILITY, GENERICITY AND DEFINABLE QUOTIENTS

In this section, M 1is a sufficiently saturated o-minimal expansion of an
ordered group.
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Proposition 3.1. If U is an infinite \/-definable group of positive dimen-
sion, then it has unbounded exponent. In particular, for every n, the sub-
group of n torsion points, U[n|, is small.

Proof. By the Trichotomy Theorem ([15]), there exists a neighborhood of
the identity which is in definable bijection with an open subset of R" for
some real closed field R, or of V™ for some ordered vector space V' (we use
here the definability of a group operation near the identity of U).

In the linear case, the group operation of i/ is locally isomorphic near e
to + near 0 € M™ (see [10, Proposition 4.1 and Corollary 4.4] for a similar
argument). Clearly then the map = +— kx is non-constant.

Assume then that we are in the field case. Namely, we assume that
some definable neighborhood W of e is definably homeomorphic to an open
subset of R, with e identified with 0 € R"™, and that a real closed field
whose universe is a subset of W is definable in M. The following argument
was suggested by S. Starchenko. If M(z,y) = xy is the group product of
elements near e, then it is R-differentiable and its differential at (e,e) is
x +y. It follows that the differential of the map x — ™ is nx. Therefore,
for every n, the map x + x™ is not the constant map.

As for the last clause, note first that U[n] is a compatible \/-definable
subgroup of U because its restriction to every definable set is obviously
definable (by the formula naz = 0). Because U[n] has exponent at most n, it
follows from what we have just proved that its dimension must be zero, so
its intersection with every definable set is finite. (|

Remark 3.2. Although we did not write down the details, we believe that
the above result is actually true without any assumptions on the ambient
o-minimal M. This can be seen by expressing a neighborhood of ey as
a direct product of neighborhoods, in cartesian powers of orthogonal real
closed fields and ordered vector spaces.

Assume that U = [J;o; X; and that U exists. Given the projection
7 U = U/U, we define the logic topology on U/UP by: F C U /U™ is
closed if and only if for every i € I, #=!(F) N X; is type-definable. We first
prove a general lemma.

Lemma 3.3. Let U be a locally definable group for which U exists and let
7 U — UJUY be the projection map. If Ko C U /U is a compact set, then
71 (Ky) is contained in a definable subset of U.

Proof. We write U = |J,,cry Xn, and we assume that the union is increasing.
If the result fails then there is a sequence k,, — oo and z,, € X, \ X, —1 such
that 7(x,) € Ky. Since Ky is compact we may assume that the sequence
7(x,) converges to some a € Ko. The set 77 1(a) is a coset of U*° and there-
fore contained in some definable set Z C U{. Since a can be realized as the
intersection of countably many open sets, there is, by logical compactness,
some open neighborhood V' 3 a in U /U such that 7=1(V) C Z. But then,
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the whole tail of the sequence {7 (xz,)} belongs to V' and therefore the tail of
{zy,} is contained in Z, contradicting our assumption on the sequence. [J

Claim 3.4. Let U be an abelian locally definable group. Then there exists
a definable torsion-free subgroup H C U such that every definable subset of
U/H is relatively definably compact. If, in addition, U is definably generated,
then U/H can be generated by a definably compact set.

Proof. As can easily be verified, for a definably generated \/-definable group
V, the following are equivalent: (a) every definable subset of V is rela-
tively definably compact, (b) every definable path in V has limit points
in V. A \/-definable group with property (b) was called in [6] “definably
compact”. In Theorem 5.2 of the same reference, it was shown that if V
is a \/-definable group which is not definably compact, then V contains
a l-dimensional torsion-free definable subgroup Hi. Now, if U/ is abelian,
then by Fact 1.3, U/H; is definably isomorphic to a locally definable defin-
able group. Using induction on dim(i), we see that U contains a definable
torsion-free subgroup H such that & /H is definably compact in the above
sense.

If in addition, U is definably generated then U /H is also definably gener-
ated by some set X. By replacing X with Cl(X) we conclude that U/H is
generated by a definably compact set. U

Proposition 3.5. Let U be a connected abelian \/-definable group, which is
definably generated. If U0 exists, then
(1) The group U /U, equipped with the logic topology, is isomorphic to
R* x K, for some compact group K. (Later we will see that K ~ T"
where T is the circle group and r € N).
(2) U and U are divisible.
(3) U™ is torsion-free.

Proof. (1) Let us denote the group U /U by L. By [4, Lemma 2.6] (applied
to U instead of G there), the image of every definable, definably connected
subset of U under 7 is a connected subset of L. As in the proof of Theorem
2.9 in [4], the group L is locally connected, and since U is connected, the
group L must actually be connected.

Since U is generated by a definable set, say X C U, its image 7n(U) = L
is generated by 7(X) which is a compact set (w(X) is a quotient of X by a
type-definable equivalence relation with bounded quotient, see [17]). Hence,
the group L is so-called compactly generated. By [11, Theorem 7.57], the
group L is then isomorphic, as a topological group, to a direct product
R* x K, for some compact abelian group K. This proves (2).

In what follows, we use + for the group operation of &/ and write U as an
increasing countable union J;~; X (k) (with X (k) as in the notation from
Section 1.6).

(2) Let us see that U is divisible. Given n € N, consider the map z —
nz:U — U. For a subset Z of U, let nZ denote the image of Z under this
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map. The kernel of this map is U[n]. By Proposition 3.1, U[n] must have
dimension 0, and therefore by connectedness dim(nlf) = dim(U).

Since U is connected, by [1, Proposition 1] it is sufficient to show that for
every n, the group nlf is a compatible subgroup of ¢, namely that for every
definable Y C U, the set Y N ni/ is definable.

We claim that Y Nni/ is contained in n.X(j) for some j. Assume towards
a contradiction that this fails. Then for every j there exists x; € U such
that nz; € Y \ nX(j). Hence, z; ¢ X(j) and therefore there is a sequence
kj — oo such that z; € X(k;) \ X(k; — 1) and nz; € Y. Consider the
projection m(Y) and 7w(z;) in L. Because Y is definable the set m(Y") is
compact.

By Lemma 3.3, because the sequence {z;} is not contained in any defin-
able subset of U, its image {7 (z;)} is not contained in any compact subset of
L. At the same time, n7(x;) is contained in the compact set 7(Y). However,
since L is isomorphic to R* x K, for a compact group K, the map = — nx is
a proper map on L and hence this is impossible. We therefore showed that

Y nnd CnX(j) Cnld,

and so Y NnUd =Y NnX(j) which is a definable set. We can conclude that
the group ni{ is a compatible subgroup of U, of the same dimension and
therefore nid = U. It follows that U is divisible.

Let us see that Y% is also divisible. Indeed, consider the map z — nx
from U onto U. Tt sends U onto the group nU% and therefore [ : U] <
U : nU*). Since U is the smallest type-definable subgroup of bounded
index we must have nif% = 1%, so Y is divisible.

(3) This is a repetition of an argument from [16]. Because U exists
there is a definable generic set X C U which we now fix. By Theorem 2.6,
the group Stab,,(X) contains U, so it is sufficient to prove that for every
n, there is a definable Y C U such that Stab,,(Y) NU[n] = {0}. We do
that as follows. Because U is divisible, the \/-definable map h +— nh is
surjective. By compactness, there exists a definable Y7 C U which maps
onto X. However, since U[n| is compatible and has dimension zero, every
element of X has only finitely many pre-images in Y;. By definable choice,
we can find a definable Y C Y; such that the map h +— nh induces a bijection
from Y onto X. The set Y is generic in U as well (since its image is generic
and the kernel of the map has dimension zero) and for every g € U[n] we
have (g +Y)NY = (. Hence, the only element of U[n] which belongs to
Stabny(Y) is 0. It follows that 4% is torsion-free. O

As a corollary, we can formulate the following criterion for recognizing
U, generalizing results from [4] and [12]:

Proposition 3.6. Let U be a connected abelian \/-definable group which is
definably generated. Assume that H < U is type-definable of bounded index.
Then H = U if and only if H is torsion-free.
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In particular, if U is torsion-free then U, if it exists, is the only type-
definable subgroup of bounded index.

Proof. Since H is type-definable of bounded index, by [12, Proposition 7.4]
U exists.

If H=U", then by Proposition 3.5 it is torsion-free.

For the converse, assume that H < U is torsion-free. We let L = U /U™,
equipped with the logic topology. Because Y° < H, the map m : U —
L sends the type-definable group H onto a compact subgroup of L. If
7(H) is non-trivial (namely, H # U") then 7(H) has torsion. However,
ker(m) = U is divisible (see Proposition 3.5) and therefore H has torsion.
Contradiction. O

Lemma 3.7. Let U be a connected abelian \/-definable group, which is de-
finably generated. Then the following are equivalent.

(1) U contains a definable generic set.
(2) U exists.
(3) U exists and U/U ~ RF x K, for some k € N and a compact
group K.
(4) There exists a definable group G and a \/-definable surjective homo-
morphism ¢ : U — G with ker(¢p) ~ Z¥ | for some k' € N.
(5) There exists a definable group G and a \/-definable surjective homo-
morphism ¢ : U — G.
Assume now that the above hold. If k is as in (3) and ¢ : U — G and k" are
as in (4), then k = k'

Proof. (1) = (2). Note first that by Claim 3.4, the group U has a defin-
able torsion-free subgroup H with & /H definably generated by a definably
compact set. Because U contains a definable generic set so does U/H. By
Corollary 2.11, the definable non-generic sets in & /H form an ideal, so by
Theorem 2.6, (U/H)Y exists. Its pre-image in U is a type definable sub-
group of bounded index which is also torsion-free (since H and (U/H)" are
both torsion-free). By Proposition 3.6 this pre-image equals U%.

(2) = (3). By Proposition 3.5.

(3) = (4). Let L = R¥x K and my : U — L be the projection map (whose
kernel is U%0).

We now fix generators z1, ..., 2, € R¥ for Z*, and find u1, ..., u; € U with
mu(ui) = (2i,0). If we let I' < U be the subgroup generated by wui, ..., ux
then m(I') = Z*. Note that since 21, ..., 2 are Z-independent, the restric-
tion of my to I is injective, namely I' N U = {0}.

By Lemma 3.3, there is a definable X C U such that W&I(K) C X.
It follows from [4, Lemma 1.7] that the set m;(X) contains not only K
but also an open neighborhood of K. But then, there is an m such that
mmy(X) + ZF = L. This implies that m(mX +T') = L and hence mX +
UP+T CmX +X+T=U. Welet Y =mX + X and then Y + T =U.

We claim that Y NI is finite. Indeed, if Y NI" were infinite then, since 7w, is
injective on T, the set m(Y)NZF is infinite, contradicting the compactness of
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7y (Y). We can now apply Lemma 2.1 and conclude that there is a definable
group G' and a \/-definable surjective homomorphism ¢ : Y — G whose
kernel is T'.

(4) = (5) is clear.

(5) = (1). By logical compactness, there is a definable X C U such that
#(X) = G. But then X + ker(¢) = U, and since ker(¢) = ZF is small, X is
generic in U.

Assume now that the conditions hold, & is as in (3), and ¢ : Y — G and ¥’
are as in (4). We will prove that k& = &’. Consider the map 7y : U — RF x K
and let " be the image of ker(¢) under ny.

We first claim that & < k’. Let X C U be so that ¢(X) = G. Then
X + ker(¢) = U. Thus, my(X) +T = RF x K. Let Y and I be the
projections of m,(X) and T, respectively, into R¥. We have Y 4+ I = R*.
The set m(X) is compact and so Y is also compact.

We let A\i,..., A\p be the generators of ker(¢) and let vy, ..., v € R* be
their images in IV. If H C R* is the real subspace generated by v, ..., v
then Y+ H = R¥, and therefore, since Y is compact, we must have H = R*.
This implies that k < &’.

Now let us prove that &' < k. Note first that ker(¢) N"U = {0}. Indeed,
take any definable set X C U containing °°. Then, since ¢ | X is definable,
we must have ker(¢) NUY C ker(¢)N X finite. However, by Proposition 3.5,
the group U™ is torsion-free, hence ker(¢) NUY = {0}.

It follows that I' = my(ker ¢) is of rank &’. It is also discrete. Indeed,
using X as above we can find another definable set X’ whose image m,(X")
contains an open neighborhood of 0 and no other elements of I.

Now, since K is compact, no element of I' can be in K and therefore the
projection of I" onto IV C RF is an isomorphism. Furthermore, I" is also
discrete, which implies that &’ < k. O

At the end of this section, we conjecture that the above conditions always
hold.

The result below is proved in [3, Theorem 8.2] for ¢ the universal covering
of an arbitrary definably compact group G in o-minimal expansions of real
closed fields.

Proposition 3.8. Let U be a connected abelian \/-definable group, which is
definably generated. Let G be a definable group and ¢ : U — G a surjective
\/-definable homomorphism with ker(¢) ~ ZF.

Then U exists, ker(¢p) NUP = {0} and ¢(U®) = GP. Furthermore
there is a topological covering map ¢' : U /U — G /G, with respect to the
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logic topologies, such that the following diagram commutes.

u G

1) & e

U™~ GG
The group U /U™, equipped with the logic topology, is isomorphic to RF x
T", for T the circle group and v € N. If U is generated by a definably

compact set, then k + r = dim(U). If, moreover, U is torsion-free, then
u/uOO ~ Rdiml/l.

Proof. By Lemma 3.7, U exists. Let I' = ker(¢). We first claim that
I'NU" = {0}. Indeed, take any definable set X C U containing 4. Then,
since ¢ | X is definable, we must have I "% C I'N X finite. However, by
Proposition 3.5, the group U is torsion-free, hence I NU% = {0}.

We claim that ¢(U?°) = G. First note that since 4%’ has bounded index
in U and ¢ is surjective, the group ¢(U%°) has bounded index in G. Because
I NU% = {0} the restriction of ¢ to U is injective and hence ¢U) is
torsion-free. By [4], we must have ¢(U") = G.

By [17], we have

G/GY ~ T
for some | € N. We now consider 7g : G — G/G% and define ¢ : U /U —
G /G as follows: For u € U, let ¢ (my(u)) = mg(¢(u)). Since p(U?) = GO
this map is a well-defined homomorphism which makes the above diagram
commute. It is left to see that ¢’ is a covering map.

It follows from what we established thus far that ker(¢') = my(T) = ZF.
Let us see that this is a discrete subgroup of U /U%. Indeed, as we already
saw, for every compact neighborhood W C U /U of 0, there is a definable
set Z C U such that ;' (W) C Z. But we already saw that Z N T is finite
and hence W N ker(¢') must be finite. It follows that ker(¢') is discrete.

By Lemma 3.7, U /U, equipped with the Logic topology, is locally com-
pact. Since ¢’ : U/U — G /G is a surjective homomorphism with discrete
kernel it is sufficient to check that it is continuous as a map between topo-
logical groups. If W C G/G® is open then V = wél(W) is a \/-definable
subset of G and hence ¢~ (V) is a \/-definable subset of U (because ker ¢
is a small group). By commutation, this last set equals 77, (¢/~1(W)) and
therefore ¢'~1(W) is open in U /U.

By Lemma 3.7, U /U ~ R* x K, for a compact group K. We now have
a covering map ¢ : R¥ x K — G/G% = T+ with ker(¢') = ZF C R*. Tt
follows that K ~ T".

If U is generated by a definably compact set, G will be definably compact.
In this case, by the work in [10], [12] and [14],

G/GOO ~ Tdim(G)
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and, hence, k + r = dim(G) = dim(H).
If, moreover, U is torsion-free, we have r = 0. U

We summarize the above results in the following theorem.

Theorem 3.9. Let U be a connected abelian \/-definable group which is de-
finably generated. Then there is k € N such that the following are equivalent:
(i) U contains a definable generic set.
(i3) U exists.
(i41) U exists and U JUP ~RF x T", for some r € N.
(iv) There is a definable group G, with dim G = dimU, and a \/-definable
surjective homomorphism ¢ : U — G.

If in addition U is generated by a definably compact set, then (ii) is
strengthened by the condition that k 4+ r = dimU.

Proof. By Lemma 3.7 and Proposition 3.8. (|

Theorem 3.10. Let U be a connected abelian \/-definable group which is
definably generated. Assume that X C U is a definable set and A < U is a
finitely generated subgroup such that X + A =U.
Then there is a subgroup A" C A such that U/ is a definable group.
IfU generated by a definably compact set, then U /A’ is moreover definably
compact.

Proof. Since X +A = U, X is generic. By Theorem 3.9, U /U ~ R¥ x T, for
some k,r € N. We now consider A = m;(A) C R¥ x T" and let A’ C R* be
the projection of A into R¥. Since X +A = U, we have m(X)+A = RF xT7.
Hence, if Y is the projection of m;(X) into R* then we have Y + A’ = R¥.
The set m(X) is compact and so Y is also compact.

We let Ai,..., A be generators of A and let vi,...,v, € R* be their
images in A’. If H C R is the real subspace generated by vy, ..., v, then
Y + H = R¥, and therefore, since Y is compact, we must have H = R*.
This implies that among vy, ..., v,, there are elements v;,, ..., v;, which are
R-independent. It follows that A;,..., \;, € A are Z-independent. If we let
A’ be the group generated by \;,, ..., \;, then we immediately see that the
restriction of my to A’ is injective. We claim that ¢/ /A’ is definable.

First, let us see that for every definable Z C U, the set Z N A’ is finite.
Indeed, my(Z) is a compact subset of R¥ x T" and hence m,(Z) N (Zv;, +
-+ + Zv;,) is finite. Because my|A’ is injective it follows that Z N A’ is also
finite.

We can now take a compact set K C R* x T” such that K +7ZF = RF x T".
It follows that m,'(K) + A’ = Y. By Lemma 3.3, there is a definable set
Z C U such that m,'(K) C Z. We now have Z + A’ =Y and Z N A’ finite.
By Lemma 2.1, /A’ is definable.

For the last clause, let f : &4 — U/A’ be the quotient map, and X’ a
definable subset of U such that f(X') = U/A’. Since U is generated by a
definably compact set, the closure of X’ in U/ must be a subset of a definably
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compact set and, hence, itself definably compact. But then it is easy to verify
that U/A = f(X') is definably compact. O

We end this section with a conjecture.

Conjecture A. Let U be a connected abelian \/-definable group which is
definably generated. Then
(i) U contains a definable generic set.

(ii) U is divisible.

Although we cannot prove the above conjecture, we can reduce it to prov-
ing (i) under additional assumptions.

Conjecture B. Let U be a connected abelian \/-definable group, generated
by a definably compact set. Then U contains a definable generic set.

Claim 3.11. Conjecture B implies Conjecture A.

Proof. We assume that Conjecture B is true.

Let U be a connected abelian \/-definable group which is definably gen-
erated. Let V be the universal cover of U (see [7]). Because U is the homo-
morphic image of V under a \/-definable homomorphism whose kernel is a
set of dimension 0, it is sufficient to prove that V' contains a generic set and
that V is divisible.

The group V is connected, torsion-free and generated by a definable set
X C V. We work by induction on dim(V).

Let Y be the closure of X with respect to the group topology of V.

Case 1 The set Y is definably compact.

Since V is generated by Y, then by our standing assumption we may con-
clude that V contains a definable generic set. By Theorem 3.9 and Proposi-
tion 3.5, V is divisible.

Case 2 The set Y is not definably compact.

In this case, we can apply [6, Theorem 5.2] and obtain a definable 1-
dimensional, definably connected, divisible, torsion-free subgroup of V, call
it H. Clearly, H is a compatible subgroup of V, hence the group V/H is \/-
definable, connected ([6, Corollary 4.8]), torsion-free and definably generated
(by the image of X under the projection map). We have dim(V/H) < dim V,
so by induction, the conjecture holds for V/H, hence it is divisible and
contains a definable generic set Z. Because H is divisible as well, it follows
that V is divisible. It is easy to see that the pre-image of Z in V is a definable
generic subset of V. (|
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Finally, although we know that U needs to be definably generated in order
to guarantee (i) (by Fact 2.3(2)), we do not know if the same is true for (ii).

Conjecture C. Let U be a connected abelian \/-definable group. Then U is
divisible.
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Part 3

Definable groups as homomorphic
images of semilinear and
field-definable groups






DEFINABLE GROUPS AS HOMOMORPHIC IMAGES OF
SEMI-LINEAR AND FIELD-DEFINABLE GROUPS

PANTELIS E. ELEFTHERIOU AND YA’ACOV PETERZIL

ABSTRACT. We analyze definably compact groups in o-minimal expan-
sions of ordered groups as a combination of semi-linear groups and
groups definable in o-minimal expansions of real closed fields. The anal-
ysis involves structure theorems about their locally definable covers. As
a corollary, we prove the Compact Domination Conjecture in o-minimal
expansions of ordered groups.

1. INTRODUCTION

This is the second of two papers (originally written as one) analyzing
groups definable in o-minimal expansions of ordered groups. The ultimate
goal of this project is to reduce the analysis of such groups to semi-linear
groups and to groups definable in o-minimal expansions of real closed fields.
Such a reduction was proposed in Conjecture 2 from [19] and a first step
towards it was carried out in [10].

In the first paper ([12]) we established conditions under which locally
definable groups have definable quotients of the same dimension. In this
paper, we carry out the aforementioned reduction for definably compact
groups by first stating a structure theorem for the universal cover G of
a definable group G (Theorem 1.1). We describe G as an extension of a
locally definable group U in an o-minimal expansion of a real closed field by
a locally definable semi-linear group H. We then apply [12, Theorem 3.10]
and derive a stronger structure theorem (Theorem 1.3), replacing the above
U by a definable group. We expect that the second theorem will be useful
when reducing questions for definable groups to groups in the semi-linear
and field settings. We illustrate this effect by applying our second theorem
to conclude the Compact Domination Conjecture in o-minimal expansions
of ordered groups (Theorem 1.4 below).

Let us provide the details.
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1.1. The setting. We let M = (M, <,+,0,...) be an o-minimal expansion
of an ordered group. When M expands a real closed field (with + not nec-
essarily one of the field operations) there is strong compatibility of definable
sets with the field structure. For example, each definable function is piece-
wise differentiable with respect to the field structure. Other powerful tools,
such as the triangulation theorem, are available as well ([3]). At the other
end, when M is a linear structure, such as a reduct of an ordered vector
space over an ordered division ring, then every definable set is semi-linear.

By the Trichotomy Theorem for o-minimal structures there is a third
possibility (see [20]), where there is a definable real closed field R on some
interval in M, and yet the underlying domain of R is necessarily a bounded
interval and not the whole of M. Such a structure is called semi-bounded
(and non-linear), and definable sets in this case turn out to be a combination
of semi-linear sets and sets definable in o-minimal expansions of fields (see
[4], [19], [10]). An important example is the expansion of the ordered vector
space (R; <, 4,z + ax),er by all bounded semialgebraic sets. Most of our
work is intended for a semi-bounded structure which is non-linear.

We assume in the rest of this paper, and unless stated otherwise, that
M = (M, <,+,---) is a sufficiently saturated o-minimal expansion of an
ordered group.

1.2. Short sets and long dimension. Following [19], we call an element
a € M short if either a = 0 or the interval (0,a) supports a definable real
closed field; otherwise a is called tall. An element of M™ is called short if all
its coordinates are short. An interval [a,b] is called short if b — a is short,
and otherwise it is called long. A definable set X C M™ is called short
if it is in definable bijection with a subset of I™ for some short interval I.
The image of a short set under a definable map is short. As is shown in
[4], M is semi-bounded if and only if all unbounded rays (a,+0o0) are long.
However, a semi-bounded and sufficiently saturated M also has bounded
intervals which are long.

Following [10] (see also Section 3 below), we say that the long dimension
of a definable X C M", lgdim(X), is the maximum k such that X contains
a definable homeomorphic image of I*, for some long interval I (the original
definition of lgdim(X') was given in terms of cones, see Section 3 below, but
it is not hard to see the equivalence of the two). The results in [10] show
that every definable subset of M™ can be decomposed into “long cones”
and as a result it follows that a definable X C M™ is short if and only if
lgdim(X) = 0. We call X strongly long if lgdim(X) = dim(X); this is for
example the case with a cartesian product of long intervals. Note that all
these notions are invariant under definable bijections.

Roughly speaking, strongly long sets and short sets are “orthogonal” to
each other. The idea is that the structure which M induces on short sets
comes from an o-minimal expansion of a real closed field, while the structure
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induced on strongly long sets is closely related to the semi-linear structure.
More precisely, if p(x) is a complete type over A such that every formula
in p(x) defines a strongly long set then its semi-linear formulas determine
the type. This is a result which will not be used in this paper, but its proof
is straightforward. Indeed, the aforementioned decomposition from [10] im-
plies, in particular, that every strongly long definable set X of dimension &
is a union of a strongly long k-dimensional semi-linear set and a definable
set whose long dimension is smaller than k. Both sets are definable over
the same set of parameters as X. It follows that p(x) is determined by the
semi-linear formulas.

We will see in examples (Section 6) that the analysis of definable groups
forces us to use the language of \/-definable groups, so we recall some defi-
nitions.

1.3. \/-definable and locally definable sets. Let M be a k-saturated,
not necessarily o-minimal, structure. By bounded cardinality we mean car-
dinality smaller than k. We alert the reader that there is a second use of the
word “bounded” throughout this paper. Namely, a subset of M" is bounded
if it is contained in some cartesian product of bounded intervals. It will
always be clear from the context what we mean.

A \/-definable group is a group (U, ) whose universe is a directed union
U = U;er Xi of definable subsets of M" for some fixed n (where |I] is
bounded) and for every i,j € I, the restriction of group multiplication to
X; x X is a definable function (by saturation, its image is contained in some
Xp). Following [5], we say that (U, -) is locally definable if |I| is countable. In
this paper, we consider exclusively locally definable groups. We are mostly
interested in definably generated groups, namely \/-definable groups which
are generated as a group by a definable subset. These groups are of course
locally definable. An important example of such groups is the universal
cover of a definable group (see [6]). In [16] a similar notion is introduced, of
an Ind-definable group.

A map ¢ : U — H between \/-definable (locally definable) groups is called
\/-definable (locally definable) if for every definable X C U and Y C H,
graph(¢) N (X x Y) is a definable set. Equivalently, the restriction of ¢ to
any definable set is definable.

In an o-minimal expansion of an ordered group, a \/-definable group U
is called short if U is given as a bounded union of definable short sets. If
U = ;e Xi then we let lgdim(U) = max;(lgdim(X;)). We say that U/ is
strongly long if dim(U) = lgdim(U).

We are now ready to state the main results of this paper. Note that in the
special case where M expands a real closed field, the results below become
trivial (since in this case all definable sets are short), and in the case where
M is semi-linear, they reduce to the main theorem from [13] (since in this
case every definable short set is finite).
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1.4. The universal cover of a definably compact group. We first note
(see [19, Lemma 7.1]) that every definably compact group in a semi-bounded
structure is necessarily bounded; namely, it is contained in some cartesian
product of bounded intervals.

Theorem 1.1. Let G be a definably compact, definably connected group of
long dimension k and let F': G — G_be the universal cover of G. Then there
exist an open, connected subgroup H C (MF*,4), generated by a semi-linear
set_of long dimension k, and a locally definable embedding i : H — G, with
i(H) central in G, such that U = G/i(H) is generated by a short definable
set. Namely, we have the following eract sequence with locally definable
maps i, ™ and F':

~ ) s

0——H——aG——U -0

F
G

If we let H = ﬁ(z(ﬁ)), then H is the largest connected, strongly long,
locally definable subgroup of G, namely it contains every other such group.

Question In Section 6 we present various examples that illustrate this
theorem. In all our known examples the universal cover G is the direct sum
of the groups H and U (rather then just an extension of U by H). Can G
always be realized as a direct sum of H and U7

Remark 1.2. 1. One immediate corollary of the above theorem is that every
definably compact group G which is strongly long is definably isomorphic
to a semi-linear group, because in this case H = G._

2. Note that when G is abelian, we have ker(F) ~ Z4m G (indeed, by
[6, Corollary 1.5], we have ker(F) ~ Z!, where the k-torsion subgroups of G
satisfy G[k] ~ (Z/kZ)!. By [19], we have | = dim G).

3. Note that since U above is generated by a definable short set, there is a
definable real closed field R such that U is locally definable in an o-minimal
expansion of R. Indeed, let X C U be a definable set which generates U,
and let R be a definable real closed field such that, up to an M-definable
definable bijection, X is a subset of R™. Let N be the structure which
M induces on R. Without loss of generality, 0 € X. We let X7 = X
and consider the equivalence relation on X x X given by (z,y) ~ (2/,9/) if
x—y=21a —1y. Clearly, X x X/ ~ is in definable bijection with X — X. By
definable choice in N, there exists a definable set Y in N and a definable
bijection between X x X/ ~ and Y. Hence, in M the sets X — X and Y
are in definable bijection. Now consider the definable embedding of X into
X — X (z — x —0), which induces an N-definable injection f; : X; — Y.
We let

Xo=X1 U (Y \ fl(Xl))
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The set X3 is definable in A and is in definable bijection with Y (so also
with X — X). We also have X; C Xo.

We similarly define X3 in AV to be in definable bijection with X — X + X
and such that X; € Xo C X3. We continue in the same way and obtain a
locally definable set | J -y X5, in NV that is in locally definable bijection with
U.

neN

1.5. Covers by extensions of definable short groups. In the next re-
sult we want to replace the locally definable group U from Theorem 1.1 by
a definable short group K. Roughly speaking, it says that G is close to
being an extension of a short definable group by a semi-linear group, and
the distance from being such a group is measured by the kernel of the map
F’ below.

Theorem 1.3. Let G be a definably compact, definably connected group of
long dimension k. Then G has a locally definable cover F: G — G with
the following properties: there is an open subgroup H C (MF*,4), generated
by a_semi-linear set of long dimension k, and a locally definable embedding
i+ H — G, with i(H) central in G, such that K = G/i(H) is a defin-
ably compact definable short group. Namely, we have the following exact
sequence with locally definable maps i, ™ and F':

~ (2 s

0 - H -G - K -0

F
G

If we take H C G as in Theorem 1.1, then there is also a locally definable,
central extension G' of K by H, with a locally definable homomorphism
F':G —G.

When G is abelian so is G and ker(F) ~ ZF + F, for a finite group F.

It is at the passage from the locally definable group ¢ in Theorem 1.1 to
the definable group K in Theorem 1.3 that we use [12, Theorem 3.10).

1.6. Compact Domination. The relationship between a definable group
G and the compact Lie group G/G% has been the topic of quite a few papers.
In [9], [15], [17] the related so-called Compact Domination Conjecture was
solved for semi-linear groups and for groups definable in expansions of real
closed fields. Using the above analysis we can complete the proof of the
conjecture for groups definable in arbitrary o-minimal expansions of ordered
groups (see Section 7 for the original formulation of the conjecture).

Theorem 1.4. Let G be a definably compact, definably connected group. Let
7: G — G/GY denote the canonical homomorphism. Then, G is compactly
dominated by G/G°. That is, for every definable set X C G, the set

m(X)N7(G\ X)
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has Haar measure 0.

1.7. Notation. Let us finish this section with a couple of notational re-
marks. Given a group (G, -) and a set X C G, we denote, for every n € N,

n—times
N

X(n) = (XX 1) (XX 1)

We assume familiarity with the notion of definable compactness. When-
ever we write that a set is definably compact, or definably connected, we
assume in particular that it is definable.
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2. PRELIMINARIES I: LOCALLY DEFINABLE GROUPS, EXTENSIONS OF
ABELIAN GROUPS, PUSHOUT AND PULLBACK

As mentioned in the introduction, we work in a sufficiently saturated o-
minimal expansion of an ordered group a M = (M, <, +, ---). However, the
only use of this assumption is to guarantee a strong version of elimination
of imaginaries, which allows us to replace every definable quotient by a
definable set. Any structure in which this is true will be just as good here,
or, if we are willing to work in M4, then any o-minimal structure will work.

2.1. Locally definable groups, compatible subgroups and definable
quotients.

Definition 2.1. (See [5]) For a locally definable group U, we say that V C U
is a compatible subset of U if for every definable X C U, the intersection

X NV is a definable set (note that in this case V itself is a countable union
of definable sets).

Clearly, the only compatible locally definable subsets of a definable group
are the definable ones. Note that if ¢ : Y — V is a locally definable ho-
momorphism between locally definable groups then ker(¢) is a compatible
locally definable normal subgroup of ¢. Compatible subgroups are used in
order to obtain locally definable quotients. Together with [5, Theorem 4.2],
we have:

Fact 2.2. If U is a locally definable group and H C U a locally definable
normal subgroup, then H is a compatible subgroup of U if and only if there
exists a locally definable surjective homomorphism of locally definable groups

¢ : U —V whose kernel is H.
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If M is an o-minimal structure and & C M™ is a locally definable group
then, by [2, Theorem 4.8], it can be endowed with a manifold-like topology
7, making it into a topological group. Namely, there is a countable collection
{U; : i € I} of definable subsets of &, whose union equals U, such that each
U, is in definable bijection with an open subset of M* (k = dim{), and the
transition maps are continuous. Moreover the U;’s and the transition maps
are definable over the same parameters as . The group operation and group
inverse are continuous with respect to this induced topology. The topology
7 is determined by the ambient topology of M™ in the sense that at every
generic point of U the two topologies coincide. From now on, whenever we
refer to a topology on G, it is 7 we are considering.

Definition 2.3. (See [1]) In an o-minimal structure, a locally definable
group U is called connected if there is no locally definable compatible subset
0 ; V ; U which is both closed and open with respect to the group topology.

Remark 2.4. 1t is easy to see that, in an o-minimal structure, if a locally
definable group U is generated by a definably connected set which contains
the identity, then it is connected.

Definition 2.5. Given a locally definable group 4 and Ag C U a rgrmal
subgroup, we say that U/ /Ay is definable if there is a definable group K and
a surjective locally definable homomorphism p : U/ — K whose kernel is Ag.

We now quote Theorem 3.10 from [12] (in a restricted case).

Fact 2.6. Let U be a connected, abelian locally definable group, which is
generated by a definably compact set. Assume that X C U is a definable set
and A < U is a finitely generated subgroup such that X + A =U.

Then there is a subgroup A" C A such that U/N' is a definably compact
definable group.

2.2. Pushouts and definability. In the following three subsections, all
groups are assumed to be abelian and all arrows represent group homomor-
phisms.

Several steps of the proof require us to construct extensions of abelian
groups with certain maps attached to them. All constructions are standard
in the classical theory of abelian groups but because we are concerned here
with definability issues we review the basic notions (see [14] for the classical
treatment). The proofs of these basic results are given in the appendix.
Although we chose to present the constructions below in the more common
language of pushouts and pullbacks, it is also possible to carry them out in
the less canonical (but possibly more constructive) language of sections and
cocycles.
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Definition 2.7. Given homomorphisms

A—+B

!

the triple (D,~,0) (or just D) is called a pushout (of B and C over A via
a, 3,7, 9) if the following diagram commutes

A—+ B

é
¢ — D
and for every commutative diagram

ALB

(1) BJ Jv’

c "~ p
there is a unique ¢ : D — D’ such that ¢y =" and ¢ = ¢’
If A,B,C,D and the associated maps are (locally) definable, and if for
every (locally) definable D’,+/,¢" there is a (locally) definable ¢ : D — D’
as required then we say that the pushout is (locally) definable.

Proposition 2.8. Assume that we are given the following diagram
A -2+ B
B

C
(i) Let (D,~,6) be a pushout. Then

ker(7) = a(ker(8)).

Moreover, if B is surjective, then so is . If a is injective, then so is J.
(ii) Suppose that all data are definable. Then there exists a definable pushout
(D,~,0), which is unique up to definable isomorphism.

(iii) Suppose that all data are locally definable and «(A) is a compatible
subgroup of B. Then there exists a locally definable pushout (D,~,d), which
is unique up to locally definable isomorphism.

Assume now that « is injective. If we let E = B/a(A) and m : B — E
the projection map then there is a locally definable surjection ' : D — E
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such that the diagram below commutes and both sequences are exact. In
particular, ker(n') = §(C) is a compatible subgroup of D.

0 - A —*~pB—"+pF -0
0——C—+D "+ F——0

We also need the following general fact, for which we could not find a
reference (see appendix for proof):

Lemma 2.9. Assume that we are given the following commutative diagram

A—+B

Y
E——F
with D the pushout of B and C over A (via «a,3,7,0), and F' the pushout

of B and E over A (via a, nf3, wy and ). Then F' is also the pushout of £
and D over C (via n,0, i1,§).

2.3. Pullbacks and definability.

Definition 2.10. Given homomorphisms

B

the triple (D,~,0) (or just D) is called a pullback (of B and C over A via
a, 3,7, 9) if the following diagram commutes

D—+B

CT’A

and for every commutative diagram
/

D ——+B

1l
A

C ——

B
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there is a unique ¢ : D" — D such that v¢ =" and d¢ = ¢'.

If A,B,C,D and the associated maps are (locally) definable, and if for
every (locally) definable D’ ~', 4’ there is a (locally) definable ¢ : D’ — D
as required then we say that the pullback is (locally) definable.

Proposition 2.11. Assume that we are given the following diagram

B

«

(i) Let (D,~,d) be a pullback. Then
v(ker(9)) = ker(a).

Moreover, if B is surjective, then so is . If a is injective, then so is J.
(ii) Suppose that all data are definable. Then there exists a definable pullback
(D,~,0), which is unique up to definable isomorphism.

(iii) Suppose that all data are locally definable. Then there exists a locally
definable pullback (D,~,d), which is unique up to locally definable isomor-
phism.

Assume now that B is surjective. Let G = ker(y) and H = ker(3). Then
G, H are locally definable and compatible in D and C, respectively. More-
over, there is a locally definable isomorphism j : G — H such that the
following diagram commutes and both sequences are exact.

id

0 -G+ D—"+B——>0
bk
0——H -2 o2 4ty
2.4. Additional lemmas.
Lemma 2.12. Assume that the sequence
0——+A—+B—"+C——0

is ezact and that we have a surjective homomorphism p: C — D. Let A’ =
ker(um) C B. Then the following diagram commutes and both sequences are
exact. If all data are locally definable then so is A’ and the associated maps.

0 s A —+B-—"+(C - 0
’L{ id Jl‘
0 g M. g ", p - 0

Proof. This is trivial. O
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Lemma 2.13. Assume that we have surjective homomorphisms F : B — G
and F' : B — G’ with ker(F") C ker(F'). Then there is a canonical surjective
homomorphism h : G' — G, given by h(g') = g if and only if there exists
b € B with F'(b) = ¢’ and F(b) = g. The kernel of h equals F'(ker(F)) and
if all data are locally definable then so is h.

Proof. Algebraically, this is just the fact that if By C By C B then there is
a canonical homomorphism h : B/By — B/Bs, whose kernel is By/Bj.

As for definability, assume that B, G, G’, and F, F’ are \/-definable, and
take definable sets X C G and X' C G'. We want to show that the inter-
section of graph(h) with X’ x X is definable. Since F’, F' are \/-definable
and surjective, there exists a definable Y C B such that F'(Y) D X’ and
F(Y) D X. Now, for every ¢’ € X’ there exists b € Y such that F’'(b) = ¢/,
and we have h(g’) = F(b). Thus, the intersection of graph(h) with X’ x X
is definable. O

Remark 2.14. All statements from Proposition 2.8 to Lemma 2.13 hold under
the more general assumption that M is any sufficiently saturated structure
(not necessarily o-minimal) which has strong definable choice. This is be-
cause the definability issues in the statements are all based on Fact 2.2,
which can be proved for such a more general M.

3. PRELIMINARIES II: SEMI-BOUNDED SETS

3.1. Long cones and long dimension. In this section we recall some
notions from [10] and prove basic facts that follow from that paper.
A k-long cone in M™ is a set of the form

k
C = {b+2)\l(tl)b€B, tiEJi},
=1

where B is a short cell, each J; = (0, a;) is a long interval (with a; possibly

oo) and Ap,..., A\ are M-independent partial linear maps from (—a;,a;)
into M"™ (by M-independent we mean: for all ¢y,...,¢, € M, if A\i(¢t1) +
oo+ Mg (tr) = 0 then t; = -+ =t = 0). It is required further that for each

x € C there are unique b and ¢;’s with x = b+ Zle Ai(t;) (we refer to this
as “long cones are normalized”). So dimC = dim B + k. A long cone is a
k-long cone for some k. By the normality condition, if C is a k-long cone of
dimension k then B must be a singleton.

The long dimension of a definable set X C M™, denoted lgdim(X), is the
maximum k such that X contains a k-long cone. This notion coincides with
what we defined as long dimension in the Introduction. We call X strongly
long if 1gdim(X) = dim(X).

Note that if C' as above is a bounded cone (namely, all a;’s belong to M)
then we can take B' = {b + (M\1(a1/2),...,\x(ax/2)) : b € B} and write
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C = B'+ (C) where

k
<C> = {Z )\l(tz) it € (—ai/2,a¢/2)} .
=1

In this paper, we are interested in bounded cones so we replace B with B’
and write C' = B + (C).

As is shown in [10, Section 5] the notion of short and long intervals gives
rise to a pregeometry based on the following closure operation:

Definition 3.1. Let M be an o-minimal expansion of an ordered group.
Given A C M and a € M, we say that a is in the short closure of A,
a € scl(A), if there exists an A-definable short interval containing a (in
particular, del(A) C scl(A)).

We say that B C M is scl-independent over A if for every b € B, we have
b ¢ scl(BUA\ {b}). We let lgdim(B/A) be the cardinality of a maximal
scl-independent subset of B over A.

Notice that if M expands a real closed field then every set has long
dimension 0 over (). On the other hand if M is a reduct of an ordered vector
space then scl(—) = dcl(—). Thus, this notion is interesting when M is
non-linear and yet does not expand a real closed field (namely, non-linear
and semi-bounded).

As for the usual o-minimal dimension, the notion of long dimension for
definable sets is compatible with the scl-pregeometry in the following sense
(see [10, Corollary 5.10]):

Fact 3.2. If X is an A-definable set in a sufficiently saturated o-minimal
expansion of an ordered group then

lgdim(X) = max{lgdim(z/A) : x € X}.
We say that a € X is long-generic over A if lgdim(a/A) = lgdim(X).

By [10, Theorem 3.8], if X is A-definable of long dimension k and a is
long generic in X over A then a belongs to an A-definable k-long cone in X.

We are now ready to prove two facts which will be used later on.

Fact 3.3. Let F : BxC — M be a definable map, where B C M™ is a short
set and C' C M™ is strongly long (namely 1lgdim(C) = dim(C)). Then there
is an open subset By of B and a strongly long X C C, with dim X = dim C,
such that F is continuous on B x X.

Proof. We may assume that B,C and F are (-definable. Pick b generic in
B and ¢ which is long-generic in C' over b. Since B is short we have

lgdim(bc/0) = lgdim(c/b) = lgdim(C) = lgdim(B x C).
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Because dim C' = lgdimC, c is also generic over b and, hence, we have
dim(be/0) = dim B x C.

That is, (b, ) is generic in B x C' so there exists a ()-definable relatively open
set Y C B x C containing (b, ¢), on which F' is continuous. In particular,
there exists a relatively open neighborhood B; C B, b € Bj, such that
B; x {c} €Y. We may assume that B; is given as the intersection of a
short rectangular neighborhood Vj and B. By shrinking Vj if needed, we
may assume that the set of parameters A defining Vj is scl-independent from
(b,c) (and contains short elements). Hence lgdim(c/Ab) = lgdim(c/b) so ¢
is still long-generic in C' over Ab. By genericity, we can find an Ab-definable
set X C C such that By x X C Y. Because ¢ € X, the set X must be
strongly long of the same (long) dimension as C. O

Fact 3.4. Let h : X — W be a definable map, where lgdimX = dim X > 0
and W C M™ is short. Then there exists a definable set Y C X, with
lgdimY < lgdimX such that h is locally constant on X \'Y.

Proof. Without loss of generality, X, W and h are ()-definable. Take x long-
generic in X and let w = h(z). Because w € W, we have lgdim(w/0) = 0
and therefore x is still long-generic in X over w. It follows that there is a
w-definable set Xo C X, such that for every 2’ € X, h(z') = w. The set X
is strongly long, so z is also generic in X over w. Hence, the set X, contains
a relative neighborhood of z in X, so h is locally constant at . This is true
for every long-generic element in X so the set of points at which h is not
locally constant must have smaller long dimension than that of X. ([

3.2. A preliminary result about definably compact groups. We as-
sume that (G, +) is a definable abelian group. Recall that X C G is generic
if finitely many group translates of X cover G. Using terminology from [18],
a definable set X C G is called G-linear if for every g,h € X there is an
open neighborhood U of 0 (here and below, we always refer to the group
topology of G), such that (¢ — X)NU = (h— X) NU. Clearly, every open
subset of a definable subgroup of G is a G-linear set. More generally, ev-
ery group translate of such a set is also G-linear. As is shown in [18], if a
G-linear subset contains 0 then it contains an infinitesimal subgroup of G.
When the group G is (M™,+) a G-linear subset is also called affine. We call
a definable G-linear subset X C G a local subgroup of G if it is definably
connected and 0 € X.

The G-linear set Gy C G and the H-linear set Hy C H are definably
isomorphic if there exists a definable bijection ¢ : Gog — Hp such that for
every g,h,k € Go, g—h+k € Gg if and only if ¢(g) — ¢(h) + ¢(k) € Hp, in
which case we have ¢(g — h + k) = ¢(g) — ¢(h) + ¢(k). An isomorphism of
local subgroups Gy C G and Hy C H, is further required to send Og to Op.
If ¢ : Gy — Hy is an isomorphism of local subgroups then for all g, k € Gy,
if g+ k € Gy then ¢(g) + ¢(h) € Hp and we have ¢(g + h) = ¢(g) + ¢(h).
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Our starting point is Proposition 5.4 from [10], which comes out of the
analysis of definable sets in semi-bounded structures. Recall our notation
C = B+ (C) from Section 3. Below we use @ and & for group addition and
subtraction in G and use 4+ and — for the group operations in M.

Fact 3.5. [10, Proposition 5.4] Let (G,®) be a definably compact abelian
group of long dimension k. Then G contains a definable, generic, bounded
k-long cone C on which the group topology of G agrees with the o-minimal
topology. Furthermore, for every a € C' there exists an open neighborhood
V C G of a such that for all z,y € V Na+ (C),

(4) TOady=1—a+y.
Our goal is to prove:

Proposition 3.6. Let (G,®) be a definably compact, definably connected
abelian group. Then there exists a definably connected, k-dimensional local
subgroup H C G and a definable short set B C G, dim(B) = dim(G) — k,
satisfying:
(1) (H,®) is definably isomorphic, as a local group, to (H',+), where
H' = (—ey,e1) X --- X (—ep, ex) € MF, with each e; > 0 tall in M.
In particular, dim H = lgdimH = k.
(2) The set B H={b@&h:be€ B he H} is generic in G.

Proof. We fix a definably connected short set B and a k-long cone C' =
B+ (C) as in Fact 3.5.

For b € B, let Cy be the fiber b+ (C). Note that for every z € Cj, and
a sufficiently small neighborhood V' of z, we have VN C, = V Nz + (C).
Note also that each Cj, is an affine subset of (M", +). Thus, condition (4)
implies that each Cy, locally near every a € (Y, is a G-linear subset of G,
and furthermore the identity map is locally an isomorphism of (Cj, +) and
(Cp, ®). Because the affine topology and the group topology agree on C
(and because C' is definably connected in M"), each fiber C is definably
connected with respect to the group topology. By [18, Lemma 2.4], each C
is therefore a G-linear (not only locally) subset of G and the identity map
is an isomorphism of the affine set (Cj,+) and the G-linear set (Cy, @).

Let us summarize what we have so far: On one hand, the set C' = B+ (C)
is a generic set in G, which can be written as a disjoint union of affine sets
Usep Cp- Furthermore, for each a,b € B the map

fop(x) =2 —a+b

is an isomorphism of the affine sets C, and Cj. On the other hand, each Cj
is also a G-linear set, and the same maps f, 5 : Cqy — C} are isomorphisms of
G-linear sets (because the identity is an isomorphism of (Cy, +) and (Cy, ®)).

Our next goal is to show that, for many a, b in B, each map f,(z) is not
only a translation in the sense of the group (M™,+) but also a translation
in (G, ®).
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We define on B the following equivalence relation: a ~ b if there exists
g € G such that we have f, ,(z) = 2 @ g for all x € C,. Note that for every
a,b,c € B, we have f, 40 fo = faa, s0 it is easy to check that ~ is an
equivalence relation.

Claim 3.7. There are only finitely many ~-equivalence classes in B.

Proof. Assume towards contradiction that there are infinitely many classes.
By definable choice, we can find an infinite definable set of representatives
for B/ ~. We then replace B by a definably connected component of this set,
calling it B again. So, we may assume that any two a,b € B are in distinct
~-classes and that B is still infinite and definably connected. We fix some
ag € B and consider the map F': B x Cy, — G, given by F(b,z) = fu, ().

Since Cy, is strongly long, we can find an open subset By C B and a
strongly long set X C Cy,, dim X = dimC,,, such that F' is continuous
on B; x X with respect to the group topology (Fact 3.3). Without loss
of generality we can assume that X is definably compact (we first take a
bounded X, then shrink it slightly, and take its topological closure).

Let us fix a G-open chart V' C G containing Og, and a homeomorphism
with an open affine set ¢ : V. — V' C M* (£ = dimG). Without loss of
generality ¢(0g) = 0 € M*. By identifying V and V', we may assume that
V' C G is an open set with respect to both the affine and the G-topology.

By the definable compactness of X, for every neighborhood W C M*
of 0, there is a neighborhood By C Bj of ag, such that for all ¥/,b” € By
and x € X, we have F(z,b') © F(z,V") € W. Indeed, if not then there are
definable curves x(t) € X, bi(t),b2(t) € By, with by(t), b2(t) tending to b
and such that for all ¢,

F(x(t),01(t) © F(x(t), ba(t)) ¢ W.

Definable compactness of X implies that z(t) — zo € X, so by continuity
we have F(xg,b) © F(xo,b) ¢ W, contradiction.

We now fix W C M* a short neighborhood of 0, and choose By accord-
ingly. If we take distinct o’,b” in By then we obtain a map h : X — W,
defined by h(z) = F(z,0) © F(x,b"”). Because X is strongly long, and
W is short, the map h must be locally constant outside a subset of X
of long dimension smaller than k& (Fact 3.4). So, we have an open neigh-
borhood V" C C,, and an element g € G, such that for all x € V”,
Jaop (2) © fag () = g

We claim that for all z € Cy,, we have fq, 1 (2) © foop () = 9.

First take x € V" and choose any y, z € C,, which are sufficiently close
to each other. Since Cy, is a G-linear set, x © y @ z is still in C,, and still
in V”. So we have

fa(),b’ (CC cyd Z) = fao,b’(gj) o fao,b’ (y) 2] fao,b’ (Z)
and
fao,b”(x cysd Z) = fao,b” (1:) o fao,b” (y) @ fao,b”(z)'
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By subtracting the two equations (in GG), we obtain

g=9® (fao,b’(z) S fa,b”(z)) S (fa,b’(y) © fa,b”(y))v
SO
fao,b’(z) © fa,b”(z) = fa,b’ (y) © fa,b” (y)

for all y,z € Cy, which are sufficiently close to each other. This implies
that the function f,, © f4p is locally constant on Cg, so by definable
connectedness, it must be constant on C,,. We therefore showed that f,, v ©
fao " = g, so in fact b’ ~ b” contradicting our assumption. Thus ~ has only
finitely many classes in B. U

We now return to the relation ~ with its finitely many classes By, ..., By,
and consider the partition of C' into UbeBi Cp, © =1,...,m. Note that for
eachi =1,...,mand every V/,b” € B;, there exists g € G such that z — z®g
is an isomorphism of the G-linear sets Cy and Cyr.

Since C' was generic in G, one of these sets is also generic in G (here we
use the definable compactness of G). So we assume from now on that for
every by, by € B there exists an element g € G such that C, = G, @ g.

Fix by € B and for every b € B choose an element g(b) in G such that
Cy = Ch, ® g(b). If we let B" = {g(b) Dby : b€ B} and H = Cy, © bp, then
C=B®H.

Let’s see that H is as required. Indeed, the map = — x @ by is an
isomorphism of the local subgroups (H,®) and (Cp,,®). As we already
pointed out, the identity map is an isomorphism of (Cj,, ®) and (Ch,, +).
Finally, y — y—bp is an isomorphism of the affine sets (Cj,, +) and ((C'), +).
The composition of these maps is an isomorphism of the local groups (H, ®)

and

(it sends O¢ to 0). This ends the proof of Proposition 3.6. O

4. THE UNIVERSAL COVER OF (G

4.1. Proof of Theorem 1.1. We first prove the abelian case. We proceed
with the same notation as in the previous seciton. Namely, (G,®) is a
definably connected, definably compact abelian group, and H C G is the
definable strongly long set from Proposition 3.6.

Let f': (H',+) — (H,®) be the acclaimed isomorphism of local groups.
We let H = (H) be the subgroup of G generated by H. Since H is a
local abelian subgroup of G of dimension k, H is a locally definable abelian
subgroup of G of dimension k (see [18, Lemma 2.18]). One can show that the
universal cover of H is a locally definable subgroup H of (MP*,+). Indeed,
let H = (H') be the subgroup of (M*,+) generated by H’. Then we can
extend f’ to a map f:H — H with, for every x1,...,2; € H’,

fler+-+a)=f(x1) ® fla2) ©- @ f(m)
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is a \/-definable covering map for H. (The fact that f is well-defined is
provided by the same argument as for [13, Lemma 4.27]). Since # is divisible
and torsion-free, it is the universal cover of H.

We let H{, be the subset of M* that consists of all short elements (by
this we mean all elements of M* all of whose coordinates are short). By
[19, Lemma 3.4], (M}, +) is a subgroup of (M* +) and moreover, it is a
subset of H'. It follows that Ho = f(H;) is a subgroup of H which is
isomorphic to H{, (note that by [19], Ho is a \/-definable set, but not, in
general, a definable one).

From now on, in order to simplify the notation, we will write + for the
group operation of G. In few cases we will also use 4+ for the usual operation
on MP¥, and this will be clear from the context.

We define B = | J,,cy B(n), where B is the definable short set from Propo-
sition 3.6, and the notation B(n) is given in Section 1.7. Since each B(n) is
a short definable set, B is a short locally definable subgroup of G.

Claim 4.1. H + B =d.

Proof. By Proposition 3.6, the set H + B is a generic subset of G and is

contained in H + B (we use here the fact that B C B since 0 € B). Since G

is definably connected we have H + B = G. O
The following claim is crucial to the rest of the analysis.

Claim 4.2. The group Ho N B is compatible in B, so in particular locally
definable.

Proof. Let X C B be a definable set. The set B is a bounded union of short
definable sets, so X is contained in one of these and must also be short. We
prove that, in general, the intersection of any definable short X C G with
Hy is definable.

Since Hg € H we may assume that X is a subset of H. Let us consider
X' = (f)~YX) € M*. Because f’ is injective the set X’ is a finite union
of definably connected short subsets of M¥. It is easy to see that if one of
these short sets contains a short element then every element of it is short.
Thus, if one of these components intersects H{, non-trivially then it must be
entirely contained in Hj, (since H, is the collection of all short elements).
Hence, X'NH| is a finite union of components of X’ and therefore definable.
Its image under f’ is the definable set X N H,. O

Note: It is not true in general that 7 N B is a compatible subgroup of B
(see Example 6.1 below).

The decomposition of G is done through a series of steps.

Step 1 By Claim 4.2 and Fact 2.2, the quotient K = B/(Ho N B) is locally
definable and hence we obtain the following short exact sequence of locally
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definable groups:
(5) 0
Claim 4.3. dim H + dim K = dim G.

10 T3

HoNB - B - K -0

Proof. Because H + B = GG, we have
dimH + dim B — dim(H N B) = dim G.

Indeed, this is true for definable groups, and can be proved similarly here
by considering a sufficiently small neighborhood of 0 in the locally definable
group H N B.

But Hy is open in H and therefore dim(#Ho N B) = dim(H N B), so we also
have dim X + dim B — dim(Ho N B) = dim G. Because K = B/(Ho N B), we
have dim B — dim(Ho N B) = dim K. We can now conclude dim H +dim K =
dim G. [l

Step 2. Since Hy N B embeds into ‘H and Hy N B is a compatible subgroup
of B, we can apply Lemma 2.8 and obtain a locally definable group D (the
pushout of H and B over Ho N B) with the following diagram commuting

0 HoNB —2v B —"5 , - 0
(6) id v idx
0 ey 2 e p - Lk - 0

The maps v and j are injective. Note that since H and B are subgroups of
G, we also have a commutative diagram (with all maps being inclusions)

HoNB —— B

(7)

H

It follows from the definition of pushouts that there exists a locally definable
map ¢ : D — G such that ¢y : B — G and ¢j : H — G are the inclusion
maps. The restriction of ¢ to j(#H) is therefore injective and furthermore,
the set ¢(D) contains H + B and hence, by Claim 4.1, ¢ is surjective on G.

G

Step 3 Consider now the universal cover f : H — H where H is identified
with an open subgroup of (M*, +) as before. As we saw, the group H has
a subgroup H(, which is isomorphic via f to Ho. Hence, there is a locally
definable embedding 8 : HoNB — H such that fB = idy,np. Our goal is to
use this embedding in order to interpolate an exact sequence between the
two sequences in (6) (see (10) below).
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We let D be the pushout of H and B over Ho N B. Namely, we have

0 HonB "B " Lk - 0
(8) B ~" idi
0 g p—L ok 0

Step 4 Next, we consider the diagram

HoN B L B
9) B g

Since f3 = id, it follows from (6) that the above diagram commutes. Since
D was a pushout, there exists a locally definable 4" : D — D such that

I

7y =7y and v'6 = jf.
Putting the above together with (6) and (8), we obtain

10 T3

0 HoN B - B - K -0
B v’ idic
5L m 7
(10) 0 -4 - D ——— K - 0
! v idc
A . Y Y
0 -y —L - p "2 .k - 0

Note that in order to conclude that the above diagram commutes, we still
need to verify that the bottom right square commutes, namely, (idx )7 =
(mp)v'.

We now apply Lemma 2.9 and conclude that the group D is the pushout
of H and D over H. As a corollary we conclude, by Lemma 2.8 (and the
fact that f is surjective),

(11) (i) 75 = (7p)y' (1) ker(v') = g(ker f) (iii) 4/ is surjective.

In particular, (10) commutes.
If we now return to the surjective ¢ : D — G and compose it with 7/, we
obtain a surjection ¢’ : D — G.
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Let us summarize what we have so far:
AN /6\ —~
0 - H D - K -0

(12) ®

G

Step 5 Let p : U — K be the universal cover of IC, (see [6, Theorem 3.11] for
its existence and its local deﬁnability) and apply the pullback construction
from Proposition 2.11 to U, K and D.

We obtain a \/-definable group G (the pullback of & and D over K), with
associated \/-definable maps such that the following sequences are exact and
commute (smce the kernels of 7z and 7z are isomorphic we identify them

both with  and assume that the map between them is the identity). By
Proposition 2.11, we also have

(13) mg(ker(n)) = ker(p).

0 —— 7 G - 0
(14) idl { {

0 —— 4 —— D —2e kK —— 0

__ Because p is surjective, so is 7, so we obtain a surjective homomorphism

= ¢7'n : G — G. It can be inferred from what we have so far that
H=F((H). ~

Note that dim G = diml + dim H and, since U is the universal cover of
K, dimY = dim K. By Claim 4.3, we have dim G = dim G. Note also that
U and H are divisible (as connected covers of divisible groups) and torsion-
free and therefore so is G. It follows that F : G — G is isomorphic to the
universal cover of G.

We therefore obtain

0 ——fH ——~ G —~u - 0

(15) 2

This ends the proof of the first part Theorem 1.1 for an abelian definably
connected, definably compact G.

Assume now that G is an arbitrary definably compact, definably con-
nected group. By [17, Corollary 6.4], the group G is the almost direct
product of the definably connected groups Z(G)? and [G,G], and [G, G] is
a semisimple group. The group G is then the homomorphic image of the
direct sum A @ S with A abelian, S semi-simple, both definably compact,
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and the kernel of this homomorphism is finite. We may therefore assume
that G = A® S. By [17, Theorem 4.4 (ii)], the group S is definably isomor-
phic to a semialgebraic group over a definable real closed field so it must be
short. It follows that lgdim(G) = lgdim(A). By the abelian case, we obtain
the following for the universal cover A of A.

- A
A
Next, we consider p : S — S the universal cover of S (note that S is also a

compact group). By taking the direct product we obtain:
(16)

~

0 - H

- U ~ 0

-~ ™

~ i

0 - ~G=AcS —UaS 0
P
G=A®S

In order to finish the proof of Theorem 1.1 we need to see:

Lemma 4.4. The group H = F(i(H)) contains every connected, \/-definable
strongly long subgroup of G.

Proof. We first prove the analogous result for the universal cover G of
G, namely we prove that ’L/(:H) contains every connected, locally definable,
strongly long subgroup of GG. For simplicity, we assume that H C G.

Assume that V C G is a connected, \/-definable subgroup with dim (V) =
lgdim(V) = ¢. Because lgdim(G) = k we must have £ < k. We will show
that the group V NH has bounded index in V, so by connectedness the two
must be equal.

Consider U from Theorem 1.1. Because U is short, there exists at least
one u € U such that lgdim (71 (u)NV) = £ (see [10, Lemma 4.2]). Since V is
a group we can use translation in )V to show that forAevery u € 7(V), we must
have lgdim(7~!(u) N V) = ¢. In particular, lgdim(H N V) = lgdim(7—*(0) N
V) = L.

Write V = |J; Vi a bounded union of definable sets which we may assume
to be all strongly long of dimension ¢. For every V;, consider the definable
projection w(V;) C U. By Lemma 9.1 (proved in the appendix), the set F;
of all u € 7(V;) such that lgdim(7~1(u) N'V;) = £ is definable, so because
dim(V;) = ¢, this set must be finite.

Let F =, F; C n(V). We claim that F' = 7(V). Indeed, if u € 7(V) \ F
then by the definition of the Fj’s, lgdim(7~!(u) N'V;) < ¢ for all 4, which
implies that lgdim(7~!(u) N V) < ¢. This is impossible by our above obser-
vation, so we must have F = 7(V).
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Because F' is a bounded union of finite sets it follows that the index of
VN H in VY is bounded. Since V is connected it follows that VNH =V, so
YV CH.

Assume now that V C G is a connected, locally definable, strongly long
subgroup of G and let V C G be the pre-image of V under F. The group
V is strongly long and locally definable, and the connected component of
the identity (see [1, Proposition 1]), call it V9, is still strongly long (since
it has the same dimension and long dimension as V) By what we just
saw, V0 is contained in H and hence F'(V°) is a \/-definable subgroup of
H NV, which has bounded index in V. Because V is connected it follows

FOW%) =V C . a

This ends the proof of Theorem 1.1.

5. REPLACING THE LOCALLY DEFINABLE GROUP U/ WITH A DEFINABLE
GROUP

We now proceed to prove Theorem 1.3. We first assume again that G is
abelian. The goal is to replace the locally definable group U in (15) with a
definable short group. We refer to the notation of (14) and (15).

Step 1 Let A = ker(F) and let A} = 75 a(A) CcU.

Claim 5.1. The universal cover U of K from (14), together with A1, satisfy
the assumptions of Fact 2.6. Namely, U is connected, generated by a defin-
ably compact set and there is a definable set X CU such that X + Ay =U.
Moreover, A1 is finitely generated.

Proof. The group G is the universal cover of G. We first find a definable,
definably connected, definably compact X C G which contains the identity,
such that FI(X) = G We start with a definable X C G such that F(X) = G
and then replace it with C1(X). We claim that C1(X) is definably compact.
Indeed, if not then by [5, Lemma 5.1 and Theorem 5.2], G has a definable,
1- d1mens10nal subgroup G which is not definably compact. Because p is
locally definable, its restriction to Go is definable so ker(F') N Gy is finite
and therefore trivial. Hence F (Go) is a definable subgroup of G that is not
definably compact, contradicting the fact that G is definably compact. Thus,
we can find a definably compact X’ with X’ + ker(F) = G. By [12, Fact
2.3(2)], X’ generates G.

By [6, Claim 3.8], G is path connected so we can easily replace X’ by
X1 2O X’ which is definably compact and path connected (connect any two
definably connected components of X’ by a definable path). To simplify we
call this new set X again. R

Also, by [6, Theorem 1.4 and Corollary 1.5], ker(F') is isomorphic to the
fundamental group of G, 7rdef (G), which is finitely generated. It follows that
Ay is finitely generated, U = m5(X) + Ay, and 75(X) is definably compact
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and definably connected. Since X generates @, the set m5(X) generates U.
By Remark 2.4, U is connected. O

We can now apply Fact 2.6 and conclude that there is a definably compact
group K and a \/-definable surjection fi : U — K with ker(i) = Ag C A.

Our goal is to prove: There are locally definable extensions G and G of
K, by the group H and H, respectively, and surjective homomorphisms from
G and G’ onto G.

First, by Lemma 2.12, we have a locally definable group H = ker(umg) =

(AO) C G such that (we write i for the identity on 7 on the top left) the

dlagram commutes and the following sequences are exact.

- U
WFJ

> ~ 0

)

~ 0

()}

><7C}>

0 id

H
(17) ZL
- H/

Because ker(ji) C ma(A), the group ’;—Z’ is contained in the group i(H)+A.
Since z(?—{,) is a divisible subgroup of 7-[’ there exists a subgroup A’ C A such
that 7’ equals the direct sum of i(%) and A’. Because ker(r Ta) = i(H), the
group A’ is isomorphic, via 75, to Ag, so A’ is finitely generated. We now

~

have a group homomorphism p : H' — H, given via the identification of H’
with i(H) @ A’. Namely, p(i(h) + A) = h. R

We claim that p is a locally definable map. Indeed, H' is the union of sets
of the form i(H;) + F;, where H; is definable and F; is a finite subset of A'.
Because the sum of H and A’ is direct, each element g of i(H;) + F; has a
unique representation as g = i(h) + f, for h € H; and f € F;. Therefore the
restriction of p to i(H;)+ F; is definable. It follows that p is locally definable.

Step 2. We apply Proposition 2.8 to the diagram

~, id
H — G

g

~

H

and obtain a locally definable pushout G, such that the following diagram
commutes and the sequences are exact:

id
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Because p is surjective the map & : G — G is also surjective. Moreover, by
Lemma 2.8, the kernel of & equals ker p = A’ so is contained in A = ker(F).

Step 3. We now have surjective maps F:G—>Ganda:G— G, both
V-definable with ker(a) C ker(F)). By Lemma 2.13 we have a \/-definable
surjective F : G — G, with ker(F') = a(ker(F)). We therefore obtained the
following diagram:

(18)

Bl

Finally, let us calculate ker(F): Recall that A’ is isomorphic to Ay the
kernel of the universal covering map zi : Y — K. Because K is a short
definably compact group, it follows from [8] that ker(u) = erf (K) = 77,

where Wilef (K) is the o-minimal fundamental group of K and
d = dim(K) = dim(U) = dim(G) — k,
for k = lgdim(G). The map F : G — G is the universal covering map

of G and therefore, as shown in [6, Theorem 1.4, Corollary 1.5], ker(F) =
erf (G) = Z*, for some £. Furthermore, for every m € N, the group of
m-torsion points G[m] is isomorphic to (Z/mZ)‘. By [19, Theorem 7.6],
G[m] = (Z/mZ)%™ (&) hence we can conclude

A = ker(F) = n{/(G) = 2™,
We now have ker(F) = a(A) ~ A/A, with A ~ Z3™(©E) and A/ ~

74m(@)~k Hence, ker(F) is isomorphic to the direct sum of Z¥ and a finite
group, as required.

Question Can K be chosen so that ker(F) ~ Z*?

Next, consider H C G as in Theorem 1.1. We want to see that we can
obtain a similar diagram to (18), with H instead of . For simplicity, assume
that 7; is the identity. First notice that by the last clause of Theorem 1.1, we
must have F(H) C H. However, using exactly the same proof as in Lemma
4.4, we can show that that F(#) is also the largest connected strongly long,

locally definable, subgroup of G, hence it equals H. We therefore have

i1 _
— G

)

FI'H

H
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We can now obtain G, the pushout of G and H over H:

i1 rel

0 - H -G - K -0
FW—AL {a’ {id
0 N - 0

Clearly, ker(F | #H) C ker(F), so by Proposition 2.8, ker(a') = i(kerF |
H) C ker F. By Lemma 2.13, we have a homomorphism from G’ onto G as
we want. We therefore have:

0 YL L -
(19) n
G

This ends the switch from (18) to (19), and with that the proof of Theorem
1.3 in the case that G is abelian. In order to conclude the same result for
arbitrary definably compact, definably connected GG, we repeat the same
arguments as in the last part of the proof of Theorem 1.1. O

5.1. Special cases. As was pointed out earlier, we use Fact 2.6 to guarantee
that there is a definable group K and a_\/-definable surjection fi : U — K
with Ag := ker(jz) a subgroup of mz(ker F) (see notation of Theorem 1.1). In
certain simple cases we can see directly why such Ag exists, without referring
to Fact 2.6:

Assume G is abelian. Let K and H be as in Section 4.1. Namely, K is
the group obtained as the quotient of the locally definable subgroup B of G
by the compatible subgroup Ho N B, and H is the largest locally definable,
connected strongly long subgroup of G.

(1) Assume that K is definable.

In this case we take Ag = ker(u), where pu : U — K. Obviously, U/Ag
is definable, so we need only to see that Ag C W@(k@i‘ F). Let u € ker(u).
By (13), u :/\wé(v), for some v € ker(n). But then F(v) = ¢vy'n(v) = 0,50
U € ng(ker F).

(2) Assume that H is definable.
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We denote by K the definable group G/H. From Theorem 1.1 and its
proof we obtain the following commutative diagram.

T

0 - - —%ey )
! 2
id TG .
0 - U -G - K - 0

But now there is a unique map u : &/ — K which makes the above diagram

commute, and it is easy to verify by construction that ker(u) C 7z (ker(F)).
We now take Ag = ker(u).

6. EXAMPLES

In this section we provide examples that motivate the statements of The-
orem 1.1 and 1.3. More specifically, we give examples of definably compact
groups which cannot themselves be written as extensions of short (locally)
definable groups by strongly long (locally) definable subgroups. This is what
forces us to move our analysis to the level of universal covers.

In the following examples, we fix M = (M, +, <, 0, R) to be an expansion
of an ordered divisible abelian group by a real closed field R, whose domain
is a bounded interval (0,a) C M. In particular, M is semi-bounded, o-
minimal, and (0, a) is short. Let also b € M be any tall positive element.
In the first two examples, we define semi-linear groups which have the same
domain [0,a) x [0,b) but different operations.

Example 6.1. Pick any 0 < v; < a such that ¢ and v; are Z-independent.
Let L be the subgroup of (M?, +) generated by the vectors (a, 0) and (vy, b),
and let G = ([0,a) x [0,b),*,0) be the group with

rxy=z < rx+y—zel.

By [13, Claim 2.7(ii)], G is definable.

Let us see what the various groups of Theorems 1.1 and 1.3 are in this
case.

We let G be the subgroup of M? generated by [0,a] x [0,b]. The group G
is torsion-free and it is easy to see that there is a locally definable covering
map I’ : G — G. Hence, G is the universal cover of G. The group H =
{0} x U, (—nb,nb), is a locally definable compatible subgroup of G and the
quotient G/H is 1somorphlc to the short group J,,(—na, na).

We have lgdlm(?-l = dlmL’H = 1, so H is strongly long. As in the proof of
Proposition 4.4, the group H is the largest strongly long, connected, locally
definable subgroup of ’H

Now, we let H = F (’H) This is the subgroup of G generated by the set
H= {0} [0,b) and we can describe it explicitly. Let S C [0,a) be the set
containing all elements of the form n(a —v1) mod a. By the choice of vy,
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the set S has to be infinite. By the definition of the operation x, it is easy
to see that
H=|J{s} x[0,0),
ses
which is not definable (so in particular not compatible in G). This shows
the need in Theorem 1.1 to work with the universal cover of G rather than
with G itself. Note that F' restricted to H is an isomorphism onto .

In fact, G does not contain any infinite strongly long definable subgroup.
Indeed, if it did, then its connected component should be contained in H
and therefore the pre-image of this component under F' | H would be a
proper definable subgroup of H and, thus, of (M, +), a contradiction.

Now consider the subgroup K = ([0,a) x {0}, *,0) of G and let K be its
universal cover. We can write

G=Hx*K.

Of course HNK is infinite, so this is not a direct sum. However, the universal
cover G of G is a direct sum

G=HaoK,
whereas, if we let
G=HaoK,
then we can define a surjective homomorphism F : G — G with ker F ~

7(0,b).

We finally observe in this example that H N K = S is not a compatible
subgroup of K, which indicates the need for passing to Hg in the proof of
Theorem 1.1 (see Claim 4.2).

Example 6.2. Pick any 0 < us < b such that us and b are Z-independent.
Let L be the subgroup of (M? +) which is generated by the two vectors
(a,u2) and (0,b), and let again G = ([0,a) x [0,b), *,0) be the group with

rxy=z S xr+y—z€L.

Here we observe that H = {0} x [0,b) itself is the largest strongly long
locally definable subgroup of G and, hence, G is itself an extension of a short
definable group by H. However, H does not have a definable complement
in G; namely, G cannot be written as a direct sum of H with some definable
subgroup of it. The proof of this goes back to [22]. See also [21].

The universal cover H of H is again the subgroup of M? generated by
H. Let K be the subgroup of G generated by K = [0,a) x {0}, and K its
universal cover. Then we can write

G=Hx*K,

where again H N K is not finite, so this is not a direct sum. The universal
cover G of G is again a direct sum

~

G=HoK.
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If we let K = {[0,a) x {0},%x,0) be the group with operation xx = +
mod a, then we can define a suitable extension G of K by H

0 - ——G—— K ——0

and a surjective homomorphism F : G — G with ker F' ~ Z(0,b).

We finally give an example for Theorems 1.1 and 1.3 of a definable group
GG which contains no infinite proper definable subgroup.

Example 6.3. Pick any 0 < v; < a such that a and v; are Z-independent,
and any 0 < us < b such that ug and b are Z-independent. Let L be the
subgroup of (M?,+) which is generated by the vectors (a,uz) and (vy,b).
We define the group G with domain

([0,a) x [0,b — uz)) U ([v1,a) x [b—ug,b)),
and group operation again
rrxy=2z < x+y—z€L.

It is not too hard to verify that the above is indeed a definable group - this
will appear in a subsequent paper ([11]).

In this case, G does not contain any infinite proper definable subgroup.
This again originates in [22]. We let H the subgroup of G generated by
H = {0} x [0,b — u2), and H its universal cover. We also let K be the
subgroup of G generated by K = [0,a) x {0}, and K its universal cover.
Then we have:

G=Hx*K,
with H N K infinite, and R

G=HDK.
Finally, if we let K = ([0, a)x {0}, *f, 0) be the group with operation xx = +
mod a, then we can define a suitable extension G of K by H

~ J—

0 H G K -0

and a surjective homomorphism F : G — G with ker F ~ Z(v1, b).

7. COMPACT DOMINATION

Let us first recall ([16, Section 7]) that for a definable, or \/-definable
group U, we write U for the smallest, if such exists, type-definable sub-
group of U of bounded index (in particular we require that 2% is contained
in a definable subset of /). Note that a type-definable subgroup H of U has
bounded index if and only if there are no new cosets of H in I/ in elemen-
tary extensions of M. A definable X C U is called generic if boundedly
many translates of X cover U. In [12, Theorems 2.9 and 3.9] we established
conditions so that /% and generic sets exist.

Let G be a definably connected, definably compact, abelian definable
group and 7 : G — G/G" the natural projection. We equip the compact



DEFINABLE GROUPS 93

Lie group G/G% with the Haar measure, denoted by m(Z), and prove: for
every definable X C G, the set of h € G/G for which 7=*(h) N X # ()
and 771(h) N (G \ X) # () has measure zero. As is pointed out in [16], it is
sufficient to prove that

(20)  for every definable X C G, if dim X < dim G, then m(7rX) = 0.

We say then that G' (and 7) satisfy Compact Domination. When G is locally
definable and G exists then G/G is locally compact (see [16, Lemma 7.5])
and so admits Haar measure as well. We still say that G satisfies compact
domination if (20) holds.

We split the argument into two cases:

I. GG is abelian.

Consider the universal covering map ¢ : G — G and the commutative
diagram in [12, Proposition 3.8]
¢

G G

(21) e TG

G/GW " GG

Using the fact that ker ¢ has dimension zero and kerg’ is countable, it is
not hard to see that G satisfies Compact Domination if and only if G' does.
Our goal is then to prove (20) for the universal cover G.

Recall by Theorem 1.1 the sequence:

0 e — a1y ~ 0

with 7 an open subgroup of (M* +), lgdim(H) = k = lgdim(G) and U a
short \/-definable group of dimension n. Note that G contains a definable
generic set (any definable set which projects onto G), and hence so does U.
By [12, Theorem 3.9], U has a definable, definably compact quotient K, and
the homomorphism from U onto K has kernel of dimension zero. By [15],
the group K, with its map onto K /K satisfies Compact Domination, and
therefore my : U — U ZUOO also satisfies Compact Domination.
We now consider ‘H and first claim:

(22) H% exists and contains the set of all short elements in M.

Indeed, recall from Section 3.2 that H is generated by a subset H' C MF,
H' = (—eq,e1) x -+ X (—ey, ex),

with each e; > 0 tall in M. We define, for each n € N, H; = %H’, and claim

that R
H = () Hy.
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Indeed, (,, Hy is a torsion-free subgroup of H. Moreover, each H,, is generic
in H because we have H = H, + Zey + --- + Zey,. It follows that (), H,
has bounded index in #, and thus [12, Proposition 3.6] gives H% = N, Hn.
Finally, since each e; is tall, it is easy to verify that each short tuple in M*
must be contained in ), Hy.

We now claim that G% Ni(#) = i(H%). This follows from the fact that
G Ni(H) has bounded index in i(H) and it is torsion-free ([12, Proposition
3.6]). Next, we claim that f(G*) =U®. Since f(G") has bounded index it
must contain U%°. Because G is torsion-free and ker(f) = i(H) = i(H) N
G is divisible ([12, Proposition 3.5]), it follows that f(G) is torsion-free
so must equal 4. We therefore have the following commutative diagram
of exact sequences:

(23) ﬂ',’q TI'@ Y

i 7

0 ﬁ/ﬁoo ., é/@OO _ v, U/UOO

0

As in the proof of [12, Proposition 3.8], the map fis continuous.

Assume now that X C G is a definable set of dimension smaller than
dim G. We want to show that m5(X) has measure 0. We are going to use
several variations of Fubini’s theorem so let us see that the setting is correct.
By [12], the group G//G is isomorphic to RF x R™ and the bottom sequence
in the above diagram is just

(24) 0 - RF — G/G™ L. e -0

The above sequence necessarily splits as a Lie group, so by Fubini, a set
Y C G/G has measure zero if and only if the set

{ueR™ : mpr(f  (u)NY) > 0}

has measure zero in R™. (By mpx (ffl(u) NY) we mean the measure after
identifying R* x {u} with RF)
We are now ready to start the proof.

Case 1 dim f(X) < dimU.

Here we use Compact Domination in expansions of real closed fields (see
[15]), so by an earlier observation, U also satisfies it. Hence, we have
m(my(f(X))) = 0, and therefore, by the commutation of the above dia-
gram and Fubini we must have m(m5(X)) = 0.
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Most of the work goes towards the proof of the second case. For simplic-
ity, let us assume that H C G.

Case 2 dim f(X) = dimU.
We first establish two preliminary results.
Claim We may assume that lgdim(X) < k = lgdim(G).

Indeed, by Lemma 9.1, we can decompose f(X) into two definable sets
Y] U Yy such that for every v € Yj, we have lgdim(f~'(u) N X) < k
and for every u € Y3, lgdim(f~t(u) N X) = k = dim(f~!(u)). Because
dim X < dim G and dim f(X) = dim/, the dimension of Y5 must be smaller
than dim#. By Case (1), we can ignore Y2 and assume now that for every
u € f(X), lgdim(f~1(u)NX) < k. Since U is short, it follows from [10] that
lgdim(X) < k.

In the rest of the argument we prove the more general statement:

Lemma 7.1. If X C G is definable and lgdim(X) < k then the measure of
ma(X) is zero.

Proof. We first prove a result for the group H. By [12, Proposition 3.8], the
group H/H, equipped with the logic topology, is isomorphic to R¥.

Claim 7.2. IfY C H is definable and lgdim(Y) < k then m(r5(Y)) = 0.

Proof. Recall that His a subgroup of (MP*, +) and that the set of all short
elements of M* is contained in H%. Hence, if B is any definably connected
short set, then 75 (B) = {b} is a singleton.

The set Y is a finite union of m-long cones, with m < k, hence we may as-
sume that Y is such a cone C' = B+(C), where (C) = {Zle Ai(ti) : t; € IZ-},

for long I; = (—a;,a;) and partial linear maps \; : I; — M*. We have
m7(C) =b+ > mg(Ni(t)).
i=1

Because 75 is a homomorphism from (H, +) onto (RF, +), it follows that
for each i = 1,...,m, t; = mg(Ai(t;)) is a partial homomorphism from
I; into (RF +). Hence, the image of the G-linear set {\;(t) : ¢ € I;}
is a closed affine subset of R* of dimension m. Since m < k we have

m(ﬂﬁ(Y)) = m(ﬂ'ﬁ(C’)) =0. O

Claim 7.3. There exists a_definable set Uy C U with U C Uy, and a
definable section s : Uy — G (i.e. fs(u) = u for every u € Uy), such that
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(i) the function s is continuous with respect to the topologies induced by U
and G and (i) s(U*) C G.

Proof. Let Uy C U be a definable generic set. By definable choice. there
exists a definable partial section s : Uy — G, namely, sf(u) = u for all u €
Ui. The map s is piecewise continuous (with respect to the 7-topologies of U
and G’) and therefore Uy has a definable, definably connected Uy C Uy, still
generic in G such that s is continuous on Uy. Using Compact Domination
for U, it follows from [16, Claim 3, p.590] that the set Uy contains a coset
of U so we may assume after translation in U that Uy contains U and
s : Uy — G is continuous. We may also assume that s(0) = 0.

It is left to see that s(U%) is contained in G°. Consider the map o(x,y) =
s(z —y) — (s(x) — s(y)), a definable and continuous map from Uy x Up into
H. Because the group topology on H is the subspace topology of M* and
because Uy x Uy is a short definably connected set its image under o is a
short, definably connected subset of H containing 0. As we pointed out
earher it must therefore be contained in FH0, N N

We consider the set G1 = s(U) + H and claim that G; = G®. To see
first that G is a subgroup, we note that

(s(u1) + h1) — (s(u2) + h2) = s(ur — u2) + (h1 + ha — o(u1, u2)).

When UL, Uy € U we have o(ui,ug) € ﬁoo and hence this sum is also in
Gi. Because s is definable and both U and H® are type-definable the
group G1 is also type-definable. Because U has bounded index in ¢/ and
H00 has bounded index in H it follows that G1 has bounded index in_ G.
Since G is torsion-fee it follows from [12, Proposition 3.6] that Gy = G,
In particular, s(U%) is contained in G%°. O

Our goal is to show that m(mw5(X)) = 0. By Fubini, it is sufficient to show
that for every u € UUY, the fiber 75(X) N 1 (u ) has zero measure in the

sense of L/ H. Namely, it is the translate in G/G% of a zero measure
subset of H/H.

Claim Fix u € U/UY. Then there exists a a definable set Y’ QAﬁ
lgdim(Y') < k, and an element g € G such that the fiber 7 aX)nft
contained in the set

f- ()IS

Fﬁ(Y) + W@(g).

Proof. Fix u € U such that my(u) = u. By translation in G and in U we may
assume that the domain of the partial section s which was defined above,
call it still Uy, contains @+U%. If we let g = s(@) then s(u+Z/{OO) C g+G00

Consider the definable map z +— z —s(f(x)) from X N f~(Up) into # and
let Y be its image. Because lgdim(X) < k, we must also have lgdim(Y") < k.
We claim that this is the desired Y. Indeed, we assume that f(75(7)) = u
for some z € X and show that n5(z) € m5(Y) + 7a(g)-

By the commuting diagram above, f(z) € u + Z/IOO C Up and therefore
z — s(f(z)) € Y. Since s(ui +U") is contained in s(ii) + G, we also have
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s(f(x)) € g+ G%. We now have

Ta(w) =g — sf(z)) + ma(sf(x)) € mg(Y) + ma(g).

O
We can now complete the proof that m5(X) has measure 0. For every

u € U/UY we find a definable Y C # as above. By Claim 7.2, the set 75;(Y")
has measure 0 in H/H*, hence the fiber m5(X) N f~1(u) is a translate of a

measure zero subset of #/H%. By Fubini the measure of ma(X) is zero.
This ends the proof of Lemma 7.1 and with it that of Compact Domination
for abelian G.

I1. The general case (G not necessarily abelian).

Assume now that G is an arbitrary definably compact group. By [17], G
is the almost direct product of a definably connected abelian group Gg and
a definable semi-simple group S. It is enough to prove the result for a finite
cover of G hence we may assume that G = Gpx S. By [17, Theorem 4.4 (ii)],
the group S is definably isomorphic to a semialgebraic group over a definable
real closed field so it must be short, and therefore lgdimG = lgdimGy = k.
To simplify the diagram, we use Gy = Go/GJ’, S = S/S°, so we have
G/G" =Gy x S.

‘We have
0 - Gy — e Gyx S — v g )
TGo i vel TS
A
0 Go »Gogx S — § 0

Assume now that X C G is a definable set and dim(X) < dim(G). If
dim(f(X)) < dim(S) then by Compact Domination in expansions of fields,
the Haar measure of mg(f(X)) in S is 0 and therefore m(rg(X)) in G/G*
is 0.

If dim(X) = dim(S) then, as in the abelian case, we may assume, after
partition, that for every s € S, lgdim(f~!(s) N X) < k. Because S is short,
it follows that lgdim(X) < k and therefore the projection of X into Gy,
call it X', has long dimension smaller than k. But now, by Lemma 7.1, the
Haar measure in Gy of 7g,(X’) equals to 0. By Fubini, the Haar measure
of m¢(X) must also be zero.

This ends the proof of Compact Domination for definably compact groups
in o-minimal expansions of ordered groups. ([

8. APPENDIX A - PULLBACK AND PUSHOUT

8.1. Pushout.
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Proof of Proposition 2.8. We start with

A—— B

B

C

and prove the existence of the pushout D. We first review the standard
construction of D (without verifying the algebraic facts). We consider the
direct product B x C' and take D = (B x C)/H where H is the subgroup
H = {(a(a),—p(a)) : a € A}. If we denote by [b, c] the coset of (b,c) mod
H then the maps v, 0 are defined by v(b) = [b,0] and é(c) = [0, ¢|]. Assume
now that we also have

AL

B
B lv’

&' ,

C —

We define ¢ : D — D' by ¢([b,c]) = +/'(b) + §'(c). Clearly, if all data are
definable then so are B x C and H, and therefore, using definable choice, D
and the associated maps are definable.

If « is injective then ¢ is also injective, and if 3 is surjective then so is ¥
(see observation (b) on p. 53 in [14])

Suppose that A, B,C and «, 8 are \/-definable and that «(A) is compat-
ible subgroup of B. Clearly B x C' is \/-definable and it is easy to see that
H is a \/-definable subgroup. We want to show that H is a compatible sub-
group of B x C. For that we write A =JA;, B=JB; and C =JC . It
follows that Bx C = ik Bj % C%. To show compatibility of H it is enough
to show that for every j, k, the intersection (B; x Cj) N H is definable. Be-
cause a(A) is compatible in B, the set Bj N a(A) is definable. Hence, there
is some 4o such that «(A;,) 2 Bj Na(A). Moreover, because « is injective
a~1(Bj) C Aj,. It follows that the intersection H N (B;j x C) equals

{(a(a),—B(a)) € Bj x Cy : a € A} = {(a(a), —B(a)) € B; x C : a € Ay, }.

The set on the right is clearly definable, hence H is a compatible subgroup
of Bx C,s0D = (B xC)/H is \/-definable (see Fact 2.2). It is now easy
to check that v: B — D and 6 : C — D are \/-definable.

If E = B/a(A) then, by the compatibility of a(A), we see that E is \/-
definable. If 7 : B — E is the projection then we define 7’ : D — E by
7' ([b,c]) = m(b). It is routine to verify that 7’ is a well-defined surjective
homomorphism whose kernel is §(C). It follows, using Fact 2.2, that §(C)
is a compatible subgroup of D. Finally, it is routine to verify commutation
of all maps. O
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Proof of Lemma 2.9. We have

B——+p-—tWsF
(25) a} W& {5
AL o "o

with D the pushout of B and C over A and F' the pushout of B and E over
A and we want to see that F is also the pushout of D and E over C.
It is sufficient to show that for every given commutative diagram

DL,F/

(26) [a [e

C — FE

there is a map ¢’ : F — F’ such that ¢’ = p/ and ¢’¢ = ¢’ (according to
the definition we also need to prove uniqueness but this follows).

By commutativity we have p/'6 = &n and hence p/68 = &'nB. Since
08 = ya we also have (u/v)a = (¢)nB. We now use the fact that F is the
pushout of B and FE over A and conclude that there is ¢’ : F — F’ such
that

(27) (i)¢'¢ =¢ and (i))¢'py = p'y

(i) gives half of what we need to show so it is left to see that ¢'u = p'.
Consider the commutative diagram

’

B&F/

[é’n
B

A——C

(28) o

Because D is the pushout of B and C over A, there is a unique map 1 :
D — F’ with the property

(i)pd = €& and  (ii)py = p'y.

If we can show that both maps ¢/ and ¢’y from D into F’ satisfy these
properties of ¢ then by uniqueness we will get their equality. For ¢ = ¢/, (i)
is part of the assumptions, and (ii) is obvious. For 1) = ¢'u, we obtain (ii)
directly from (27)(ii). To see (i), start from (27)(i), ¢'¢ = £, and conclude
¢'én = &'n. By commutation, £ = ud so we obtain ¢'ud = £'n, as needed.
We therefore conclude that ' = ¢'p and hence F is the pushout of E and
D over C. O
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8.2. Pullback.
Proof of Proposition 2.11. Consider the diagram
B

«

We again review the algebraic construction of a pullback (which is simpler
because we take no quotients). We let

D ={(b,c) € BxC:a(b) = Bo)},
and the maps are just y(b,c) = b and (b, c) = ¢. Given

/

D ——+B

C T’ A
we define ¢(d') = (7/(d'),d'(d")) € D.
Clearly, if all data are definable then so is D and the associated maps.

Similarly, if all data are \/-definable then so are D and the associated maps.
If G = ker(y) then

G={(bc)eD:b=0}={(0,c) € BxC:p(c) =0},

and then clearly j(0,c¢) = ¢ is an isomorphism of G and H = ker(f5). If
all given data are \/-definable then so are G, H and the associated maps.
Furthermore, since G and H are kernels of \/-definable maps they are clearly
compatible in D, C, respectively.

If 8 is surjective then so is v and the sequences in the diagram are exact
(and the diagram is commutative). O

9. APPENDIX B - SHORT AND LONG SET

We assume that M is an o-minimal semi-bounded expansion of an ordered
group

Lemma 9.1. Let S C M" be a definable short set and let A C .S x M™ be
a definable set. For s € S, we let Ag = {xz € M" : (s,x) € A}. Then, for
every £ > 0, the set {(A) = {s € § : lgdim(As) = ¢} is definable.

Proof. By [10], the set A can be written as a union of long cones | J C;. Since
lgdim(X; U---U X,,) = maz;(lgdim(X;)), we may assume that A itself is a
long cone A = B + Zle Ai(t;), where B C M"*" is a short cell, A\i,..., A\
are M-independent partial linear maps A; : I; — M"™™" and I; = (0, a;) are
long intervals. We write \; = (A}, ... ,)\f”), fori =1,...,k, so each A is
a partial endomorphism from I; into M.
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We claim that for every s € S, lgdim(A;) = k. This clearly implies what
we need.

For b = (b1,...,br4n) € B, i =1,...,k and t; € I;, we have b; + \;(t;) :
I; — A. Therefore, we have (by,...,b.) + (AL (t;),..., Al(t;)) € S. Each X\
is either injective or constantly 0 and hence, because S is short and each I;
is long, for each j = 1,...,7 and i = 1,...,k, we have \] = 0. It follows
that for every b € B, we have (by,...,b,) € S.

Fori=1...,k, we let

Ni= TN T M

Because A{,..., A\ were M-independent, it is still true that 5\1, . ,5% are
M-independent. We now have, for every s € S,

k
Ay = {b+z5\i(t7;) be Bs,tefi}

i=1
and therefore the set As is a k-long cone, so lgdim(A4;) = k. O
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Part 4

Lattices in locally definable
subgroups of (R", +)






LATTICES IN LOCALLY DEFINABLE
SUBGROUPS OF (R", +)

PANTELIS E. ELEFTHERIOU AND YA’ACOV PETERZIL

ABSTRACT. Let M be an o-minimal expansion of a real closed field R.
We define the notion of a lattice in a locally definable group and then
prove that every connected, definably generated subgroup of (R",+)
contains a definable generic set and therefore admits a lattice.

The goal of this note is to re-formulate some problems which appeared in
[4], introduce the notion of a lattice in a locally definable group (a notion
which also appeared in that paper, but not under this name) and establish
connections between various related concepts. Finally, we return to the main
conjecture from [4]:

Every locally definable connected, abelian group, which is generated by a
definable set contains a definable generic set.

We prove the conjecture for subgroups of (R™,+), in the context of an
o-minimal expansion M of a real closed field R.

1. LOCALLY DEFINABLE GROUPS AND LATTICES

We first recall some definitions: Let M be an arbitrary x-saturated o-
minimal structure (for x sufficiently large). By a locally definable group we
mean a group (U, -), whose universe U = J,cy Xn, is a countable union
of definable subsets of M*, for some fixed k, and the group operation is
definable when restricted to each X,, x X,, (equivalently, to each definable
subset of U x U). We say that a function f : U — M™ is locally definable
if its restriction to each X; (equivalently, to each definable subset of i) is
definable. We let dim/ be the maximum of dim X,,, n € N. While some
notions treated here make sense under the more general “\/-definable group”
(no restriction on the number of X;’s), we mostly work in the context of a
group which is generated, as a group, by a definable subset and hence it is
locally definable. Note that another related concept, that of an ind-definable
group (see [6]) is identical to our definition when one further assumes that
the group is a subset of a fixed M¥*.

As was shown in [7], every locally definable group admits a group topology.
This topology agrees with the M¥-topology in neighborhoods of generic
points, namely, points g € U such that dim(g/A) = dim(U) (we assume
here that all the X;’s above are defined over A). We therefore obtain a
definable family of neighborhoods {U; : t € T'} of the identity element, such
that {gU; : t € T,g € U} is a basis for the group topology on Y. In [2]
it was further shown that the topology can be realized by countably many
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definable open charts, each definably homeomorphic to an open subset of
M™, where n = dim(U).

A subset X C U is called compatible (see [3]) if for every Y C U which
is definable, the set X NY is also definable. It easily follows that X itself
is also locally definable (namely, given as a countable union of definable
subsets of U). As was shown in [3], if U is locally definable and # is a
normal compatible subgroup of & then there is a locally definable group K
and a locally definable surjective homomorphism f : U/ — K whose kernel
is ‘H. The converse is true as well, namely if such a homomorphism exists
then H is necessarily compatible.

A locally definable group is called connected (see [1]) if it has no compati-
ble subset which is both closed and open, with respect to the group topology.
As is shown in [2, Remark 4.3], a locally definable group U is connected if
and only if it is path connected, namely for any two points z,y € U there
exists a definable continuous o : [0, 1] — U such that 0(0) = z and o(1) = y.

A typical example of a locally definable group is obtained by taking a
definable subset of a definable group (say, of (R",+)) and letting ¢/ be the
subgroup generated by X. When the generating set is definably connected
and contains the identity one obtains a connected locally definable group.
We call a locally definable group U definably generated if it is generated, as
a group, by some definable subset.

Definition 1.1. For H C U a locally definable normal subgroup, we say
that the quotient U /H is definable if there exists a definable group G and a
locally definable surjective homomorphism from U onto G, whose kernel is

H.

Definition 1.2. A locally definable normal subgroup A C U is called a lattice
in U if dim(A) =0 and U/A is definable.

Notice that any countable group can be realized as a locally definable
group, and therefore it is also a lattice in itself.

If U is the subgroup of R™ generated by the unit n-cube [—1,1]" then
Z" is a lattice in U. The quotient is definably isomorphic to the group H",
where H = [0,1), with addition modulo 1.

In [4, Lemma 2.1] we prove the following equivalence:

Lemma 1.3. Let U be a locally definable group in an o-minimal expansion
of an ordered group and A a locally definable normal subgroup of dimension
0. The following are equivalent.

(1) A is a lattice in U.
(2) A is compatible, and there exists a definable set X C G such that
AX=U.

It is easy to see that every lattice in a locally definable group is countable
(the intersection with every definable set is finite). We prove a stronger
statement:

Lemma 1.4. If A is a lattice in a locally definable connected group U then
A is finitely generated as a group.
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Proof. Let ¢ : U — G be a locally definable surjective homomorphism onto a
definable group G, with ker¢ = A. By compactness there exists a definable
set X C U such that ¢(X) = G. Because we have definable choice for
subsets of U ([3, Corollary 8.1]) we can find a definable section s : G — X
(i.e. pos =1id), and so we replace X by the image of this section, and call
it X again. We may assume that e € X.

Consider the topological closure (with respect to the group topology),
Cl(X)CU.

Claim There exists a finite set ' C A such that for every g € A, if the
intersection gC1(X) N CI(X) # () then g € F.

Proof of Claim. Let X' C U be any definable open set containing C1(X).
By saturation, there is a finite /' C A, which we may assume is minimal,
such that X’ € F - X. Because ¢gX NhX = () for every g # h € A, if
gX N X" # ( then necessarily g € F. Now, if gCI(X) N CI(X) # ( then
necessarily gX N X' 40 sog € F. O

We now claim that F' generates A, namely every element of A is a finite
word in F and F~L.

Take A € A. Since U is path connected, there exists a definable path
v :10,1] — U, with y(0) = e and (1) = A. Let I' C U be the image of
~v. Because I' is definable it can be covered by finitely many A-translates
of X. By taking a minimal number of translates, we obtain Ay,...,A\x €
A (possibly with repetitions), such that e € A\ X, A € A\ X and for i =
1,...,k =1, we have Cl(\;X) N Clg/\HlX) # 0.

By the Claim, it follows that A, ;A\; € F, for i =1,...,k — 1. But since
e € X, we must have \; = e and Ay = A, so A1,..., A, are all in the group
generated by F', and in particular, A belongs to that group. U

We say that U admits a lattice if there is a lattice in #. Note that not
every locally definable group admits a lattice. For example, if r € R is larger
than all elements of N then the subgroup of (R, +) given by (J[—r", "] does
not admit any lattice.

As we point out in [4], there are many consequences, for a given group U,
to the fact that it admits a lattice. Hence, our main question is:

Question 1 Which locally definable groups in M admit a lattice?

We start with some basic observations.

Definition 1.5. A definable subset X of a locally definable group U is called
left generic in U if there exists a bounded set A CU (namely, |A| < k) such
that U = A - X. Equivalently, for every definable Y C U there is a finite set
F CU such thatY CF-X.

Lemma 1.3 immediately gives:

Lemma 1.6. If a locally definable group U admits a lattice then U contains
a definable left generic set.
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Lemma 1.7. Let U be a connected locally definable group which contains a
left generic definable set X (e.g. if U admits a lattice). Then U is definably
generated.

Proof. Let X C U be a definable, left generic set, namely there is a bounded
set A C U such that A - X =U. The group generated by X, call it H, is
therefore locally definable, of bounded index in U (since (A)-H = U, where
(A) is the group generated by A). But then, if Y C U is a definable set
then Y NH and Y N (U \ H) are both bounded unions of definable sets. By
saturation, this forces Y N H to be definable, hence H is compatible. It is
easy to see that H is both closed and open so by connectedness of &/ must
equal U. U

It is now natural to ask:

Question 2 Does every connected, definably generated group admit a lat-
tice?

2. LATTICES IN ABELIAN GROUPS

We still work in a sufficiently saturated structure M.

Recall that for a locally definable group U, we say that L% ezists, if there
is a smallest type-definable normal subgroup of U of bounded index (note
that a type-definable subgroup of U is necessarily contained in a definable
subset of ). We denote that subgroup by U%.

One of the main results in [4] is the following: (the equivalence of the
bottom three clauses is given in [4, Theorem 3.9]; the addition of Clause (1)
is obtained using Lemma 1.6):

Theorem 2.1. Let U be a connected, abelian definably generated group.
Then there is k so that the following are equivalent:

(1) U admits a lattice.

(2) U admits a lattice, isomorphic to ZF.

(3) U contains a definable generic set.

(4) U exists, and U/UY is isomorphic to R¥ x K, for some compact
Lie group K.

In particular, we see that a connected, abelian, locally definable U admits
a lattice if and only if it contains a definable generic set. Note that by (4),
the above k is determined by U /U and thus unique.

In [4] we made the conjecture that the conclusions of the above theorem
are always true:

Conjecture A. Let U be an abelian, connected, definably generated group.
Then U contains a definable generic set (so in particular admits a lattice).

The number & in Theorem 2.1 can be viewed as a measure of how “non-
definable” the group U is. Namely, if k& = 0 then U is outright definable,



LATTICES IN LOCALLY DEFINABLE SUBGROUPS OF (R",+) 109

while if & = dimi > 0, then U will not contain any infinite definable
subgroup. We prove the latter statement in Corollary 2.6 below.

In fact, we can define an invariant for every locally definable group U (not
necessarily satisfying Conjecture A) which gives some indication as to how
“non-definable” U is.

Definition 2.2. The \/-dimension of U, denoted by vdim(U), is the mazi-
mum k such thatU contains a compatible subgroup isomorphic to ZF, if such
k exists, and oo, otherwise.

We prove in Theorem 2.8 below that Conjecture A is equivalent to the
following.

Conjecture B. Let U be a connected, abelian, definably generated group.
Then,
(1) vdim(U) < dim(U). In particular, vdim(U) is finite.
(2) If U is not definable, then vdim(U) > 0.
In Section 3 we will prove Conjecture A for definably generated subgroups

of (R™,+), where R is a real closed field and M is an o-minimal expansion
of R.

Unless otherwise stated, U denotes a connected, abelian, definably gener-
ated group.

We first prove:

Lemma 2.3. Assume that U contains a definable group H. Then U admits
a lattice T isomorphic to ZF if and only if U/H (which is also definably
generated) contains a lattice A isomorphic to ZF.

Proof. Let v : U — U/H be a locally definable surjective homomorphism.

Assume that U contains a lattice I' ~ Z*. Because H is definable the
intersection I' N H is finite so must equal {0}. Let A = (") ~ ZF. To see
that A is compatible in i/ /H, take a definable Y C ¢//H and find a definable
X C U such that ¢(X) =Y. Our goal is to show that Y N A is finite. But
YNA =¢(X+ H)NT) and since I' is compatible its intersection with
X + H is finite. Thus Y N A is finite and so A is compatible in U/H.

Let ¢ : U — G be a locally definable surjective homomorphism onto a
definable group, with I' = ker¢. Notice that ¢(H) is a definable subgroup
of G. To see that A is a lattice in U/H, we note that

U/H)/A~U/(H +T) ~G/¢(H),
and therefore (U/H)/A is definable.

Assume now that ¢/ /H admits a lattice A ~ ZF. We can find uy, ..., u €
U with ¢(uy), ..., ¢(u) generators of A. Let I' C U be the group generated
by the u;’s.

We first show that I' is compatible. Because A is torsion free, ¢ is injective
on I'. Therefore, if X C U is definable the intersection X NI" must be finite,
or else ¢(X) N A is infinite, contradicting the compatibility of A. To see

that I' is a lattice it is sufficient, by Lemma 1.3, to see that U contains a
definable set X with X +T' = U/. We first find a definable Y C ¢//H such
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that Y + A = U/H, then a definable X’ C U/ with ¢/(X’) =Y, and finally
take X = X'+ H. It is easy to verify that X + T =U. O

Lemma 2.4. Assume that U contains a definable generic set. Then U is
definable if and only if vdim(U) = 0.

Proof. One direction is obvious for if I/ is definable then it cannot contain
any infinite O-dimensional compatible subgroup. For the converse, assume
that U is not definable.

By Theorem 2.1, the group U exists and for some k& € N, we have
U/U" ~ RF x K, for a compact Lie group K. We claim that k > 0. Indeed,
if k = 0 then /U = K is compact. But then, by [4, Lemma 3.3], the
preimage of K would be contained in a definable subset of U/, and thus U
would be definable, a contradiction.

If we now apply Theorem 2.1 (4) = (2), we see that U admits a lattice
isomorphic to ZF so vdim(U) > k > 0. O

Proposition 2.5. Assume that U admits a lattice.

(i) If A is a O-dimensional, compatible subgroup of U, then A ~ 7! + F,
with | < vdim(U) and F a finite subgroup of U.

(11) vdim(U) < dim(U).

(i4i) If A is a lattice in U, then A ~ Z! + F, with | = vdim(U) and F a
finite subgroup of U.

(iv) If U is torsion-free and generated by a definably compact set then
every lattice in U is isomorphic to Z!, with | = dim(U) = vdim(U).

Proof. By [4, Claim 3.4], there exists a definable torsion-free subgroup H C
U such that the group U/H is generated by a definably compact set.

By [4, Theorem 3.9], there exists a unique k such that &//H admits a
lattice isomorphic to ZF and moreover, because U/H is generated by a
definably compact set, we have k < dim(U//H) and hence k < dim(U).
Also, by Lemma 2.3, the group U also admits a lattice isomorphic to Z*, so
k < vdim(U). Our proof below implies that k = vdim(U).

Again, by [4, Theorem 3.9], the groups U /U is isomorphic to R* x K,
where K is a compact Lie group. The rest of the argument is extracted from
the proof of [4, Lemma 3.7].

(i) Assume that A C U is a O-dimensional compatible subgroup. Consider
¢ :U — U/A. We claim that ker(¢) NU* = {0}. Indeed, take any definable
set X C U containing U°°. Then, since ¢ | X is definable, the intersection
ker(¢) NUY C ker(¢) N X is finite. However, by [4, Proposition 3.5], the
group U is torsion-free, so ker(¢) NU" = {0}.

Consider the map my : U — RF x K and let T be the image of ker(¢)
under 7. We just showed that I' is isomorphic to A = ker(¢). We claim
that I' is discrete. Indeed, using X as above we can find another definable
set X’ whose image m/(X’) contains an open neighborhood of 0 and no other
elements of T, so I' is discrete.

Now, since K is compact, the projection IV of I into R*¥ has a finite
kernel I C K. Furthermore, I is a discrete subgroup of (Rk ,+), and hence
IV ~ 7' for some | < k. Therefore, I' ~ Z' + F, so A ~ Z! + F. In particular,
if A ~ Z! then [ < k, which implies vdim() < k. Since U does contain
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a compatible copy of Z* it follows that k = vdim(U), so | < vdim(U), as
required.

(ii) Since k < dim(U) we have vdim(U) < dim(U).

(iii) Assume now that A ~ Z! + F is a lattice in . Namely, U/A is a
definable group G. We proceed to show that | = k. Let X C U be a definable
set so that ¢(X) = G. Then X + ker(¢) = U. Thus, my(X) +T =RF x K.
Let Y, F" and T" be the projections of 7 (X), F and T, respectively, into
RF. We have Y +I" = R¥. Since X is definable, the set m,(X) is compact
and so Y is also compact.

We let Ar,...,\ be the generators of ker(¢) and let vy,...,v; € RF be
their images in IV. If H C RF is the real subspace generated by v, ...,
then Y + H + F' = R*, and therefore, since Y is compact and F’ finite, we
must have H = R¥. This implies that | = k.

(iv) By [4, Proposition 3.8], if U is generated by a definably compact set
and is torsion-free then U /U ~ RAM©) 56 by Theorem 2.1 every lattice
is isomorphic to Z4™MV, By (iii), dim(U) = vdim (). O

We can now see better why vdim({/) gives an indication as to how “non-
definable” U is.

Corollary 2.6. Assume that U admits a lattice and H is a definable sub-
group of U. Then

(1) vdim(U) = vdim(U/H).

(i) If vdim(U) = dim(U), then H must be finite.

(15i) If U is torsion-free, and H has mazimal dimension among all defin-

able subgroups of U, then dim H = dim(U) — vdim(U).

Proof. (i) By Theorem 2.1 U admits a lattice isomorphic to Z*, and by
Proposition 2.5 (iii), ¥ = vdim(i/). By Lemma 2.3, U/H also admits a
lattice isomorphic to ZF and so by again by the same proposition, we have
vdim(U/H) = k.

(ii) Assume that H is an infinite definable subgroup of &/. Then by (i),
we have vdim(U/H) = vdim(U) = dim(U) > dim(U/H), which contradicts
Proposition 2.5 (ii) for U/H.

(iii) If dim H has maximal dimension among the definable subgroups of
U then, as we already noted, U/H is generated by a definably compact
set. Because H is torsion-free, as a subgroup of U, it must be definably
connected and therefore divisible. It follows that U//H is torsion-free as
well. By Proposition 2.5 (iv), vdim(U/H) = dim(U/H). But then, by (i)

we have
dim H = dim(U) — dim(U/H) = dim(U) — vdim(U).
U

The torsion-free condition in (iii) above is necessary. For example, the
group G in [5, Example 6.2] does not contain any non-trivial definable sub-

groups, yet dim(G) = 2 and vdim(G) = 1. We describe below a gen-
eral method to obtain a locally definable group V, generated by a de-
finably compact set, such that V has no infinite definable subgroups and
vdim(V) < dim(V).
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Example 2.7. Let G be a k-dimensional definably compact abelian group
which has no proper definable subgroups of positive dimension and let &/ be
the universal covering of G, so dim(U) = k. Let I' ~ Z* be the kernel of the
covering map, so I' is compatible in &/. Write I' = 'y ¢ I'y with 'y ~ Z™,
I'y ~ ZF™ and 0 < m < k. Obviously, T'; is still compatible in &/ and
therefore V = U /I'y is a locally definable group with dim(V) = dim(U). It is
not hard to see that the covering map U — G factors through V and hence
VY cannot have any proper definable subgroup of positive dimension. We
claim that vdim(V) = k — m.

Let ¢ : U4 — V be a locally definable projection. The image of I' under ¢
is a group A ~ Z*~™ which we claim to be compatible in V. We start with
Y CV definable and claim that Y N A is finite.

Let w9 : I' — I'y be the projection with respect to the direct sum decom-
position. For every W C T', ¢(W) is in bijection with mo (W), so it is enough
to prove that ma(¢~1(Y NA)) = m(¢~1(Y) NT) is finite.

If we choose a definable X C U such that ¢(X) = Y then ¢~1(Y) =
X+T1. But (X +T1)NI = (XNT)+TI and because I' is compatible the
set X NT is finite. It follows that

m(¢ ' (Y)NT) = m((X NT) + 1) = m(X NT)

is finite so Y N A is finite, showing that A is compatible in V. Hence,
vdim(V) > k —m.

For the opposite inequality, assume V contains a compatible subgroup
A isomorphic to Z" and choose ui,...,u, € U so that ¢(u1),...,o(u,)
are generators of A. It is not hard to see that I'y + Zu; + - -+ + Zu, is a
compatible subgroup of U, isomorphic to Z™"", so necessarily m + r < k.
Hence, r < k —m, so vdim(V) =k —m.

Note that V has non-trivial torsion since any a € U for which na € I'
will be mapped to an n-torsion element of V.

We end by noting that the two conjectures mentioned above are equiva-
lent.

Theorem 2.8. Conjecture A is equivalent to Conjecture B. More precisely,
(1) If U admits a definable generic set then U satisfies clauses (1), (2) of
Conjecture B.
(ii) Conjecture B implies Conjecture A.

Proof. (i). By Proposition 2.5 and Lemma 2.4.

(ii). Let A ~ Z* be a compatible subgroup of & with k = vdim(U). We
will prove that the locally definable group /A is actually definable.

Assume that /A is not definable. By Conjecture B(2) (applied to U/A),
there exists some a € U/A such that Za is a compatible subgroup of U/A,
and for every n, na # 0. Let b € U be an element that projects via ¢ : U —
U/A to a. Clearly, ZbN A = {0}. We claim that A + Zb is a compatible
subgroup of U, contradicting k = vdim(/). Let X C U be definable. The
image of X N (A + Zb) under ¢ is contained in ¢(X) N Za. Since ¢ is locally
definable, ¢(X) is definable. Therefore ¢(X )N Za is finite, by compatibility
of Za. The preimage of this finite set under 7 is a union of sets A+xz, z € B,
for some finite B C Zb. So X N (A + Zb) is equal to the finite union of the
sets X N (A + z), = € B, each of which is finite, because so is (X —z) N A
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by compatibility of A. Hence X N (A + Zb) is finite, and thus A + Zb is
compatible. O

3. LOCALLY DEFINABLE SUBGROUPS OF (R", +)

We assume here that M is an o-minimal expansion of a real closed field
R

Our goal is to prove Conjecture A for subgroup of (R",+) but in fact we
prove a stronger result (as was suggested to us by the referee):

Theorem 3.1. LetU be a connected definably generated subgroup of (R™, +)
of dimension k. Then there are linearly independent one-dimensional R-
subspaces Ry, ..., Ry and intervals I; = (—a;,a;) € R; (with a; possibly o)
such that U is generated by the set X = I +---+ I. The set X is generic
nU.

Proof. Recall that for X C R", we write X (m) for the addition of X — X
to itself m times. If 0 € X then X C X (m).

Definition 3.2. A subset of R" is called convex with respect to R (or R-
convex) if for all x,y € X, the line segment connecting x and y is also in
X.

The R-convex hull of X is the smallest R-convex subset of R"™ containing
X. It consists of all finite combinations ZZL t;x;, where the x;’s are in X,
allty >0 and Y t; =1.

Lemma 3.3. If X C R” is definable then the R-convexr hull of X is also
definable.

Proof. More precisely, we claim that the following set equals the R-convex
hull of X:

n+1
X' = {Ztixi:tl-f—""i‘tn-H =1t € [071]’xi EX}'
=1

Indeed, by Caratheodory’s Theorem, every convex combination of any
number of points from X can also be realized as a combination of n + 1 of
these points, hence the R-convex hull of X equals X’. (Note that although
Caratheodory’s theorem is usually proved over the reals the same proof
works over any ordered field. Alternatively, the statement over the real
numbers implies, by transfer, the same result over any real closed field). O

Lemma 3.4. Assume that X C R" is a definably connected set containing
0. Then there is m such that X(m) (in the sense of the additive group
(R,+)) contains the R-conver hull of X.

Proof. Given f: X — Z, the fiber power of X is defined as:

XxpX={{zy e XxX: f(z)=f(y}

Clearly, the diagonal A is contained in X x; X.

Note that for (z1,22), (y1,y2) € X Xs X, there is a continuous definable
path in X X X, connecting the two points if and only if there are definable
continuous curves 71,72 : [0,1] — X such that v;(0) = x;, %:(1) = v;, and
for every t € [0, 1] we have f(y1(t)) = f(72(t)).
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Claim 3.5. For X C R", consider the projection m : R* — R onto the
first coordinate. Assume that m(x1) = w(x2), ©(y1) = 7(y2) (in particular,
mi(x1 —x2) = w(y1 —y2) = 0). Assume further that (x1,x2) and (y1,y2) are
in the same connected component of X X X. Then the elements x1 —xo and
y1—y2 are in the same connected component of the set (X —X)N{0} x R*~1.

Proof. Note that the image of X X, X under the binary map (z,y) — z—y
is contained in the set {0} x R"~!. Consider the restriction of this map to
the connected component of X x, X which contains (x1,z2) and (y1,y2).
The image is connected and clearly contains xo — x1 and ys — ¥;1. O

Claim 3.6. Assume that z,y € X, n(z) = 7(y) and that there is a curve

7:(’717---/771) : [071] -+ X
connecting x and y inside X (note that v1(0) = v1(1)). Let T be the image
of 7.

(1) If v1 is constant on [0,1] then I' x. I' is definably connected. In
particular, for every x,y,z € T, (x,y) and (z,z) are in the same definably
connected component of X X, X.

(2) If for some a € (0,1), v1 is increasing on (0,a) and decreasing on (a, 1)
then y—x and 0 are in the same connected component of (X —X)N{0}x R~ 1,

(8) If for some a1 < ag in (0,1), v1 is increasing on (0,a1), constant on
(a1, az2) and decreasing on (a2, 1) then y—x and 0 are in the same connected
component of (X — X)N{0} x R*~1.

Proof. (1) By assumption the map 7 is constant on I" and therefore I' x,T" =
I" x I'; which is clearly definably connected.

(2) Let [b1,b2] be the image of v under 7. By assumptions, m(v1(0)) =
m(71(1)) = b1, m(7v1(a)) = by and the restrictions of 7 to the pieces ([0, a])
and 7([a, 1]) are both injective. Let oy, a be their inverse maps, respectively
(so these are maps from [b1, bo] into I'). We have «a1(b1) = z, as(b1) = v,
a1(b2) = as(be) = ~y(a). Moreover, for every t € [by, ba] we have w(ay(t)) =
m(aa(t)) = t. It follows that (z,y) and (y(a),v(a)) are in the same compo-
nent of X X, X, so by Claim 3.5, y — x and 0 are in the same component of
(X —X)n{0} x R 1.

(3) As in (2), let [b1,b2] be the image of v under m. It is easy to see
that v1(t) = b for all ¢ € [a1, az]. Similarly to the proof of (2), (z,y) and
(v(a1),v(az2)) are in the same component of X x, X. Using (1), we see that
(v(a1),7v(az2)) is in the same component as (z, z) for some z € y([a,az)).
Applying Claim 3.5, we conclude that x —y and 0 are in the same component
of (X — X)n{0} x R*~L. a

We now return to the proof of Lemma 3.4. So, X is a definably connected
subset of R™ containing 0, and we want to show that for some m, the convex
hull of X is contained in X (m).

We will use induction on n. If n = 1 then X is already convex. So, we
assume that the result is true for X C R™ and prove it for X C R"*1. We
take z,y € X and first want to show that for some m the line segment [z, y]
(i.e the line connecting = and y in R"!) is contained in X (m).

Using a linear automorphism of R", we may assume that 7(z) = m(y) = 0.
Since X is definably connected, there exists a definable curve 7 : [0,1] — X
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connecting x and y. Let I' C X be the image of v and again let vy = w0 7.

Notation: For f : [0,1] — R continuous, let k& = k(f) be the minimal
natural number so that there are 0 = agp < a; < --- < ap =1 and f is either
constant or strictly monotone on [a;, @jt1].

We consider the map 71 : [0,1] — R and prove the result by sub-induction
on k(71).

Assume first that k(1) = 1, namely that 7 is constant on [0, 1]. In this
case, I' is contained in {0} x R™, so we can work in R™ and use the inductive
hypothesis to conclude that the line segment [x,y] is contained in I'(m) for
some m. Clearly, I'(m) C X (m) so we are done.

Assume then that k(v1) > 1, so 71 is not constant. Without loss of gen-
erality, v; takes some positive value on (0,1), so let a € (0,1) be a point
where 71 takes its maximum value in [0, 1].

Case 1 Assume first that 1 is not locally constant at a.

Then there are a; < a < ay such that v; is increasing on (a1, a), decreas-
ing on (a,az), y1(a1) = y1(az), and furthermore, either a; or az are local
minimum for ;. Indeed, we take a} < a to be the minimum of all points ¢
such that ~; is increasing on (¢, a), take a > a be the maximum of all ¢t > a
such that 7 is decreasing on (a,t). (In this case, a} and a), are local minima
for v1). We then compare ~v;(a}) and v1(ah). If y1(a}) > v1(dfy) then we
take a; := a) and take ay to be the unique element of the interval (a,a})
such that 1 (a2) = y1(a1). Otherwise, we do the opposite.

Let 1 = v(a1) and x5 = y(az). Consider now the curve IV which is the
image of [a1,ag] under . By Claim 3.6 (2), 22 — 21 and 0 are in the same
connected component of (I —TV) N {0} x R™. But then, we can view this
component as living in R", so by inductive hypothesis there exists m such
that the line segment connecting 0 and x9 — x1 is contained in (IV —T”)(m).
By adding z; to both sides, we see that the line segment connecting z; and
xg9 is contained in (X — X)(m + 1). Hence, after replacing X with X (m),
we can also replace the original curve I' with a new curve I'”, in which the
piece y([a1, az]) was replaced by a linear segment all of whose points project
to the same point 7(z1). Let v : [0,1] — X be the map whose image is I'”
(so 7" = « everywhere, except on [a1,as], in which the image is linear and
74 is constant). Because a; or ag is a local minimum of ~, it is easy to see
that k(77) = k(y1) — 1. By sub-inductive hypothesis, the line connecting x
and y is contained in some X (m').

Case 2 Assume that 7 is locally constant at a.

So, there are a] < a < af such that 7, is constant on [a}, a5] and this is a
maximal such interval. As in Case 1, we can find a; < @ and ag > af such
that 7 is increasing on [aj, a}], decreasing on [a}, as], y1(a1) = 71(a2) and
furthermore, either a; or as is a local minimum of ;.
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Let TV be the piece of I' connecting y(a1) and vy(az). Then, by Claim
3.6(3), the points vy(a2) — v(a1) and 0 are in the same component of (I —
I'"YNn {0} x R™. Again, by inductive hypothesis, the line segment connecting
0 and ~y(a2) — v(a1) is contained in (I'" — I'')(m) for some m, so the line
segment connecting «y(a1) and 7y(ag) is contained in X (m + 1). As in Case
(1), we can replace I by I, in which the piece y([a1, ag]) is replaced by the
line segment connecting y(a1) and y(az2). Again, the map v” : [0,1] = X
whose image is I now satisfies k(7]) = k(1) —2 (because we replaced three
pieces by one). By sub-inductive hypothesis, the line connecting = and y is
in some X (m/).

We therefore showed that for every =,y € X, there exists m such that the
line segment [z, y] is contained in X (m). To see that we can find a uniform
m for all x,y € X, we use logical compactness (writing a type p(z,y), which
says that the line segment [x,y] is not contained in any X (m)). This ends
the proof of Lemma 3.4. O

Question It is interesting to ask what is the required m in the above result.
The argument suggests that it depends on the possible number of “twist-
ings” of the curve connecting two points in X. But maybe this is just an
effect of the proof and one can find uniform such m which depends only on
the ambient R™.

Next, we show that &/ C R™ can be generated by a sum of intervals in
linearly independent one-dimensional spaces. By Lemma 3.4 we can assume
that it is generated by a definably connected convex set X 3 0. In particular,
U is convex. Since U is closed, we may replace X by its closure, which is still
convex, and assume that X is closed. We may also assume that —X = X
(otherwise we replace it with X — X).

We prove the result by induction on n. When U is a subset of R then any
convex subset of R is an interval (possibly equaling the whole of R) so we
are immediately done.

We now consider the case U C R" 1.

Assume first that X is bounded. Consider all line segments contained in
X and let Jy be such segment of maximal length (it exists by o-minimality
and the fact that X is closed). Since we work in a field we may assume that
Jo is parallel to the x,,1-coordinate and furthermore that 0 € Jy divides it
exactly into two equal parts. We can therefore write Jy = (—ag41, ax+1)-
Let m(X) be the projection onto the first n coordinates. By induction,
there are linearly independent 1-dimensional spaces Ry,..., Ry € R", and
in each R; an interval I; = (—a;, a;) (with a; possibly co) such that the sum
Y =11 + -+ + I} generates the same group as m(X). In particular, there
is an m € N such that Y C 7(X)(m). Our goal is to show that Y + Jy
generates the group U. It is thus sufficient to prove the following:

Claim. X CY + Jy C X(2m).

Proof. Consider (z,y) € X, with z € 7(X). Note that |y| < axy1/2, because
if y > agy1/2 then the length of the line segment connecting (Z,y) to 0 is
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then greater than ag41/2. Because X is symmetric, the point (—Z,—y) is
also in X and thus the line segment connecting (—z, —y) and (z, y) is longer
than agy1 = |Jo|, contradiction. We therefore showed that y < aj1/2 and
hence

(z,y) e {(z,0)} + Jo C (X)) + Jo C Y + Jo.

For the opposite inclusion, take (Z,y) € Y + Jy. Since Y C 7(X)(m) =
(X (m)), there exists y € R, such that (Z,y’) € X(m). Because max{|y| :
(Z,y) € X} = ags1/2, we have |y/| < mags1/2. But then

(Z,y) € X(m) +mJy C X(2m).

This ends the proof of the claim and the case where the generating set X is
bounded. (]

In the general case, we first find a definable subgroup H such that U/ H is
generated by a definably compact set. Since all definable subgroups of R™ are
R-vector spaces, the group H is linear. Without loss of generality, H = R¥,
for k < n, identified with the first k& coordinates. Let 71 : U — R™ % be the
projection onto the last n — k coordinates and let V = 71 (U). We claim that
U=H-+V.

Indeed, assume that (Z,y) € U. Since U is convex, the line segments
which connect (Z,%) to arbitrary large points in R* belong to U. Hence
we can approach every point on the affine space R* x {g} by points inside
U. Since U is closed, we have that H + {(0,%)} is contained in &. This
shows that H + V is contained in Y. The converse is immediate. This ends
the proof that U is generated by a sum of intervals in linearly independent
one-dimensional spaces.

Our final goal is to show that Yy = Iy + --- 4+ I + Jo is generic in U.
We have I; = (—a;,a;) and Jy = (—ags1,ak+1). If we let V; be the 1-
dimensional group generated by (—a;, a;) then we have d = Vi + -+ Vi11.
Each (—a;, a;) is generic in V; so it is easy to verify that Yy is generic in Y.
This ends the proof of Theorem 3.1. (]

As noted in the above proof, U is convex in R™. This immediately implies
that U is divisible. In [4], we prove more generally that Conjecture A implies
that every connected definably generated abelian group is divisible.
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STRUCTURE THEOREMS IN TAME EXPANSIONS OF
O-MINIMAL STRUCTURES BY A DENSE SET

PANTELIS E. ELEFTHERIOU, AYHAN GUNAYDIN, AND PHILIPP HIERONYMI

ABSTRACT. We study sets and groups definable in tame expansions of o-minimal
structures. Let M = (M, P) be an expansion of an o-minimal L-structure M
by a dense set P, such that three tameness conditions hold. We prove a struc-
ture theorem for definable sets and functions in analogy with the influential cell
decomposition theorem known for o-minimal structures. The structure theo-
rem advances the state-of-the-art in all known examples of ./’\/lv, as it achieves a
decomposition of definable sets into unions of ‘cones’, instead of only boolean
combinations of them. We also develop the right dimension theory in the tame
setting. Applications include: (i) the dimension of a definable set coincides with
a suitable pregeometric dimension, and it is invariant under definable bijections,
(ii) every definable map is given by an £L-definable map off a subset of its domain
of smaller dimension, and (iii) around generic elements of a definable group, the
group operation is given by an £-definable map.

1. INTRODUCTION

Definable groups in models of first-order theories have been at the core of model
theory for at least a period of three decades (see, for example, [5, 33, 41]) and have
been crucially used in important applications of model theory to other areas of math-
ematics (such as in [28]). An indispensable tool in their analysis has been a structure
theorem for the definable sets and types: analyzability of types and the existence of
a rank in the stable category, and a cell decomposition theorem and the associated
topological dimension in the o-minimal setting. In this paper we establish a structure
theorem for definable sets and functions in tame expansions of o-minimal structures,
introduce and analyze the relevant notion of dimension and establish a local theorem
for definable groups in this setting. Our structure theorem is inspired by a cone
decomposition theorem known for semi-bounded o-minimal structures ([15, 17, 34]),
which was also vitally used in the analysis of definable groups therein ([21]). The
structure theorem has opened the way to other applications of the tame setting,
beyond the study of definable groups, such as the point counting theorems in [19].

Let us briefly discuss the tame setting. O-minimal structures were introduced and
first studied by van den Dries [10] and Knight-Pillay-Steinhorn [32, 40] and have
since provided a rigid framework to study real algebraic and analytic geometry. They
have enjoyed a wide spectrum of applications reaching out even to number theory
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and Diophantine geometry (such as in Pila’s solution of certain cases of the André-
Oort Conjecture [37]). However, o-minimality can only be used to model phenomena
that are at least locally finite, or more precisely, objects that have only finitely many
connected components. Tame expansions of o-minimal structures can further model
phenomena that escape from the o-minimal context, but yet exhibit tame geometric
behavior. They have recently seen significant growth ([1, 3, 6, 8, 12, 14, 25, 31])
and are by now divided into two important classes of structures: those where every
open definable set is already definable in the o-minimal reduct and those where an
infinite discrete set is definable. We establish our cone decomposition theorem in the
former category. In the second category, a relevant structure theorem has already
been obtained in [44], benefiting largely by the presence of definable choice in that
setting (absent here).

We now fix our setting and describe the results of this paper. Let M be an o-
minimal expansion of an ordered group with underlying language £. Let M = (M, P)
be an expansion of M by a dense set P so that certain tameness conditions hold (those
are listed in Section 2.1). For example, M can be a dense pair ([12]), or P can be
an independent set ([9]) or a multiplicative group with the Mann Property ([14]). To
establish our structure theorem below, we introduce a new invariant for definable sets,
the ‘large dimension’, which turns out to coincide with the combinatorial dimension
coming from a pregeometry in [3]. These results are in the spirit of some standard and
recent literature. In an o-minimal structure, the cell decomposition theorem ([13, 32])
is used to show that the associated ‘topological dimension’ equals the combinatorial
dimension coming from the dcl-pregeometry ([38]). In a semi-bounded structure, the
cone decomposition theorem ([15, 17, 34]) is used to show that the associated ‘long
dimension’ equals the dimension coming from the short closure pregeometry ([17]). In
both settings, the equivalence of the two dimensions has proven extremely powerful in
many occasions and in particular in the analysis of definable groups (see, for example,
[17, 21, 22, 39]). Here, we apply the strategy from the semi-bounded setting to that
of tame expansions of o-minimal structures and establish the analogous results in M.

In Sections 2 and 3 we include some preliminaries and do preparatory work for
what follows. In Section 4, we introduce the notions of a cone and large dimension.
Although the definitions appear to be rather technical, we show in subsequent work
that they are in fact optimal (see Section 5.2, Question 5.14 and [18]). In Section 5,
we prove the following theorem.

Structure Theorem (5.1).
(1) Let X C M™ be an A-definable set. Then X is a finite union of A-definable

cones.

(2) Let f: X — M be an A-definable function. Then there is a finite collection C
of A-definable cones, whose union is X and such that f is fiber L -definable
with respect to each cone in C.

We then conclude that the large dimension is invariant under definable bijections
(Corollary 5.3). The above Structure Theorem is a substantial improvement of the
‘near-model completeness’ results established in known cases (such as [1, 12, 14]) in
that it achieves a decomposition of definable sets into unions (instead of boolean
combinations) of cones. It also includes definable maps f : M™ — M for any n
(instead of only n = 1). To illustrate the last point, let us consider the following
example of a map for n = 1 from [12]. Consider a dense pair (M, P) of real closed
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fields and let & € P. So M could be the real field, P the field of real algebraic
numbers, and o = w. Let f : M — M be the definable map given by

r if x = r 4+ as for some (unique) r,s € P
fz) = :
0 otherwise.

It is easy to see that the graph of f is dense in M?, and hence f is not as tame as
an L-definable map. However, [12, Theorem 3] establishes that every definable map
f: M — M is given by an L-definable map off a small set (here, the £-definable map
is 0 and the small set is P+«aP). A far reaching application of our structure theorem
is the following generalization of this phenomenon.

Theorem 5.7. Fvery A-definable map f : M™ — M is given by an Layp-definable
map off a set of large dimension < n.

We expect that this theorem will be useful in the future and already manifest one
of its immediate corollaries here. Namely, we answer a question by Dolich-Miller-
Steinhorn [9]: in dense pairs, the graph of a ()-definable unary function is nowhere
dense (Proposition 5.8).

In Section 6, we compare the large dimension of a definable set to the scl-dimension
coming from [3]. In [3], the authors work under three similar tameness conditions
on M and prove that the small closure operator scl defines a pregeometry under
further assumptions on M ([3, Corollary 77]). Here, we observe that those further
assumptions are in fact unnecessary (Corollary 6.4) and derive the equivalence of the
two dimensions (Proposition 6.9), always.

In Section 7, we exploit this equivalence and set forth the analysis of groups defin-
able in M. Indeed, making use of desirable properties of ‘scl-generic’ elements (Fact
6.13), we achieve the following result.

Local theorem for definable groups (7.6). Let G = (G, x) be a definable group
of large dimension k. Then for every scl-generic element a in G, there is a 2k-cone
C C G x G, whose topological closure contains (a,a), and on which the operation

(x,y)»—):p*a’l*y

is given by an L-definable map.

We note that an analogous local theorem for semi-bounded groups was proved in [17,
Theorem 6.3] and was then vitally used in the global analysis of semi-bounded groups
n [21]. We expect that the present local theorem will be as crucial in forthcoming
analysis of definable groups in M, and we list a series of open questions in the end
of Section 7. The ultimate goal would be to understand definable groups in terms of
L-definable groups and small groups (Conjecture 7.8). Note that £-definable groups
have been exhaustively studied and are well-understood, some of the main results
being proved in [7, 16, 21, 22, 29, 30, 35].

We next indicate some of the key aspects of this paper. Both the definition of the
large dimension, as well as that of a cone, are based on the notion of a supercone
given in Section 4, which in its turn is based on the notion of a large subset of M
coming from [3] or [14]. Namely, a supercone J in M™ is defined, recursively on
n, as a union of a specific family of large fibers over a supercone in M™~!. The
large dimension of a definable set X is then the maximum & such that a supercone
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from M* can be embedded into X. The nature of this embedding is crucial: while the
definition of the large dimension is given via a strong notion of embedding, proving its
invariance under definable bijections in Corollary 5.3 requires an equivalent definition
via a weaker notion of embedding. We establish that equivalence in Corollary 4.22.

Let us now describe the main idea behind the proof of the Structure Theorem in
Section 5 that also explains the role of large dimension in it and motivates all the
preparatory work done in Sections 3 and 4. The notion of a large/small set is defined
in Section 2 and that of a k-cone in Section 4. Roughly speaking, a k-cone is a set of
the form

h U{g}XJg )

geSs

where h is an L-definable continuous map with each h(g,—) injective, S C M™
is a small set, and {J;}secs a definable family of supercones in MPF*. The proof
of the Structure Theorem runs by simultaneous induction on n for three statements,
Theorem 5.1 (1) - (3). For (1), in the inductive step, let X C M™*!. By the inductive
hypothesis, we may assume that the projection 7(X) onto the first n coordinates is a
k-cone, and by definability of smallness (Remark 3.4(a)), we may separate two cases.
If all fibers of X above 7(X) are large, then we can simply follow the definition of
a cone and, using (2), and Lemma 4.10, we conclude that X is a k + 1-cone. If
all fibers of X above 7(X) are small, then we first need to turn X into a small
union of (L-definable images of) subsets J, C w(X) as above. This is achieved
using Lemma 3.7 and it is illustrated in Example 3.9. Unfortunately, the sets J,
obtained are not necessarily supercones, but we can remedy the situation by applying
a uniform version of (1),—1, namely (3),—1. We derive (3),, from (1),, using a standard
compactness argument. We derive (2),, from (1),, by first applying Corollary 3.27 to
obtain L-definability of f outside a subset of m(X) of smaller large dimension. We
then conclude it by sub-induction on large dimension.

In Section 5.2, we explore the optimality of our Structure Theorem. We prove
that a stronger version where the notion of a cone is strengthened by requiring that
h is injective on (J,cg{g} X Jy is not possible. This is essentially due to the lack
of definable choice in our setting (see, for example, [8, Section 5.5]). In Section 5.3,
however, we isolate a key ‘choice property’ that implies a strengthened version of
Lemma 3.7 (see Lemma 5.11), which in turn guarantees a Strong Structure Theorem
(5.12). This study suggests a new line of research where the behavior of £-definable
maps on small sets is pending to be explored. A list of open questions is included,
whereas further optimality results are established in subsequent work [18].

It is an important feature of this work that we keep track of all parameters. If X
is an A-definable set then, by Lemma 2.5 below, its closure is £ 4, p-definable. How-
ever, our Structure Theorem establishes that every A-definable set is a finite union
of A-definable sets (the cones) whose closures are actually £4-definable. We warn
the reader that we make a slight abuse of terminology in the interests of keeping the
text succinct: an A-definable cone will be assumed to have its closure £ 4-definable;
see Section 4.1 for more details.

Acknowledgements. The authors wish to thank Chris Miller, Rahim Moosa and
Ya’acov Peterzil for taking the time to answer their questions. The first two au-
thors also wish to thank the Center of Mathematics and Fundamental Applications
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2. THE SETTING

Throughout this paper, we fix an o-minimal theory T expanding the theory of
ordered abelian groups with a distinguished positive element 1. We also fix the
language £ of T" and L(P) the language £ augmented by a unary predicate symbol P.
Let T'be an L(P)-theory expanding T'. If M = (M, <, +,...) = T, then M = (M, P)
denotes an expansion of M that models T'. By ‘A-definable’ we mean ‘definable in M
with parameters from A’. By ‘L 4-definable’ we mean ‘definable in M with parameters
from A’. We omit the index A if we do not want to specify the parameters.

For a subset X C M, we write dcl(X) for the definable closure of X in M, and
delz(py(X) for the definable closure of X in M. By the o-minimality of 7', the
operation that maps X C M to dcl(X) is a pregeometry on M. For an L-definable
set X C M™, we denote by dim(X) the corresponding pregeometric dimension.

The following definition is taken essentially from [14].

Definition 2.1. Let X C M™ be a definable set. We call X large if there is some
m and an L-definable function f : M™ — M such that f(X™) contains an open
interval in M. We call X small if it is not large.

Note that if X C M is small and I an interval in M, then I\ X is large (with a
proof identical to that of [3, Lemma 20]). We will use this observation throughout this
paper. In Lemma 3.11 and Corollary 3.12 below we prove that smallness is equivalent
to P-internality, in the usual sense of geometric stability theory.

Definition 2.2. If X, Z C M™ are definable, we say that X is small in Z if X N Z
is small. We say that X is co-small in Z if Z\ X is small.

2.1. Assumptions. We assume that T satisfies the following three tameness condi-
tions: for every model M =T,

(I) P is small.
(IT) (Near model-completeness) Every A-definable set X C M™ is a boolean com-
bination of sets of the form

{r e M™:3z¢€ P"p(z,2)},

where p(z, z) is an £4-formula.

(ITI) (Open definable sets are L-definable) For every parameter set A such that
A\ P is dcl-independent over P, and for every A-definable set V' C M?®, its
topological closure ¢l(V) C M* is £ s-definable.

From now on, and unless stated otherwise, T satisfies Assumptions (I)-
(IIT) and M = (M, P) is a sufficiently saturated model of 7.

Remark 2.3. (i) Assumptions (I)-(III) are analogous to Assumptions (1)-(3) from
[3, Theorem 3]. Here, however, we insist on having some control on the defining
parameters. Moreover, an easy argument shows that under our assumptions, (3) from
[3, Theorem 3] holds, but without the additional condition that the set S mentioned
there be (-definable.

(ii) Assumption (IIT) indeed guarantees that open definable sets are L-definable,
see Lemma 2.5 below.

(iii) We do not know whether assumptions (I) and (III) imply (II).
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Notation-terminology. The topological closure of a set X C M™ is denoted by
d(X). If X,)Y C M and b = (by,...,b,), we sometimes write X U b or Xb for
XU{b1,...,by},and XY for X UY. If p(x,y) is an L(P)-formula and a € M™, then
we write o(M™, a) for
{beM™ : MEp(b,a)}.
Similarly, given any subset X C M™ x M™ and a € M", we write X, for
{be M™ : (b,a) € X}.

For convenience, we sometimes write f(¢, X) for f({t} x X). If m < n, then m,, :
M™ — M™ denotes the projection onto the first m coordinates. We write 7 for
Tn—1, unless stated otherwise. By an open box in MP*, or a k-box, we mean a
set Iy X --- x I}, C Mk', where each I; C M is an open interval. By dimension
of an L-definable set we mean its usual o-minimal dimension, and the notions of
dcl-independence, dcl-rank and dcl-generics are the usual notions attached to the
dcl-pregeometry (see, for example, [39]). A family J = {Jy}ges of sets is called
definable if |J, . g{g} x J, is definable, disjoint if every two elements of it are disjoint,
and small if S is small. We often identify J with J,cg{g} x Jy. If for each t € T,
Ji = {Jg,t}ges, is a family of sets, we call {7 }rer definable if U, 7 e, {(9, )} X Jgt
is definable.

Our examples are often given for structures over the reals (such as Example 4.20
and the counterexample in Section 5.2). But they can easily be adopted to the
current, saturated setting, by moving to an elementary extension.

2.2. Examples.

Dense pairs. The first example we wish to consider is dense pairs of o-minimal
structures. A dense pair (M, N) is a pair of models of T such that N # M, but N
is dense in M. Let T = T be the theory of dense pairs in the language £L(P). By
[12], T? is complete and every model of T¢ satisfies (I) and (II) ([12, Lemma 4.1] and
[12, Theorem 1], respectively).

It is left to explain why (III) holds in dense pairs. Here we apply [6, Corollary
3.1]. Let A be a parameter set such that A\ N is dcl-independent over N. Set

D:={a€ M : ais dcl-independent over N U A}.

It is easy to see that D and A satisfy Assumptions (1) and (2) of [6, Corollary 3.1]. It is
left to show that also the third assumption of that corollary holds. Towards that goal,
recall the following notation from [12]. Given M,N,0,Q = T with M C N C Q
and M C O C Q, we say that A and O are free over M (in Q) if every subset Y C N
that is dcl-independent over M is also dcl-independent over O.

Proposition 2.4. Let a € D. Then the L(P)-type of a over A is implied by the
L-type over A and the fact that a € D.

Proof. Let (M,N) = T¢ be r-saturated, where x > |T|. Let I' be the set of all
isomorphisms i : (M7, N7) — (Ma, N2) between substructures of (M, ) such that
|Mi| < k,|Ms| < k, M1 and N are free over N7 and My and N are free over Ns.
By [12, Claim on p. 67], T has the back-and-forth property. Let a,b € D such that
a and b satisfy the same L-type over A. Then there is an L-isomorphism

i:dcl(aUA) — del(bU A).
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Since both a and b are dcl-independent over N U A, the isomorphism expands to an
isomorphisms

i: (dcl(aU A),del(A) NN = (dcl(bU A),dcl(A) N N)
of substructures of (M, N). Since a U (A \ N) is dcl-independent over N, dcl(a U A)
and A are free over dcl(N) N N. By the same argument dcl(bU A) and N are free

over dcl(A) N N. Hence i € T'. Since I is a back-and-forth system, a and b satisfy
the same L(P)-type over A. O

Groups with the Mann property. Let I' be a dense subgroup of Rs( that
has the Mann property, that is for every aq,...,a, € Q*, there are finitely many
(71,--+57) € I'™ such that ayy; + - + apyn = 1 and ), ;a;y; # 0 for every
nonempty subset I of {1,...,n}. Every multiplicative subgroup of finite rank in R<g
has the Mann property, see [23].

We assume that for every prime number p, the subgroup of p-th powers in I" has
finite index in I". Let £ be the language of ordered rings augmented by a constant
symbol for each v € T'. Let T be the theory of (R, (7)er) in that language and let
T = T(I') be the theory of (R, (y)er,I') in the language £(P). By [14, Theorem
7.5], every model of T'(T") satisfies (IT). A proof that every model satisfies (I) is in [25,
Proposition 3.5].

Again, we show that (III) follows from [6, Corollary 3.1]. Let (M, P) = T(T"). Let
A for every parameter set A such that A\ P is dcl-independent over P. Set

D:={a€ M : ais dclindependent over P U A}.

One can check easily that assumptions (1) and (2) of [6, Corollary 3.1] follow from
the o-minimality of 7. Finally it is easy to see that almost the same proof as for
Proposition 2.4, just using the back-and-forth system in the proof of Theorem 7.1 in
[14] instead of [12, Claim on p. 67], shows that assumption (3) of [6, Corollary 3.1]
is satisfied as well.

There are several other closely related examples. In [27] proper o-minimal expan-
sions R of the real field and finite rank subgroups I' of R are constructed such that
the structure (R, T") satisfies Assumptions (I)-(III). Indeed, the fact that these struc-
tures satisfy Assumptions (I) and (II) is immediate from results in [27]. Assumption
(ITI) follows by the same argument as above. In [1, 25] certain expansions of the real
field by subgroups of either the unit circle or an elliptic curve are studied. One can
easily show using the above argument that these structures satisfy Assumptions (I)-
(III) after adjusting their statements for the fact that P now lies in a 1-dimensional
semialgebraic set in R2. Since no significant new argument is involved, we leave it
to the reader to verify that our main results also hold in this slightly more general
setting.

Independent sets. Let T = Tnder he an L(P)-theory extending T by axioms
stating that P is dense and dcl-independent. By [9], T4¢P is complete and every
model of TP gatisfies (I) and (II) by [9, 2.1] and [9, 2.9], respectively. As usual,
we show that (III) follows from [6, Corollary 3.1]. Let (M, P) = TP, Let A be a
parameter set such that A\ P is dcl-independent over P. Set

D:={a€ M : aisdcl-independent over P U A}.

From the o-minimality of T, assumptions (1) and (2) of [6, Corollary 3.1] follow easily
as above. By [9, 2.12], assumption (3) of [6, Corollary 3.1] holds as well.
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Non-examples.

(1) By Assumption (III), P must be dense in a finite union of open intervals and
points. Indeed, the closure of P has to be L-definable. Therefore, tame expansions
of M by discrete sets, such as (R, 2%), do not belong to this setting.

(2) We do not know whether the theory of every expansion (M, P) of an o-minimal
structure M with o-minimal open core [8, 31] satisfies Assumptions (IT) or (III).
Assumption (I) does not hold in case P is a generic predicate.

(3) f M = (M, <,+,P) is semi-bounded, that is, a pure ordered group expanded
by the structure of a real closed field P = (P, ®, ®) on some bounded open interval
P C M, then Assumptions (IT) and (III) hold by [17], but (I) does not.

2.3. L-definability. In general, an £-definable set X which is also A-definable need
not be L -definable. For example, let M = (M, P) be a dense pair of real closed
fields, and z,y € M \ P such that there are (unique) g,h € P with 2 = g + hy.
Then {g} is L-definable and {z,y}-definable, but in general not Ly, ,i-definable.
The following lemma, however, implies, in particular, that every such X is always
L aup-definable.

Lemma 2.5. Let X C M™ be an A-definable set. Then there is a finite B C A such
that X is B U P-definable and B is dcl-independent over P. Hence, by Assumption
(III), cl(X) is Laup-definable. In particular, if X is closed (or open), then it is
L aup-definable.

Proof. Without loss of generality, we can assume that A is finite. Let B C A be
a maximal subset of A that is dcl-independent over P. Suppose B = {b1,...,b;}.
Hence for every a € A\ B, there are g, € P’ and an Ly-definable map h : M!** — M
such that h(ge,b1,...,b5) =a. Set H ={g, : a € A\ B}. Since X is A-definable,
it is also B U H-definable. O

A positive answer to the following open question would give better control to the
set of parameters (see also after Corollary 3.23 below).

Question 2.6. For X as above, are there finite B C A and H C P Ndclzpy(A),
such that X is B U H-definable and B is dcl-independent over P?

By [9, 2.26], Question 2.6 admits a positive answer when T = T™der. However,
we do not know the answer even when T' = T%.

The reader might wonder whether for every definable subset X of P! there is an
L-definable set Y C M™ such that X = Y N P™. While this is true for dense pairs by
[12, Theorem 2(2)], this fails in examples arising from groups with the Mann property
(see [3, Proposition 57]).

Although all our known examples that satisfy Assumptions (I)-(III) have NIP (see
[2, 26]), the following question stands open.

Question 2.7. Do Assumptions (I)-(III) imply that T has NIP?

2.4. Basic facts for L-definable and small sets. We include some basic facts
that will be used in the sequel.

Fact 2.8. Let f: X C M™ — M™ be a finite-to-one L-definable function. Then
there is a finite partition X = X, U---U X}, into definable sets such that each fix, is
injective.
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Proof. Standard. O
Fact 2.9. Let f: AC M™ — M™ be an L-definable function. Let

Xy={acA: f (f(a)) is finite}.
Then dim f(A\ Xf) < dim A.
Proof. Let R = f(A\X). By definition of Xy, for every r € R, f~!(r) has dimension

> 0. Since A\ Xy equals the disjoint union {J,cp f7*(r), we have by standard
properties of dimension:

dim(A\ X;) > mindim f~*(r) + dim R.
Hence, dim A > 1 + dim R and dim R < dim A. O

Fact 2.10. If X, Z, 1 C M™ are definable sets, and X is co-small in Z, then X N1
s co-small in Z N 1.

Proof. Immediate from the definitions. O

3. SMALL SETS

In this section we establish properties of small sets that will be important in the
proof of the Structure Theorem. The two most crucial results are Lemma 3.7 and
Corollary 3.27 below.

3.1. Families of small sets and P-boundness. With the exception of Lemma 3.7
below, the results of this section were either established in [3] or are minor improve-
ments of results in [3]. Since the assumptions in [3] differ from ours, we reprove the
results here. Most of the proofs are direct adjustments from those in [3], but are
included for the convenience of the reader. They often involve induction on formulas
whose base step deals with a ‘basic’ set defined next.

Definition 3.1. A subset X C M™ is called basic over A if it is of the form
U »(1,9),
gepm

for some L 4-formula. We say X is basic if it is basic over some parameter set A.

Note that by Assumption (II) every definable set is a boolean combination of basic
sets.

Lemma 3.2. Letp € N. Forj=1,...,p, let {51 ¢} temt {5’273 theenn be A-definable
families of subsets of P™. Let fi,...,fp,h1,...,hy + Mt — M be A-definable
functions. Then there are A-definable families {Q;1}ienrt, {Rjt}eenrrt of subsets of
P, for j=1,...,p, such that for every t € M,

Uf] S1jt:t) ﬁUh (S2,,:t) :Ufj(Qj,tvt)
J

(M\Ufj S1jtst ) Uh (S2,5.t:t) :M\Ufj(Rj,tat)
J J

Proof. Set

y4

Qi ={g9€S150:\/ 39 € Sais hilg',t) = f;(g.1)}

i=1
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and

p
Rjp:i={g €St \Vg € Sair hilg',t) # f;(g,1)}.
i=1

O

Lemma 3.3. Let {X:};eanr be an A-definable family of subsets of M. Then there
are m,n,p € N and for each i =1,...,m there are
o an A-definable family {S; ji}iern of subsets of P™, for each j =1,...,p,
o L 4-definable functions hi1,... hip: M" T — M,
e an A-definable function a; : M' — M U {oo},
such that fort € M,
(i) —oo=ap(t) <ai(t) < -+ < anp(t) = oo is a decomposition of M, and
(ii) one of the following holds:
(a) [ai—1(t),a;(®)]N Xy =Viy or
(b) lai—1(t), a; ()] N Xy = (M \ Vig) N [ai—1(t), ai(t)],
where ‘/i,t = Uj hi,j(Si’j,t,t),

Proof. First consider a definable family of basic sets, say (D:);eps, that is a definable
family of the form
Dt = U (P(Magat)v
geP™
where ¢(z,y,2) is an La-formula and ¢ € M!. By cell decomposition, there are
two finite sets Ji, Jo, La-definable cells (Y3 ;)jes, and (Ya;)jes, in M™F and L4-
definable functions (f1 ), (f2.5)jet, and (f3;)jes, from M™F to M such that

D, = |J fr;(VijenPt)u U (f2i(9.0). f35(9.0).

JjEJ1 JjEJ2 gEYQJ)tﬁP"

Without loss of generality, we can assume that |J;| = |J2]. Set p := |J1| and assume
that J; = Jy = {1,...,p}. Set Up := Ujc s, Ugeva,,npn (f2,5(g,1), f3,5(g,t)). Note
that Uy is open. By Assumption (IIT), U; is a finite union of open intervals. Since
finitely many intervals only have finitely many endpoints and U, is At-definable, the
endpoints of the intervals of U; are At-definable. Let V; be the topological closure of
Ujes, f1,5(Y1,6 N P™,t). By Assumption (III) again, V; is L-definable. Hence it is a
finite union of intervals and points. Since there are only finitely many endpoints and
V; is At-definable, these endpoints are At-definable. Hence we have a decomposition
of M
—c0o =ag(t) <a1(t) <+ <ap(t) =0

such that either

° (ai,l(t),ai(t)) NnD; = (ai,l(t),ai(t)) or

® (ai-1(t),a; (1)) "Dy = (ai-1(t), ai(t)) N U;e, fr;(Yi e NP E).
In the first case set S; ;; := 0 and set h; j(z,y) = 0 for all (z,y) € M"*!. In the
second case set

Sije:={g €Y NP f1;(g,1) € (ai-1(t), ai(t))},
and set h; ; = f1;. By compactness, we can find an m € N that works for every
t € M. Hence (i)-(ii) holds for (D;)seprn-
By Assumption (II) it is enough to check that if the statement of the Lemma
holds for two definable (X¢);can and (Z¢)ieps, then it also holds for (M \ X;),er
and (X U Zy)eeprt- So suppose that the statement holds for (Xi),cpn and (Zy)iepst-
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Tt is immediate that the conclusion holds for (M \ X¢);cant as well. It is easy to check
that Lemma 3.2 implies that the conclusion also holds for (X; U Z;)cast- O

Remark 3.4. The sets V;; above are small, since P is small (Assumption (I)). Hence:
(a) the set
{te M" : X;N[a;-1(t),a;(t)] is small}
is equal to
{te M™ : X;Nlai—1(t),a:i(t)] = Vi)
Hence, it is A-definable. In particular, the set of all £ € M™ such that X; is

small is A-definable.
(b) the set of (¢,a;(t)) for which X; is small in (a;—1(¢),a;(t)) is A-definable.

We will make use of the following consequence of Lemma 3.3.

Corollary 3.5. Let {X;}ier be an A-definable family of subsets of M, where each
Xy C€ M is small and I C M™. Then there are m € N, L a-definable continuous
functions h; : V; C M™ ™ — M and A-definable families {S; i }ier of sets Sj C P™,
j=1,...,p, such that for everyt € I, X; = Uj hi(Sje,t).

Proof. Without requiring the continuity of the h;’s, the statement is immediate from
Lemma 3.3. Now, to get the continuity, apply the cell decomposition theorem for o-

minimal structures to get, for each j, cells Vj 1,..., V] ;) such that h; is continuous
on each Vj;. Let S}, , :=S;,NV;; C P™. We have

X = U hj (S;’,i,n t)?
7,0

as required. O

The following example shows that in the last corollary the set S;; has to depend
on t.

Example 3.6. Let M = T<. For every a € M>°, let X, = PN (0,a), and
X= {J {a} x Xa.

a€EM>0

Let h; and S;, be as in Corollary 3.5, and assume towards a contradiction that all
S;.o’s equal some S;. So for every a € MY,

(*) (0,a) N P =|Jh;(S;,a).

J
Take p € S;. By o-minimality, h;(p, —) is eventually continuous close to 0. Since
h;(p, M>%) C P by (x) and P is codense in M, h;j(p,—) is eventually constant close
to 0. That is, thereis a, > 0 and ¢, € P, such that for every 0 < a < ap, hj(p, a) = c,.
Thus, if 0 < a < ¢, we have hj(p,a) = ¢, € (0,a) N P, a contradiction.

We now derive a few corollaries of the above results. The next lemma shows how
to turn a family X = {X,}sec of small sets into a small family of subsets Z, of C.
This will be a crucial step in the proof of the Structure Theorem. There, we will
further need to replace Z;, by “cones”, which are defined in Section 4.

Lemma 3.7. Let X = J,.o{a} x X, be A-definable where each Xo C M is small,
non-empty, and C C M™. Then there are [,m € N, and for eachi=1,...,1,
o an L4-definable continuous function h; : V; C M™T™ — ML
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e an A-definable small set S; C M™, and
e an A-definable set Z; C S; x C contained in V;,

such that for

Ui =h; U {9} x Ziy
geS;

we have

(1) X =U1U---UU; is a disjoint union,

(2) for everyi and g € S, hi(g,—) : Vig € M™ — M"T! is injective,

(3) €=U, Zig-
Proof. We first observe that there are m,p € N, £ 4-definable continuous functions
h; : V; € M™*" — M and A-definable families Y; of small sets Y;, C P™,i=1,...,p,
such that for every a € I,

(1) Xo=U;hi(Yia,a)

(2) {hi(Yia,a)}i=1,...p are disjoint.
Indeed, this follows from Corollary 3.5; for (2), recursively replace Y, 1 < ¢ < p,
with the set consisting of all z € Yj, such that h;(z,a) & h;(Yje,a), 0 < j < i. We

now have:
X = |J{a} x X = U {a} x hi(Yia, a).
acC i aeC
For every i, let S; = P™. For every ¢ and g € P™, let

Ui = (J{a} x hi(Yia, a),
acC
which are also disjoint, and

Zig:{a6039€5/ia}~

Since h; and {Yi,}scc are A-definable, so are U; and {AZig}geSi- We have C =
Uiy Zig- Consider now the £ 4-definable continuous map h; : V; C Mm™tn Mt
wit

hi(gv CL) = (a7 hi(gva)) .
Then

U; = h; U {9} x Zig
gES;
works. 0

Remark 3.8. As the last proof shows, in fact we obtain S; = P™. We decided,
however, to keep the current formulation because the proof can then be adopted
in similar situations (such as in Lemma 5.11 below). Had we kept the stronger
formulation (S; = P™), what follows would result to a Structure Theorem 5.1 where
in Definition 4.3 of a cone we could require S C P"™. However, we recover this
information anyway, see Remark 4.5(7).

Let us illustrate Lemma 3.7 with an example.

Example 3.9. Let M = T?. For every a € M>°, let X, = PN (0,a), and
X= |J {a} x Xa.

a€EM>0
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Then we can turn X into a small union of (£-definable images of) large subsets of
M, as follows. For every g € P, let

Jg={aeM:a> g}
Then
X =h U {9} < Jy |,
geP
where h : M? — M? switches the coordinates, h(z,y) = (y, ). In this case, X is in
fact seen to be 1-cone (according to Definition 4.3 below).

We now turn to examine better the notion of smallness.

Definition 3.10. A set X C M™ is P-bound over A, if there is an L 4-definable
function f : M™ — M™ such that X C f(P™). We omit A if we do not want to
specify the parameters.

Lemma 3.11. An A-definable set is small if and only if it is P-bound over A.

Proof. Since P is small, it follows immediately that every P-bound set is small. For
the other direction, observe first that, by Corollary 3.5, every A-definable small subset
of M is P-bound over A. Now let X C M™ be A-definable, and let 7; : M™ — M be

the projection onto the i-th coordinate. If X is small, so is m;(X) for i = 1,...,n.
Since each A-definable small subset of M is P-bound over A, so is m;(X). Hence
[T;, mi(X) is P-bound over A and so is X C []\", m(X). O

We show that in the definition of largeness and P-boundedness, we can replace
L-definability by definability. Recall from geometric stability theory that given two
definable sets X € M™ and Y C M*, X is called Y -internal over A if there is an
A-definable f: M™% — M™ such that X C f(Y™).

Corollary 3.12. Let X be a definable set.

(1) X is P-bound over A if and only if it is P-internal over A.
(2) X is large if and only if an open interval is X -internal.

Proof. By Lemma 3.11, Definition 2.1 and Assumption (I), it is easy to see that
(1) implies (2). For (1), let F : M* — M™ be A-definable such that X C F(P*).
Without loss of generality, we may assume that A \ P is dcl-independent over P.
For each g € P*, the singleton {F(g)} equals its topological closure. Since F(g) is
definable over AUg and (AUg) \ P is dcl-independent over P, we get by Assumption
(III) that {F(g)} is Layg-definable. Hence, by compactness, there are finitely many
L a-functions Fi, ..., F; such that for all g € P*, F(g) = F;(g) for some i. Hence

F(P*) C | JF:(PY).

However, the right hand side is P-bound over A, and hence so is F(P*). il
The following is then immediate.

Corollary 3.13. Let f : X — M™ be a definable injective function. Then X is small
if and only if f(X) is small.

A stronger version of the Corollary 3.13 is provided by the invariance result in
Corollary 5.3 below. Here are three more corollaries of Lemma 3.11.
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Corollary 3.14. Let Y C M™ be small and let (Xy)icy be a definable family of
small sets of M™. Then J,cy X; is small.

Proof. By Lemma 3.11 and compactness, there is a definable family of £-definable
functions (f;)¢cy such that X; C f;(P*) for each t € Y. Again by Lemma 3.11, there
is also an L-definable function g : P' — M™ such that Y C g(P'). Set h : M**+ —
M™ be the function that takes (z,y) to fy()(x). Then |,y Xi € h(P**') and hence
is P-bound. O

Corollary 3.15. The union and cartesian product of finitely many small sets is
small.

Proof. Immediate from Lemma 3.11, Corollary 3.14 and the definitions. U

In the case of dense pairs, we obtain the following interesting result.

Corollary 3.16. Assume M = (M, P) is a dense pair. Then every O-definable small
set X C M™ is contained in P™.

Proof. By Corollary 3.11, there is an Ly-definable f : M™ — M™, such that X C
f(P™). By [12, Lemma 3.1], X C P". O

3.2. Definable functions outside small sets. In this section we analyze the be-
havior of definable functions outside small, or rather low, sets. Note that Assumption
(II) is not used in this section.

Definition 3.17. We denote by I,,(A) C M™ the set of all tuples a = (ay,...,a,) €
M™ that are dcl-independent over P U A.

Remark 3.18. (1) Note that I,,(A) is L(P) a-type definable. Indeed, a € I,,(A) if and
only if for all 0 <4 < n, m,l € N and L4-(I + i)-formula ¢(x,y), a satisfies:

Vg € P'[if ¢(g,a1,...,a;_1,—) has m realizations, then = —¢(g, a1, ... ,a;)].
(2) It is obvious that I,,(A) = I,(AU P) and I,,(B) D I,,(A) for B C A.

Lemma 3.19. Let A C M that A\ P is dcl-independent over P, and let o(x,y, z) be
an L(P)a-formula. Then there are L s-formulas ¥1(x,y, 2), ..., Y(z,y,2) such that
foralla € I,(A) and b € P™ there isi € {1,...,k} with

cl(e(a,b, Ml)) = ¢i(a, b, Ml)'
Proof. Let a = (a1, ...,am) € I (A) and b = (by,...,b,) € P". It follows that
(Auf{ay,...,am} U{b1,..., 0o })\ P

is dcl-independent over P. Since I,,,(A) is L(P) a-type definable and P is definable,
the statement of the lemma follows from compactness and Assumption (IIT). O

Proposition 3.20. Let F': M™ x M"™ — M be A-definable. Then there are Lay,p-
definable continuous functions F; : Z; C M™ x M™ — M, i=1,...,k, such that for
all a € I, (A) and b € P™ there isi € {1,...,k} with (a,b) € Z; and

F(a,b) = F;(a,b).

Moreover, if A is dcl-independent over P, then the F;’s can be chosen to be L -
definable.
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Proof. By Lemma 2.5, there is a finite B C A such that B is dcl-independent over
P and F is B U P-definable. So (B U P) \ P is also dcl-independent over P. Let
o(z,y,2z) be an L(P)pyp-formula that defines the graph of F. Hence by Lemma 3.19
there are Lp,p-formulas ¥4 (z,y, 2), ..., ¥r(z,y, z) such that for all a € I,,,(B) and
be P" thereis i € {1,...,k} with

cl(p(a, b, M)) = 1;(a,b, M).

Since ¢(a,b, M) is a single point, we have ¢(a,b, M) = v;(a,b, M). Define F; :
M™+" — M such that Fj(a,b) is the unique ¢ € M with ;(a, b, ¢) if such c¢ exists,
and 0 otherwise. Since v; is an Lpyp-formula, F; is £pyp-definable. Thus we have
L aup-definable functions Fy, ..., F : M™™™ — M, such that for all a € I,,,(A) and
b € P™ there is i € {1,...,k} such that F(a,b) = F;(a,b). Using cell decomposition
in o-minimal structures, we can find an £ 4y p-cell decomposition C1, ..., C; of M™*"
such that each F; is continuous on each C;. The conclusion of the lemma now holds
with the kl-many functions of the form Fj|c,, where i = 1,...,kand j =1,...,1.
For the ‘moreover’ clause, if A\ P is dcl-independent over P, we need not replace
A by BU P in the above proof, which then shows that no further parameters from P
are needed. U

Corollary 3.21. Let F' : P* — M be A-definable. Then there are t € N, L4-
definable continuous functions Fy : Z; C M — M with Z; a cell, i = 1,...,k, and
u € P, such that for all b € P™ there isi € {1,...,k} with (u,b) € Z; and

Proof. By Proposition 3.20 there are £ 4 p-definable continuous function H; : Y; C
M™ — M, i =1,...,k, such that for every b € P™ there is i € {1,...,k} with
b €Y; and F(b) = H;(b). Now take u € P! such that each H; is L ,-definable.
For i = 1,...,k, pick an L£4-definable function F; : Z; C M'™™ — M such that
(Z))y = Y; and F;(u,b) = H;(b) for each b € Y;. By applying cell decomposition to
M we may further assume that each F; is continuous and Z; is a cell. O

A slightly weaker version of Corollary 3.21 is known for dense pairs [12, Theorem
3(3)].

Definition 3.22. We call X C M"™, n > 0, low over B if there is i € {1,...,n} and
L p-definable function f : M™ ' x M* — M such that

X ={(a1,...,a,) €M™ : g€ P fla_s,9) = a;},
where a_; = (a1,...,4;-1,Gi41, -, an)-

Note that if a set X C M is low, then it is small and co-dense in M. Generalizations
of this statement are obtained in Lemmas 4.14 and 4.31 below.
Corollary 3.23. Let F': M™ — M be A-definable. Then there are k,m,t € N and

o sets X; C M"™ low over A, j=1,...,k,
o L 4-definable continuous functions Fy : Z; C M - M, i=1,...,m,
e uc Pt

such that for every a € M™\ Ule X, thereisi e {1,...,m} witha € Z; and
F(a) = Fi(u,a).
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Proof. Note that a ¢ I,,(A) if and only if there are i € {1,...,n}, an £ 4-definable
function f: M!T("=1) 5 M and g € P!, such that f(a_;,g) = a;. Hence a ¢ I,,(A) if
and only if there is X low over A such that a € X. By compactness and Proposition
3.20, there are k,m € N and

e L aup-definable functions H; : Y; C M™ - M,i=1,...,m

o sets X; € M™ lowover A, j=1,...,k,
such that for every a € M™\ (Uf=1 X;) there is ¢ € {1,...,m} with a € Y; and
F(a) = H;(a). Now take u € P such that each H; is £ 4,-definable, and continue as
in the proof of Corollary 3.21. O

Remark 3.24. Tt is natural to ask whether the extra parameter u € P! in Corollary
3.23 can be chosen to be in dclz(py(A). When the answer to Question 2.6 is positive,
then the same proof gives that u is £Laup-definable, for some H C P Ndclypy(A).
So in particular, this holds when T' = T™4°P (independent set). When T = T (dense
pairs), we do not know the answer.

Remark 3.25. If A\ P is dcl-independent over P, then using the ‘moreover’ clause of
Proposition 3.20, we can see that in Corollaries 3.21 and 3.23, we obtain ¢ = 0 and
be the empty tuple.

Since low subsets of M are small, we can easily get the following corollary of 3.23.
This corollary is already known for 7' = T by [12], with the aforementioned control
in parameters also established in [45, Lemma 5]. We omit its proof since it is in fact
a special case of Theorem 5.7(2) below.

Corollary 3.26. Let f: M — M be A-definable. Then f agrees off some small set
with an L ayp-definable function F : M — M.

The Structure Theorem below is intended, among others, to generalize this corol-
lary to arbitrary definable maps f : X C M™ — M (see Theorem 5.7(2)). For the
moment, using compactness, we directly get the following uniform version of Corollary
3.23.

Corollary 3.27. Let f: Z x M™ C M™T™ — M be an A-definable map. Then there
are p,t € N and for each i =1,...,p there are
o an A-definable family {X'}.cz of low subsets of M™,
o an L-definable continuous function f; : Z; C M™ x Pt x M™ — M,
such that for all z € Z there is uw € P! such that for all a € M™\ \J, X?, there is
ie{l,...,p} with
f(Z, CL) = fz(za U, CL).

Proof. The corollary follows easily from compactness and Corollary 3.23. O

4. CONES AND LARGE DIMENSION

In this section, we introduce and analyze the two main objects of the paper, cones
and large dimension.

4.1. Cones. As mentioned in the introduction, the notion of a cone is based on that
of a supercone, which in its turn generalizes the notion of being co-small in an interval.
Both notions, supercones and cones, are unions of specific families of sets, which not
only are definable, but they are so in a very uniform way. The definitions appear to
be quite technical in the beginning, but as it turns out they are in fact optimal in
several ways (see Section 5.2, Question 5.14 and [18]).
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Definition 4.1 (Supercones). We define recursively the notion of a supercone J C
Mk, k>0, as follows:

e M° = {0} is a supercone.

o A definable set J C M"*! is a supercone if w(J) C M™ is a supercone and
there are £-definable continuous hq, hy : M™ — MU{+oo} with hy < hg, such
that for every a € w(J), J, is contained in (hi(a), he(a)) and it is co-small in
it.

Abusing terminology, we say that a supercone J is A-definable if J is an A-definable
set and its closure is £ 4-definable.

Note that, for & > 0, the interior U of ¢l(J) is an open cell, and for every a € w(J),
J, is contained in U, and it is co-small in it.

We remind the reader that in our notation we identify a family J = {J,}4ecs with
Ugesig} x Jg. In particular, cl(J) and m,(J) denote the closure and a projection
of that set, respectively.

Definition 4.2 (Uniform families of supercones). Let J = {J,cs{9} x Jy C MmTk
be a definable family of supercones. We call J uniform if there is a cell V. C M™+F
containing 7, such that for every g € S and 0 < j <k,

(T4 (T)g) = l(Tmtj(V)g).
We call such a V' a shell for J. Abusing terminology, we call a uniform family
A-definable, if it is an A-definable family of sets and has an £ 4-definable shell.

A shell for J need not be unique. It is, however, canonical in the sense of Lemma
4.9 below. Note also that if 7 is uniform, then so is each projection m,,; (7).

Definition 4.3 (Cones). A set C C M™ is a k-cone, k > 0, if there are a definable
small § C M™, a uniform family J = {Jz}ges of supercones in M*, and an £-
definable continuous function h : V. C M™% — M", where V is a shell for J, such
that

(1) C=h(T), and

(2) for every g € S, h(g,—): V, € M* — M™ is injective.
A cone is a k-cone for some k. Abusing terminology, we call a cone h(J) A-definable
if his L -definable and J is A-definable.

Definition 4.4 (Fiber £-definable maps). Let C = h(J) C M™ be a k-cone with
J C M™% and f : D — M a definable function with C C D. We say that f
is fiber L-definable with respect to C if there is an L-definable continuous function
F:V C M™%k — M, where V is a shell for 7, such that

o (foh)(z)=F(x), forall z € J.
We call f fiber L 4-definable with respect to C if F' is L 4-definable.

Remark 4.5.

(1) If J C M™ is a supercone, then m,,(J) is a supercone, and for every t € m,,(J),
Ji is a supercone with closure cl(J);.

(2) Let {X:}tcz be an A-definable family of subsets of M™, {U;}icz an Lg-
definable family of subsets of M™, and {C;}:cz an A-definable family of
cones in M™. Using Remark 3.4(a), it is not hard to see that the sets

o {t € Z : X, is asupercone with closure cl(U;)}
o {t€ Z :X,is a cone}
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are both A-definable.

(3) The 0-cones are exactly the small sets. Low subsets of M™ (Definition 3.22)
are n — 1 cones, but not every (n — 1)-cone is low.

(4) The terminology of f being fiber L 4-definable with respect to C = h(J)
is justified by the fact that, in that case, for every g € 7(J), f agrees on
h(g,J,) with an £4,-definable map; namely F o h(g,—)~!. But we require
further that the family of these £ 4-definable maps is actually £ 4-definable
and continuous. We illustrate this last point with Example 4.6 below. The
same example also shows that the notion of being fiber £-definable depends
on h and J.

(5) It is easy to see that if C' = h(J) is an A-definable k-cone and f : C — M
fiber £ 4-definable with respect to C, then the graph of f is an A-definable
k-cone. We will not make use of this fact.

(6) The closure of an A-definable cone h(J) is L4-definable. Indeed, if h :
V C M™*t*k — M™ is as in Definition 4.3, then it is easy to check that
d(h(T)) = c(h(cl(T)NV)).

(7) We may replace S by a definable subset of P! in the definition of a cone
C. Indeed, let h : V. .C M™+t* — M™ be as in that definition. Since S
is P-bound, there is an L-definable f : M! — M™ with f(P') O S. By
partitioning C' into finitely many cones, we may assume that for some cell
Z C M f:Z — w(V)is continuous and S C f(Z N P'). So we may replace
Sby S :=fYS)NZ C P!, and h by H : Ugezlg} x Vi) — M" with
H(x,y) = h(f(x),y). We decided, however, to keep the current definition
because we can then adopt it in similar situations (such as Theorem 5.12
below). See also Remark 3.8.

Example 4.6. Consider a dense pair (M, P) of real closed fields and let S = P+aP
for some a ¢ P. The following map is taken from [12]. Let f : S — M be the a-
definable map given by f(z) = r, where 2 = r + sa for some (unique) r, s € P. Then,
clearly, for every z = r+sa € S, f(x,—) : MY — M agrees with the £,-definable map
H, map given by H,(x,—) = r. However, the family of maps H, is not £-definable.
Now re-write S as the a-definable cone

S x M = h(P?)
where h(p,q) = p + aq, and let F : M? — M be the projection onto the first
coordinate. Then, for every (p,q) € P2, we have
f(p+aq) =p=F(p,q),
witnessing that f is fiber £,-definable with respect to h(P?).
We next observe several easy consequences of the definitions that will be used in
the proof of the Structure Theorem. The first lemma draws a connection between

cones and the dcl-rank over tuples over P. Further results of this sort will be explored
in Section 6.

Lemma 4.7. Leta € M™ and A C M. Then
dcl -rank(a/AP) = min{k € N : a is contained in an A-definable k-cone}.

Proof. (<). This follows easily from the definition of a k-cone.
(>). Let a = (a1, ..., a,) and set k = dcl-rank(a/AP). We will find an A-definable k-
cone that contains a. Without loss of generality, we may assume that
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dcl-rank((ay,...,ax)/AP) = k. Hence there are an L4-definable Z C M'™™ and
s € P! such that (s,a) € Z and dim Z, = k. By cell decomposition in o-minimal
structures, there are an £ 4-definable cell X C M'** and a continuous £ 4-definable
function h : X — M™ such that

o {(z,h(z,y)): (z,y) e X} C Z

e (s,a1,...,a;) € X and h(s,ay,...,ar) = a,

e X, is an open cell and h(y, —) is injective for each y € m(X).
In particular, (Xy)yenr (x) is a uniform family of supercones with closure ¢/(X). Thus

h U g xx,

gEPINT (X)

is a k-cone containing a. O

Lemma 4.8. Let C be an A-definable 0-cone in M™ and f : C — M be A-definable.
Then there is a finite collection C of A-definable 0-cones whose union is C' and such
that f is fiber L-definable with respect to each cone in C.

Proof. Let S be A-definable small and h : Z C M™ — M"™ be L 4-definable and
continuous such that h(S) = C. We may assume that S C P', for some [. Indeed,
since S is P-bound over A, one can easily see that S is a finite union of sets o(5’),
where S’ C P! is A-definable and o : W — M™ is an £ 4-definable map. So C is a
finite union of 0-cones of the form h o o(S’).

Now, by Corollary 3.21 there are k,t € N and, for ¢ = 1,...,k, an L4-definable
continuous function Fj : Z; C Pt x M' — M with Z; a cell, and s € P*, such that for
all g € S thereisi € {1,...,k} with (f o h)(g) = Fi(s,g). Now set

Si={(s,9) € P'x S : (s,9) € Zi,(f o h)(g) = Fi(s,9)}.
Set 7: M' x Z — M"™ to map (z,y) to h(y). Then 7(S;) is an A-definable O-cone
and f is fiber £ 4-definable with respect to 7(.5;). Moreover, C' = Ule 7(Si). O

Our next goal is to prove Lemmas 4.10 and 4.12 below, which will be used in the
proof of the Structure Theorem (1),,, Cases I and II, respectively. First, a lemma
about shells.

Lemma 4.9. Let 7 C M™t* be an A-definable uniform family of supercones with an
L a-definable shell V. Assume that Z C M™% is an L 4-definable cell containing J .
Then there are disjoint A-definable uniform families of supercones J1,...,Jn such
that

J=0U--UTy,
and each J; has an L a-definable shell V; CV N Z.

Proof. First observe that for every g € n(J), Vy, C Z,. Indeed, cl(Vy) = cl(Jy) C
cl(Z4). Since V, is an open cell, and Z; is a cell too, this implies that V,, C Z,.
Now let
D={ge M":(VNnZ),isan open cell}.
This set is £4-definable. Moreover, since for every g € n(J), (VN Z), = V,, we
obtain 7(J) C D. Let
D=DyuU---UD,
be a partition of D into £ 4-definable cells, and, for each 1,

Ji = J N (D; x M*)
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and

Z; =(VN2Z)N(D; x M").
Since both V, Z are cells and D; C D, it is not hard to see that each Z; is a cell. It
clearly also contains J;. Finally, for every g € D; and 0 < j < k, we have

cl(mm+j(Ti)g) = cl(Tms;(V)g) = cl(Tms; (VN Z)g) = cl(mm+;(Zi)g),
showing that Z; is a shell for ;. O

We now prove that a suitable family of large subsets of M ranging over a k-cone
gives rise to a k + 1-cone.

Lemma 4.10. Let C C M™ be an A-definable k-cone, let {X,}aco be an A-definable
family of subsets of M. Assume that hy,he : C — M U {£oo} are fiber L 4-definable
with respect to C, and such that for all a € C, X, is contained in (hi(a), he(a)) and
it is co-small in it. Then |J,cc{a} x Xa is a finite disjoint union of A-definable
k + 1-cones.

Proof. Suppose that C' = h(J) for some uniform family J = {.J,;}4cs of supercones
in M* with shell V and L£4-definable continuous h : U C M™%tk — M™ where
U is a cell containing J. By the assumption on h; and he, there are L -definable
continuous functions Hy, Hy : Z C M™%tk — M, where Z is a cell containing 7, such
that for every g € S and t € J,,

Hl(gat) = hl(h(gat)) and H2(97t) = hg(h(Qﬂf))
By Lemma 4.9, we may assume that V C U N Z. Now set
V= {(gvta‘r> : (gat) € ‘/a Hl(gvt) <z < HQ(gvt)}

and
J; = U {t} X Xh(g,t)-
ted,

It is easy to check that {Jj}ses is a uniform family of supercones in MF+1 with
closure cl(V'). Let 7: V x M — M"*! map ((g,t),x) to (h(g,t), ). For each g € S
the function 7(g,—) is injective, because so is h(g, —). Thus

U{a}XXa:T U{g}xJ;

aceC ges
is a k + 1-cone. O

The proof of the Structure Theorem will run in parallel with its own uniform
version (see Theorem 5.1(3) below), which prompts the following definition.

Definition 4.11 (Uniform families of cones). Let C := {C}}iexcmm be a definable
family of k-cones in M™. We call C uniform if there are

e an L-definable continuous function h : Z C M™++k 5 pm,
e a definable family {S;}scx of small subsets of M!,
e a uniform definable family of supercones Y = {Y; ¢ }1ex ges, in MF

such that Y C Z and

(i) h(t,g,—): Zyy € M* — M™ is injective for each g € Sy,

(i) Co=h ({t} % (Uyes, {9} % Yig ) ).
Abusing terminology, we call C A-definable if it is an A-definable family of sets, h is
L a-definable, and {S;}iex and {Y; 4} iex,ges, are A-definable.
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We now prove that the union of a small uniform family of k-cones under a suitable
map results again in a k-cone.

Lemma 4.12. Let {Ci}icx be an A-definable uniform family of k-cones in M™, with
K C M™ small, and let 7 : W C M™F" — MP be an L 5-definable continuous map
such that for each t € K

(] {t} X Ct - W,

o 7(t,—): M™ — MP is injective.
Then 7 (U,e i {t} x Ct) is an A-definable k-cone in MP.
Proof. Let h: Z C M™*++k — M™ be an L 4-definable continuous function, {S; }+ex
an A-definable family of small subsets of M', and {Y; ; }te i ges, an A-definable family
of supercones that witness that {C;}icx is a uniform family of k-cones. Let o :
Z C M™HE 5 MP be defined by o(t,g,a) := 7(t, h(t,g,a)). We see directly that
o(t,g,—) is injective, since 7(¢,—) and h(t,g,—) are injective. Note also that o is
L a-definable and continuous, since both h and 7 are. Set

S:= J{t} x Si.
teK

It is then straightforward to check that

T(U{t}xct>0 U {(t9)} x Vi

teK (t,9)eS
is the desired k-cone. O

The following lemma will be used in the last step of the proof of the Structure The-
orem, (1), = (3),. It follows easily from Definition 4.2 and the next observations.
Let X C M™™™ be a set. Then for every 0 < j < n and g € 7,,(X), we have

Tm+j(X)g = 7 (Xg).
Let X, Y C M™ and 0 < j <n. Then
d(X)=cd(Y) = c(m(X)) = cl(m;(Y)).
Indeed, 7;(X) C m;(cl(Y)) C cl(m;(Y)).
Lemma 4.13. Let U C M™% be an A-definable cell. Let
K = {Jig}iev, ges,

be an A-definable family of supercones Jy 4 C MFE, where Y C M™ and Sy C M.
Assume that for every 0 < j <k,te€Y andg € S,

(1) c(Jig) = cl(Utg)-

Then U is a shell for KC. In particular, K is an A-definable uniform family of super-
cones.

Proof. For every t € Y and g € S, we have
c(Tr,g) = cl(Urg) = cl(mj(Trg)) = cl(mj(Urg)) =

= A(Tmti+5(T)tg) = UTmti45(U)tg),
as required. O

We finally include two lemmas that will be useful in the discussion of ‘large di-
mension’ in Section 4.3 below.
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Lemma 4.14. Let J C M™, n > 0, be a supercone and X C M™ a low set. Then
J\ X contains a supercone.

Proof. Easy, following the definitions, by induction on n. O

Lemma 4.15. Let J C M™ be a supercone and {Xs}scs a small definable family of

subsets of M™ such that J = UseS Xs. Then some X, contains a supercone in M™.

Proof. By induction on n. If n = 0, it is obvious. If n > 0, for every s € 5, let
Y, = {t € 7(X;) : the fiber (X;); is large}.

By Remark 3.4(a), {Ys}ses is a definable family of sets. By Corollary 3.14, we have
7(J) = Uses Ys- By Inductive Hypothesis, some Y contains a supercone K. Since
for every t € K, (X;); is large, Remark 3.4(b) provides us with definable functions
hi,hg : M™"™t — M U {#oc} such that for every t € m(X;), (Xs); is co-small in
(h1(t), ha(t)). By Corollary 3.23, there are finitely many low sets in M~ off whose
union hq, ho are both L-definable and continuous. Hence, by repeated use of Lemma
4.14, we obtain a supercone K’ contained in K on which hy, hy are both L-definable.
Therefore, the set

U {8 x (Xo)e 0 (B (1), ha(8))

teK’
is a supercone contained in Xj. O

4.2. L-definable functions on supercones. The goal of this section (Proposition
4.19(1) below) is to show that a supercone from M™ cannot be ‘embedded’ into M™,
for n < m. This will make meaningful the notion of ‘large dimension’ we introduce
in Section 4.3.

Lemma 4.16. Let J C M™ be an A-definable supercone and S C cl(J) an open
L a-definable cell. Then SN J is an A-definable supercone with closure cl(S).

Proof. We work by induction on n. For n = 0 it is obvious. Assume we know the
statement for subsets of M*, k < n, and let J C M" be a supercone and S C cl(J) be
an open L 4-definable cell. Since 7(S) C w(cl(J)) C cl(n(J)), the inductive hypothesis
gives that 7(S) N7(J) is an A-definable supercone K C M"~! with closure cl(7(9)).
Since for every t € K, J; is co-small in cl(J)s, we have that (SN J); = S; N J;
is (co)—small in ;. Hence SN J = Jyep{t} x (SN J); is a supercone with closure
cl(S). O

Lemma 4.17. Let K C M"™*! be a supercone. Then cl(K)\ K is a finite union of
sets of the form
U h(g, Zg),
gep™
where Z C P™ x M" is definable, h : M™t" — M"* is L-definable and each
h(g,—) : Zg — M™"1 is injective.

Proof. By induction on n. Denote U = ¢l(K). For n = 0, this is clear since U \ K is
a small set and can be written as h(P™) with h as above. Now assume we know the
statement for k < n, let K C M™*! be as above. We have:

(2) UNK=| |J {&§ x(U"\Ky) | U U &xu

ten(K) tem(U)\n(K)
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By inductive hypothesis the second part is a finite union of sets of the form

T = J{t} x Ui,

teXx
where X = (J,cpm (g, Z,), for suitable h. Observe that then

T: U h/(ngg>7
gepP™
where Wy = ez {v} x Un(gu) and h'(g,v,u) = (h(g,v), u), as required.
The first part of the union in (2) is of the right form, as it follows immediately by
applying Lemma 3.7. O

Before proving Proposition 4.19, we illustrate it with an example.

Example 4.18. Consider the function f : M? — M with f(z1,22) = 21 + z2. Let
Ji=M\Pandforallt € Ji, Jy = J1N(t,00). Let J =J,c; {t} x Ji. We will show
that f}s is not injective. The proof is inspired by an example in [3, page 5]. Assume
towards a contradiction that f}; is injective. Pick any two distinct ¢ty >t € J. Since
fis is injective, for every b € to + Jy,, we have b &€ ¢t + J,. But b € ¢ + cl(Jy), so
b € t+ P. Since this holds for every b € to + Ji,, we have that to+ J;, C t+ P, which

is a contradiction, since a large set cannot be contained in a small one.

Proposition 4.19. Let f : M™ — M™ be an L-definable function and J C M™ a
supercone, such that f; is injective. Then
(1) m<mn.
(2) there is an L-definable X C cl(J) such that dim(cl(J) \ X) < m and f1x is
finite-to-one. Namely, X = Xy Ncl(J), with notation from Fact 2.9.
(3) If K C M™ is another supercone and f : cl(J) — cl(K) is injective, then
f(J)NK #0.
In particular, by (2), there is an open L-definable X C cl(J) such that fx is injective.

Proof. The last clause follows from Fact 2.8.

We write (1), - (3), for the above statements, and prove them simultaneously by
induction on m. Statement (1) is clear. Let m > 1.

(1)m = (2)m-. Denote
Xy ={acd(J): f*(f(a)) is finite}.

We claim that dim(cl(J) \ Xs) < m. Assume not. Let I C cl(J) \ X; be an open
box. By Lemma 4.16, I N J contains a supercone K C M™. By Fact 2.9, f(I)
has dimension ! < m. In particular, f(I) is in definable bijection with a subset
of M" via the restriction of an L-definable map h : M™ — M!. Consider now
g ="hof: M™ — M' Then g is £-definable and injective on K. We have
contradicted (1),,.

(1)m = (3)m. Let K C M™ be a supercone and assume that f : cl(J) — cl(K) is
injective. Suppose now for a contradiction that f(J) C cl(K) \ K. By Lemma 4.17
and Corollary 3.15, cl(K) \ K is contained in the union of a small definable family of
sets each of the form h(g, Z,) (for finitely many h’s), with each Z, C M™~! and each
h(g,—) : Zy — M™ being L-definable and injective. In particular, J is the union of a
small definable family of sets of the form f~'h(g, Z,)N.J. By Lemma 4.15, one of those
sets must contain a supercone L C M™. By Lemma 4.16, T := interior of c¢I(L)) N J
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is a supercone in M™. But then the map F = h(g,—) Yo f: cl(T) - M™ ! is an
L-definable map that is injective on T, contradicting (1),,.

(2)m & (8)m = (V)me1- Let f: M™FL — M™ be an L-definable function and J C
M™*1 a supercone with closure V such that f}; is injective. Assume towards a
contradiction that m > n. Let J; = m1(J) be the projection of J onto the first
coordinate, and V; = w1 (V). By (2).,, for every t € Jy, there is an open box X; C Y;
on which f(¢,—) is injective. By cell decomposition in o-minimal structures, and
since Jp is dense in Vj, there is an open cell U C V, such that for every ¢t € w1 (U),
f(t,—) is injective on U;. By Lemma 4.16, U N J is a supercone with closure ¢l(U).
We may thus replace J by UNJ, and V by ¢l(U), and assume from now on that for
every t € V1, f(t,—) is injective on V.

Claim 1. There is an open interval Iy C Vi and an open box I C M™, such that for
everyt € Iy, I C f(t,V4).

Proof of Claim 1. Since for every t € Vi, f(t,—) is injective on V;, it follows that the
dimension of the L£-definable set

Z=J{t} x f(t. Vi)
tev;

is n + 1. By cell decomposition, there is an open interval I; C V; and an open box
I C M™ such that I; x I C Z. In particular, for all t € I, I C f(t,V}). O

By Claim 1, we can pick two distinct ¢g,¢ € J; such that
I C f(to, Vi) N (£, V2)
has dimension n. Since f), is injective, for any b € IN f(to, Jy, ), we have b & f (¢, Jy),
and hence b € f(t,V; \ J;). Since this holds for every b € I N f(to, Ji, ), we have that
INf(to, Jiy) C f(E, Vi \ Jp).
Claim 2. There is a supercone T C Vi, such that f(to,T) C I N f(to, Jz,)-

Proof. Denote fi,(—) = f(to,—). So fi, is injective on V4. Since I C f(to, V4,), we
have ftzl(I) C V. Let I' C ftzl(I) be an open cell. By Lemma 4.16, T := I' N Jy,
is a supercone, as required. O

We conclude that the map f(t, —)~to f(to,—) : Vi, — V; is an injective £-definable
map that maps T into V; \ J;, contradicting (3),. O

We show with an example that the assumption on J being a supercone (and not
just satisfying dim(cl(J)) = m) is necessary.
Example 4.20. Let f be the function from Example 4.6. The usual projection map

7 : R? — R is injective on Graph(f) but of course not injective on any open subset
of cl(Graph(f)) = R%

The next definition and corollary will be useful when we discuss the notion of large
dimension in Section 4.3.

Definition 4.21. Let f : M* — M™ be an L-definable map, J C MF* a supercone
and X C M™ a definable set. We say that

e fis a strong embedding of J into X if f is injective and f(J) C X.

o fis a weak embedding of J into X if f}; is injective and f(J) C X.



TAME EXPANSIONS OF O-MINIMAL STRUCTURES 145

Corollary 4.22. Let X C M™ be a definable set. The following are equivalent:

(1) there is a weak embedding of a supercone J C MF into X.

(2) there is a supercone K C M* and an L-definable f : M* — M™, injective on
c(K), with f(K) C X.

(3) there is a strong embedding of a supercone L C M* into X.

Proof. (3)=(1) is obvious.

(1)=(2). Let f : M* — M™ be an L-definable map, injective on .J, with f(J) C X.
By Proposition 4.19, there is an open definable S C ¢l(J) such that fc(s) is injective.
By Lemma 4.16, J N .S contains a supercone K.

(2)=(3). Let S C cl(K) be open so that fjs can be extended to an injective
L-definable map F : M* — M™. By Lemma 4.16 again, S N K contains a supercone
L. O

4.3. Large dimension. We introduce an invariant for every definable set X which
tends to measure ‘how large’ X is. This invariant will be used in the inductive proof
of the Structure Theorem in Section 5.

Definition 4.23. Let X C M™ be definable. If X # (0, the large dimension of X is
the maximum k € N such that X contains a k-cone. Equivalently, it is the maximum
k € N such that there is a strong embedding of a supercone J C M* into X. We
also define the large dimension of the empty set to be —oco. We denote the large
dimension of X by ldim(X).

Clearly, the large dimension of a subset of M™ is bounded by n. In view of
Corollary 4.22, the large dimension of X is the maximum &k € N such that there is a
weak embedding of a supercone JJ C M* into X. In Section 6, we will prove that the
large dimension equals the ‘scl-dimension’ arising from a relevant pregeometry in [3].
Here we establish some of its basic properties. The first lemma is obvious.

Lemma 4.24. For every definable X, Y C M™, if X CY, then 1dim(X) < ldim(Y").
Lemma 4.25. Let {Zs}scs be a small definable family of sets. Then

1dim (U Z5> — max ldimZ,.

ses

Proof. (<). Assume f : M™ — M™ is an L-definable injective map, J C M™ is a
supercone, and f(J) C |J,.q Zs. We show that for some s € S, ldim(Z,) > n. For
every s € S, let X, := f~1(Z;). Then {X; N J}scs is a definable family of subsets
of M™ that cover J, and by Lemma 4.15, one of them must contain a supercone
K C M™. Since f(K) C Zg, we have that ldim(Z;) > n.

(>). This is clear. O

In particular, we obtain the following standard property that holds for any good
notion of dimension.

Corollary 4.26. Let Xq,...,X; be definable sets. Then
ldim(X; U--- U X;) = max{ldim(X;),...,1dim(X;)}.
About supercones and cones we have:

Corollary 4.27. If C C M" is a k-cone, then ldim(C) = k.
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Proof. By Lemma 4.25 and the definition of a cone it suffices to show that every
supercone in M* has large dimension k. But this is clear. O

Corollary 4.28. Letn >0 and J C M™ be a supercone. Then ldim(cl(J)\ J) <n

Proof. Immediate from Proposition 4.19(3) and the definitions. O

Lemma 4.29. Let X C M™*! be a definable set, such that for every t € n(X), X;
is small. Then ldim(X) = ldim(7w(X)).

Proof. Let U;, S;, h; and Z;; be as in Lemma 3.7. In particular,

(3) ( U {9} Zig
(X)

geS;

(>). By Lemma 3.7(3), we have 7 g Zig- By Lemma 4.25, for some i, g,
we have ldim(Z;,) = ldim(w(X)). By Equatlon ( ) and Lemma 3.7(1), we obtain

1dim(Z;,) < 1dim(U;) < ldim(X).

(<). By Corollary 4.26, 1dim(X) = max;1dim(U;). By Equation (3), Lemma
3.7(2) and Lemma 4.25, for every 4, ldim(U;) = max, 1dim(Z;,). But Z;;, C n(X), so
ldim(X) < ldim(w(X)). O

Corollary 4.30. Let X C M™ be a definable set. Then ldim(X) = 0 if and only if
X is small.

Proof. Right-to-left is immediate from the definitions of a small set and large dimen-
sion. For the left-to-right, we use induction on n. If n = 1, the statement is clear by
Lemma 3.3. Assume we know the statement for all [ < n and let X C M"+1,

Claim. The projection of X onto any of its coordinates is small.

Proof of Claim. Without loss of generality we may just prove that the projection
m(X) onto the first n coordinates is small. Since 1dim(X) = 0, using Lemma 3.3, we
see that for every ¢ € m(X), X, is small. By Lemma 4.29, 1dim(7(X)) = 1dim(X) = 0.
By Inductive Hypothesis, 7(X) is small. O

Since X is contained in the product of its coordinate projections, it is again small.
O

In Definition 3.22, we introduced low sets. We are now able to determine their
large dimension.

Lemma 4.31. Let X C M™ be a low definable set. Then ldim(X) =n — 1.
Proof. By Remark 4.5(3) and Corollary 4.27. O

Remark 4.32. We observe that the converse of Lemma 4.31 does not hold, even if we
allow finite unions of low definable sets. For example, let X := (M \ P) x P. One
can see that X is a 1-cone. Suppose X is the finite union of low sets. Then the image
of X under at least one of the coordinate projections has interior. But the images of
X under the two coordinate projections are M \ P and P. Neither of these two sets
has nonempty interior.
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5. STRUCTURE THEOREM

We are now ready to prove the main result of this paper, which consists of state-
ments (1) and (2) below. The proof runs by simultaneous induction along with
statement (3). The latter is a uniform version of (1).

Theorem 5.1 (Structure Theorem).

(1) Let X C M™ be an A-definable set. Then X is a finite union of A-definable
cones.
(2) Let f: X C M™ — M be an A-definable function. Then there is a finite
collection C of A-definable cones whose union is X and such that f is fiber
L 4-definable with respect to each C € C.
(3) Let {X:}iepm be an A-definable family of subsets of M™. Then there isp € N
and for every i € {1,...,p},
e an A-definable subset Y; C M™,
o kl € N,
o an A-definable uniform family of k;-cones {C} }iey,,
such that for allt € M™

Proof. We write (1), - (3),, for the above statements. We will now show by induction
on n that (1), - (3), hold. Statements (1) - (3)g are trivial. Suppose now that n > 0
and (1); - (3); hold for every I < n. It is left to show (1), - (3)n.

(1)n- Let X C M™. By Remark 3.4(b), we may assume that there are A-definable
hi,hy : M™ ' — M U {#£o0} such that for every a € n(X), X, is contained in
(h1(a), h2(a)), and it is either small in it for all a € m(X), or co-small in it for all
a € m(X). We handle the two cases separately.

Case I: For every a € n(X), X, is co-small in (hy(a), ha(a)).

By (2),—1, we may assume that 7(X) is an A-definable cone, such that hq, ho are fiber
L 4-definable with respect to it. By Lemma 4.10, X is a finite union of A-definable
cones.

Case II: For every a € 7(X), X, is small in (hy(a), ho(a)).
By Lemma 3.7, we may assume that there are an L 4-definable continuous function
h:Y C M™n=1 5 M™ and A-definable small set S C M™, and an A-definable
family {Z,}g4cs with Z; C m(X) such that

e X =h (Uges{g} X Zg>, and

o for every g € S, h(g,—): M"~1 — M™ is injective.
By (3)n—1, there is p € N and for every i € {1,...,p},

e an A-definable subset Y; C S,
o k; € N,
e an A-definable uniform family of ks-cones {C}}4ev, ,

such that for all g € S,

ZQ:U{C’g:gGYj}.
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By Lemma 4.12, we have that for each j € {1,...,p},

nl ULgr <o
9€Y;

is an A-definable kj;-cone. Thus X is a finite union of A-definable cones.

(1)n = (2)n. Let f: X C M™ — M be an A-definable function. We prove (2),, by
sub-induction on 1dim(X). Suppose first that 1dim(X) = 0. By (1),, we can assume
that X is a 0-cone. By Lemma 4.8 we can find a finite collection C of A-definable
cones whose union is X and such that f is fiber £4-definable with respect to each
C € C. So we can now assume that ldim(X) =k > 0 and (2),, holds for all definable
functions whose domain has ldim < k. By (1),, we may assume X C M" is an
A-definable k-cone, say X = h(J). Let S = 7(J). We now apply Corollary 3.27 to
foh:U,es{gl x Jg = M to get p,t € N and for every i € {1,...,p}

e an A-definable family {X, C M*} cs with ldim(X,) < k,
e an L 4-definable continuous function f*: Z; C Mtk — Af

such that for every g € S there is u € P? such that
(A) forall a € J, \ X, there is i € {1,...,p} such that (f o h)(g,a) = f'(g,u,a).

We denote the set of all pairs (g,u) € S x P! that satisfy (A) by K. For each
i €{l,...,p} we define for (g,u) € K,

B;,u:{QGJQ\XQ : (foh)(gaa):fi(gaU,a)}'
Note that for g € S,

U (#\Us.) <.

u€Ky
Therefore

Idim | | J (JQ\UB;,U> <k.

uc K,
Since h(g, —) is injective on J, and L-definable,

Idim A | {g} x | (Jo\|JBL.) | <k

ucKy
By Lemma 4.25

1dim b ( J{g} x | U (Jg\UB;u) <k.

geSs uEK,

By sub-induction hypothesis, it is only left to show that the restriction of f to each

hi UJdgt x U Bi.

geSs ueK,

satisfies the conclusion of (2),,. Let i € {1,...,p}. Let b’ : M*+tt*+k 5 M™ map
(g,u,a) to h(g,a). Then

Ut x U Bl | =0 U {ow}xBj,

ges ucK, (gu)eEK
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By (3)n—1, there is ¢ € N such that for every j € {1,...,q} there are an A-definable
subset K7 of K, kj € {0,...,n} and an A-definable uniform family of k;-cones
{Y] w}(gu)e ki such that for each (g,u) € K

By =J{Yiu: (9,u) € K7}

By Lemma 4.12, we have that for each j € {1,...,q}

MU Agw) x ()

(9,u)€KI

is an A-definable kj-cone A/ (¥7), where )7 denotes the inside family. Since

(f o h/)(gvuv 7) = (f © h’)(gv 7) = fj(gvuv 7)
on Y/, , we have that f is fiber £4-definable with respect to h/()7).

gou
(1)n = (3)n- This is by a standard (but lengthy) compactness argument, which we
include for completeness. Let {X;}:cprm be an A-definable family of subsets of M™.
Suppose that (3), fails. Then for every finite collection {C}}iey,,...,{Cl hey, of
A-definable uniform families of cones, there are t € M™ and z € M™ such that

Since M is sufficiently saturated, there is x € M™ and z € X, such that for every
A-definable uniform family of cones {Ci}icy either x ¢ Y or z ¢ C,. For the rest
of the proof, we fix this  and z. By (1),, there is an Az-definable k-cone E C X,
with z € E. This is not yet a contradiction, because we do not have a uniform family
of cones such that F is one element of this family. Let ¥’ = dcl-rank(z/AzP). By
Lemma 4.7, there is an Axz-definable k'-cone E’ such that z € E’. By (1),, there is
an Az-definable cone F' C E N E’ such that z € F. By Lemma 4.7, F is a k’-cone.
Therefore we can assume that F = E and k = k’. Tt is left to show that there is an
A-definable uniform family of {C}}icy such that

(I) C,C X, foreach t €Y,

(I) z €Y and E = C,.
Let J = {J,}4es be an Az-definable uniform family of supercones in M*, and
h:Z C M“F — M™ an L 4,-definable map, such that £ = h(J). Fix an s € S and
y € J, such that h(s,y) = z.

Pick an £-definable function b’ : 2 C M™H+k — M™ such that b (z,—,—) = h.
Thus in particular, Z, = Z. Let U C M™%** be an L£a-definable cell such that
R’ is continuous on U and (z,s,y) € U. Since dcl-rank(z/AxP) = k we have that
dim U, ; = k. By Lemma 4.16, J;NU, , is a supercone with closure cl(Uy, 5) = cl(Uy)s.
We now take

e an A-definable family {S;};eam of small subsets of M,

e an A-definable family of {J; ,}1enm ges, of subsets of M*,
such that S, = S and J; , = J, for all g € S. Note that we make no further claims
about the objects just defined, in particular we do not claim that they directly give
rise to a family of cones satisfying (I) and (II). Let

Si:={g€S : Ji,NU, is a supercone with closure cl(U; 4)}.
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By Remark 4.5(2), (S})tcy is an A-definable family. Let Y’ C M™ be the set of all
t € Y such that S} # 0 and

Wt gl x (T, nUL) | € X
ges]

This set is A-definable. It is not hard to check that s € S., and hence 2z € Y’. Denote
K= {Jg,g N Ut,g}teY/,gES,g-

By Lemma 4.13, K is an A-definable uniform family of supercones and

h/ tv U {g} X (Jt/,g N Ut,g)

9€S; tey’

is an A-definable uniform family of k-cones satisfying (I) and (II). d
Remark 5.2.

(1) The proof of the Structure Theorem uses our standing assumption that M
is sufficiently saturated. However, by Remark 4.5(2), the Structure Theorem
holds for any M = T.

(2) Using a standard compactness argument, the reader can verify that the fol-
lowing uniform version of (2) easily follows (from (2)): let {X;}teprm be an
A-definable family of subsets of M™ and {f; : Xy = M }icprm an A-definable
family of maps. Then the conclusion of (3) holds with every f; being fiber
L a¢-definable with respect to Cj.

(3) We do not know whether we can have disjointness of the cones in the Structure
Theorem. However, under one additional assumption, we do obtain it; see
Theorem 5.12 below.

5.1. Corollaries of the Structure Theorem. We collect a few important corol-
laries of the Structure Theorem. The main result we are aiming for is Theorem 5.7,
a generalization of Corollary 3.26. We start with showing the invariance of the large
dimension under definable bijections. Recall from Section 4.3 that that the large
dimension of a definable set X C M™ is the maximum k € N such that there is a
weak embedding of a supercone J C M* into X.

Corollary 5.3 (Invariance of large dimension). Let f : X — M™ be a definable
injective function. Then ldim(X) = 1dimf(X).

Proof. Assume that & < 1dim(X). It suffices to show k < 1dimf(X). By the Structure
Theorem, X is the union of finitely many cones such that f is fiber £-definable with
respect to each of them. By Corollary 4.26, one of them, say h(J) must be a k-cone.
Pick any g € (7). Then (foh)(g,—) : J — M™ agrees with an £-definable map on
J and it is injective. Therefore, k < 1dimf(X). O

The following is an easy consequence of Structure Theorem (3).

Corollary 5.4. Let D C M™ x M™ an A-definable set. Then D is a finite union of
A-definable sets of the form
U{t} X Ct,

ter
where T' C M™ is an A-definable cone and there is k such that {Ci}lier is an A-
definable uniform family of k-cones in M™.
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Proof. Left to the reader. O

We now establish certain desirable properties of large dimension.

Corollary 5.5. Let X C M™*™ be an A-definable set and let m,,(X) be its projection
onto the first m coordinates. Then
(1) For every k € N, the set of all t € 7, (X) such that ldim(X,) = k is A-
definable.
(2) Assume that for every t € mp,(X), Idim(X;) = k. Then

ldim(X) = ldim(7,, (X)) + .

Proof. We observe that by [11, Proposition 1.4], we only need to prove both state-
ments for n = 1. Statement (1) is then immediate by Lemma 3.3 and Remark 3.4(a).
(2). For k = 0, this is by Lemma 4.29. For k = 1, assume that 1dim(m,, (X)) = L.
By Structure Theorem (1), m,(X) is the finite union of cones Ji,...,Jp. Assume
that J; is a k;-cone. By Lemma 4.10, T; = J; X M is a finite union of k; + 1-cones,
and by Corollary 4.27, each of them has large dimension k; 4+ 1. Since X is contained
in Ty U---UT,, it follows from Corollary 4.26 that 1dim(X) < max; k; +1 =1+ 1.
On the other hand, let C' be an I-cone contained in 7, (X). By Remark 3.4(b),
there are definable hq, ho : M™ — M such that for every ¢ € m,,(X), X; is co-small
in (h1(t), he(t)). By Structure Theorem (2), 7y, (X) contains an I-cone C’ on which
hi,hy : M™ — M are both fiber L-definable. By Lemma 4.10, it follows that X
contains an [ + 1-cone. O

Lemma 5.6. Let Ji, JJo C M* be two supercones and hy : Z1 — M™, ho : Zo — M™
two L-definable continuous injective maps, where Z; is the interior of cl(J;), i = 1,2.
Then

dim (hl(Zl) N hQ(ZQ)) =k = 1dim<h1(J1) N hg(Jg)) = k.
Proof. Let
K1 = hi"(hi(Z1) Nha(Z)).

Then K; C Z; and dim(K;) = k. By Lemma 4.16, K7 N J; contains a supercone J.
Since J C K7, we have

hy'hi(J) C Zs.

Observe that hy 'hi(J) has large dimension k and it is contained in the union of
Zy \ Jo2 and Jo. By Corollary 4.28, Z5 \ J, has large dimension < k. Hence

ldim(hy 'he (J) N ) = k.
Then ldim (ho(hy 'hi(J) N J2)) = k. We observe
hg(hglhl(J) M Jg) - h1(J) N hQ(JQ) - hl(Jl) N hQ(JQ),

proving that hy(J1) N ha(Jz2) has large dimension k. O

We are now ready to prove the main result of this section. Statement (2) below is
a higher dimensional analogue of Corollary 3.26. To our knowledge, it has not been
known even in the special case of dense pairs of o-minimal structures.

Theorem 5.7.
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(1) Let X C M™ be A-definable. Then there are disjoint AP-definable supercones
Ji,...,Jp € X such that

P
1dim (X\ U Ji> <n.
i=1
(2) Every A-definable map f : M™ — M is given by an Lap-definable map
F:M"™ — M off an AP-definable set of large dimension < n.
Moreover, if A\ P is dcl-independent over P, then in both statements the parameters
from P can be omitted.

Proof. We again denote the above two statements by (1),, and (2),, and proceed by
simultaneous induction on n. For n = 0, they are both trivial. Suppose now that
n > 0 and (1); and (2); hold for every I < n. It is left to show (1), and (2),.

(1)n: Let X € M™ and 7 : M™ — M"~! be the usual projection onto the first n — 1
coordinates. By Corollary 5.5, the set

{te X : 1dim(X,q) = 0}

is A-definable and has Idim < n. Therefore, we can reduce to the case that dim X, = 1
for all a € m(X). By Remark 3.4(b), we may further assume that there are A-
definable functions hq,hy : M™" ™1 — M U {00} such that for every a € m(X), X, is
co-small and contained in (h1(a), hz2(a)). By (2),—1 there are £ 4 p-definable functions
Hy,Hy: M" ! — M and an AP-definable set Z C M™~! such that ldim(Z) <n —1
and H; = hy and Hy = hy on M"~ 1\ Z. By (1),_; there are disjoint AP-definable
supercones Jq, ..., J, of M"~! such that J; C 7(X)\ Z,

(%) 1dim ((ﬁ(X) \ 2)\ U .]Z-) <n-—1.

By Lemma 4.16 and cell decomposition in o-minimal structures, we can assume that
hi, hg are continuous on the interior of each cl(.J;). Then each K; := UteJi {t} x X3
is an AP-definable supercone. It follows immediately from Corollary 5.5 and () that
ldim(X \ J?_, K;) < n, and that Ki,..., K, are disjoint.
(1)n = (2)n: Let f: M™ — M be A-definable. By Corollaries 3.23 and 4.31, there
are m € N and

e an A-definable set Z C M™ with ldim(Z) < n,

e L up-definable functions f; : Z; & M fori=1,...,m,
such that for each a € M™ \ Z there is i € {1,...,m} such that a € Z; and f(a) =
fi(a). Set

Xii={ae M" : f(a) = fila) A f(a) # f3(a) for j < i}.

Note that X; N X; = 0 for i # j and ldim(M™ \ -, X;) < n. By (1),, for each
i =1,...,m, there are AP-definable supercones J;, C X;, k = 1,...,p;, such that
ldim(X; \ UYL, Jik) < n. Note that J;, N J; =0 for i,j € {1,...,m} with i # j and
kE=1,...,p;, 1 =1,...,p;. Denote by Vi the interior of cl(J;;). By Lemma 5.6,
for such i, j,k and [, V;; NV} has dimension < n, and hence, since V;; and Vj; are
open, empty. Thus define ' : M™ — M to map x € Vi, to fi(a) and x ¢ |J, U, Vir
to 0. Note that this function is well-defined and L 4p-definable, since all f; and
Vir are. Moreover, F' agrees with f outside a set of large dimension < n; namely

X \ U?il iizl Jik-
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The ‘moreover’ clause follows from the above proof and Remark 3.25. O

We expect that Theorem 5.7 will find many applications in the future, and illustrate
one here in the case of dense pairs. Namely, we answer the following question from
Dolich-Miller-Steinhorn [9, page 702]: in dense pairs, is the graph of every (-definable
unary map nowhere dense? This property is known to fail if we allow parameters,
as the example in Introduction shows. In [8] the above authors isolate this property
and examine it in the context of structures with o-minimal open core.

Proposition 5.8. Let M= (M, P) be a dense pair. Then the graph of every -
definable map f: X C M — M is nowhere dense.

Proof. By Theorem 5.7, f agrees off a (-definable small set S C X with an Ly-
definable function F. Clearly, the graph of fix\s is nowhere dense. We therefore
only need to prove that the graph of f;s is nowhere dense. By Lemma 3.16, S C P.
By [12, Lemma 3.1], f(S) € P. By [12, Theorem 3(3)], f is piecewise given by
L-definable functions, and hence its graph is nowhere dense. O

5.2. Optimality of the Structure Theorem. In this section, we prove that our
Structure Theorem is in a certain sense optimal.

Definition 5.9. A strong cone is a cone h(J) which, in addition to the properties
of Definition 4.3, satisfies:

e h:J — M" is injective.

By Strong Structure Theorem we mean the Structure Theorem where cones are
replaced everywhere by strong cones. Below we give a counterexample to the Strong
Structure Theorem and in the next section we point out a ‘choice property’ that
implies it. We will need the following lemma.

Lemma 5.10. Let J C M™ be a supercone and S C M™ small. Assume that
f:Z C M — M™is an L-definable continuous map with J C Z that satisfies
f(J) CS. Then fy; is constant.

Proof. We work by induction on n. For n = 0, the statement is trivial. Now let
n > 1 and assume we know the statement for all J C M* with k < n. Let J C M"
and f : Z — S be as in the statement with f(J) C S. For every ¢t € m(J), by
inductive hypothesis applied to f(t,—) : Z — M™, there is unique ¢; € S so that
f{t} x Ji) = {e:}. Since f is continuous, and by definition of a supercone, for
every t € m(Z), there is also unique ¢, € S so that f({t} x Z;) = {c;}. We let
h:m(Z) — M™ be the map given by ¢t — ¢;. If f is not constant on J, there must
be an interval I C 7 (Z) on which h is injective. But I Nmy(J) C M is a supercone
by Lemma 4.16, and h(I N7w1(J)) C S, a contradiction. Therefore, f is constant on
J. O

Counterexample to the Strong Structure Theorem. We consider two closely
related o-minimal structures: M = (R, <, 4,1,z +— mx,4]) and its expansion
M = (R, <, 4,1, — 7x). It is well-known that M does not define unrestricted
multiplication by 7 and that the theory of M’ is the theory of ordered Q(m)-vector
spaces. We denote the language of M by £ and the language of M’ by L’.
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We now set P := dclz (D). We first observe that P = Q(w) = dclg/ (D). Indeed,
since 7 is Ly-definable, it is easy to see that Q(7) C P. Note that Q(x) is a Q(n)-
vector space and therefore a model of the theory of M’. Thus delz/ () C Q(m).

Since P = Q(x) = delz/ (), M = (M, P) is a dense pair of models of the theory
of M and (M, P) is a dense pair of models of the theory of M’. We will now show
that the Strong Structure Theorem fails in M. Being able to work in the two differ-
ent dense pairs will be crucial. In the following, whenever we say a set is definable
without referring to a particular language, we mean definable in M.

For t € M, we denote by I; the straight line of slope 7 that passes through (¢,0).

Define
U=l

geP
We will prove that U is definable but not a finite union of strong cones. By an endpart
of ly, we mean Iy N ([a, 00) x R), for some a € R.

Claim 1. U is definable.

Proof of Claim 1. For every a € M, let C, = M X [a,a+ 1) and E, C C, x C, given
by:

(v, 9)Eo(2',y) & ¢ —y=m(2' —x) and |2/ —z| < 1.
Thus, if (x,y) € l; N Cy, then [(z,9)]E
Do : Cq — M? via

., is the segment of [; that lies in C,. Define
Pal(z,y) = the midpoint of [(z,¥)]E, .
and let
Ya = pa(ca N P2)
Clearly, for t € P, we have [, N P? = {(g,7n(g —t)) : g € P}, and for t ¢ P, we have
I, N P? = (). We claim that
U= U Y,.

acM
and hence U is definable.
(Q). Let (z,y) € I, t € P. We claim that (z,y) € p,(CoNP?), for a = y— 3. Indeed,
(z,y) is the midpoint of [(z,y)]E, = It N C4, and hence all we need is to find a point
(91,92) € ;N Cy N P2, Take any g; € [a,a+ 1) NP and let gy =t + 2 € P. Then
clearly (g1, 92) € I; N C, N P? and hence p,(g1,92) = (x,y).
(D). Let (2,9) = pal(g1,92) € pa(Co N P?). Then y — go = w(x — g;1). Hence, for
t=g1 — 2, we have (z,y) € ;. O
Claim 2. U is not a finite union of strong cones.

Proof of Claim 2. First we observe that 1dim(U) = 1. Indeed, U contains infinite
L-definable sets, so 1dim(U) > 1. It cannot be 1dim(U) = 2, by Lemma 4.29 and
since each vertical fiber is small (it contains at most one element of each I;, t € P).
Therefore 1dim(U) = 1.

Now assume, towards a contradiction, that U is a finite union of strong cones. Let
h(J) be one of them, where J = {9} x Jg, and h: Z — M?. In particular, h
is injective on 7. In the next two subclaims we make use of the expansion M’ of M
and the dense pair (M, P).
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Subclaim 1. For every g € S, h(g, Z,) must be contained in a unique l;.

Proof of Subclaim. Each of I; and the family {l;};cas is now L'-definable. Consider
the £’-definable and continuous map f : Z;, — M where

fl)=t & h(g,x) €1;.

By Lemma 5.10 applied to J = J,, S = P and f, it follows that h(g,J,) must be
contained in a unique I;. By continuity of h, so does h(g, Z,). O

Subclaim 2. For everyt € P, there are only finitely many g € S such that h(g, Z,) C
ly.

Proof of Subclaim. Assume, towards a contradiction, that for some ¢t € P there are
infinitely many g € S with h(g, Z,) C ;. For each g € S, denote by a, the infimum of
the projection of h(g, Z,) onto the first coordinate. By injectivity of h, for every two
91,92 € S, we have h(g1, Jg,) Nh(g2, Jg,) = 0. By Lemma 5.6, h(g1, Zg,) N (g2, Zy,)
is finite (in fact, a singleton). Therefore, the set

{ag: g € S and h(g,Z,) C I;}

is an infinite discrete £'(P)-definable subset of R, a contradiction. (]

Since the subclaims hold for each of the finitely many strong cones, it turns out
that for one of them, say h(J), there is some g € 7(J) such that h(g, Z,) contains an
endpart of . So some endpart of [y is definable in M. But then its closure, which
equals that endpart, is L-definable. It follows easily that the full multiplication
x — 7 is L-definable, a contradiction. O

5.3. Future directions. We now point out a key ‘choice property’ which guaran-
tees the Strong Structure Theorem. Indeed, together with Corollary 3.5 it implies a
strengthened version of Lemma 3.7 below, which is enough.

Choice Property: Let h: Z C M™% — M' be an £ 4-definable continuous map and
S C M™ A-definable and small. Then there are p,m € N, L 4-definable continuous
maps h; : Z; € M™tk — M! Y; C M™ A-definable and small, and A-definable
families X; € M™** with X;, CY;, i = 1,...,p, such that for every a € 7(Z),

(1) hi(—,a): X;u — M is injective, and

(2) h(SNZy,a) =, hi(Xia,a),

where 7(Z) denotes the projection of Z onto the last k coordinates.

Lemma 5.11. If M satisfies the Choice Property, then Lemma 3.7 holds with the
additional conclusion that each h; : Z; — M"™1 is injective.

Proof. We first claim that there are m,p € N, and for each ¢ = 1,...,p, an La-
definable continuous function h; : Z; C M™t" — M, an A-definable small set S; C
M™ and an A-definable family Y; C S; x C, such that for all @ € I,

(1) hi(—,a):Ye — M is injective,

(2) Xa=U; hi(Yia,a),
(3) {hi(Yia,a)}iz=1,..., are disjoint.
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Indeed, apply the Choice Property to each h; from Corollary 3.5 to get (1) and (2).
For (3), recursively replace Y;,, 1 < i <[, with the set consisting of all z € Y;, such
that h;(z,a) & h;j(Yja,a), 0 < j <i. We now have:

X = |J{a} x Xo = U {a} x hi(Yia, a).

acC i acC

From this point on the argument continues identically with the corresponding part
of Lemma 3.7, noting in the end that, by (1), each h; turns out to be injective. O

Theorem 5.12. If M satisfies the Choice Property, then the Structure Theorem
holds with cones replaced by strong cones. Moreover, the unions of cones in Structure
Theorem are disjoint.

Proof. The reader can check that Lemmas 4.10 and 4.12 hold with cones replaced
everywhere by strong cones, with identical proofs. Moreover, the Choice Property
for k£ = 0 implies that every O-cone is a finite union of strong 0O-cones, and hence it
is easy to obtain Lemma 4.8 with strong 0-cones in place of 0-cones, as well. It is
then a (rather lengthy) routine to check that the proof of the current statement is,
again, identical with that of the Structure Theorem, with cones replaced everywhere
by strong cones and with the further condition that the unions of cones can be taken
to be disjoint. In the proof, Lemma 3.7 has to be replaced by Lemma 5.11 in order
to get strong cones and not just cones. The injectivity of the h;’s in Lemma 5.11
guarantees the disjointness of the cones. We leave the details to the reader. (]

The counterexample to the Strong Structure Theorem relies on a somewhat un-
natural condition on M. In [20], we establish the Choice Property for a collection of
structures M = (M, P), such as when M is a real closed field, or when P is a dense
independent set. More generally, we can ask the following question.

Question 5.13. Under what assumptions on M or M does the Choice Property
hold?

There are other ways in which one could try to improve the Structure Theorem.
In general, a supercone J C M™ does not contain a product of supercones in M. For
example, let M = (M, P) be a dense pair of real closed fields and J C M? with

J=|J {a} x (M \aP).
a€eM

It is natural to ask whether J contains an image of such product under L-definable
map. More generally, one could ask the following question.

Question 5.14. Would the Structure Theorem remain true if we defined:

(1) supercones in M* to be products Jy x --- x Ji, where each J; is a supercone
in M?

(2) k-cones to be of the form h(S x J)? (That is, h and S are as before, but
Jg = J in Definition 4.3 is fized.)

In subsequent work [18], we refute both questions, showing that our definitions
and Structure Theorem are optimal in yet another way.



TAME EXPANSIONS OF O-MINIMAL STRUCTURES 157

6. LARGE DIMENSION VERSUS scl-DIMENSION

In this section we use our Structure Theorem to establish the equality of the large
dimension with the ‘scl-dimension’ arising from a relevant pregeometry in [§\]/ In
Section 7 we use this equality to set forth the analysis of groups definable in M.

We start by quoting [3, Definition 28], which was given independently from, and

in complete analogy with, [17, Definition 5.2].
Definition 6.1. The small closure operator scl : P(M) — P(M) is defined by:
a € scl(A) & a belongs to an A-definable small set.

In [3] scl was shown to define a pregeometry under certain assumptions (in addition
to their basic tameness conditions). We show that in the current context scl always
defines a pregeometry. This follows from the first equality below, which is proved
using only results from Section 3. In the interests of completeness, we also prove a
second equality, using the Structure Theorem. Recall that dcl(A) denotes the usual
definable closure of A in the o-minimal structure M.

Lemma 6.2. scl(A) = dcl(PU A) = dclz(p)(P U A).

Proof. scl(A) C dcl(PU A). Let b € scl(A). Then there are an £L(P)-formula o(z,y)
and a € A, such that ¢©(M,a) is small and contains b. Consider the (-definable
family {p(M,t)};enn. By Remark 3.4(a), the set I consisting of all t € M! such that
©(M,t) is small is (-definable. Of course, I contains a. By Corollary 3.5, there is
an Ly-definable function h : M™*+! — M such that for all ¢ € I, p(M,t) C h(P™,t).
Therefore b € h(P™,a), and b € dcl(P U A).

scl(A) D del(PUA). Let b € dcl(PUA). Then there is an Ly-definable h : M™+ —
M and a C A! such that b € h(P!,a). But the latter set is small, hence b € scl(A).

del(P U A) = dclgpy(P U A). Tt suffices to show dclgpy(P U A) C del(P U A).
Let b = f(a), where a C PU A and f is (-definable. By Structure Theorem, there
is a (-definable cone h(J), where h is Ly-definable, containing a on which f is fiber
Ly-definable. Denote S = w(J). Let g € S and t € J, be so that a = h(g,t). Since
h(g,—) : M* — M™ is L,-definable and injective, ¢ € dcl(PU AU S). Moreover, S is
P-bound over ) (Lemma 3.11) and hence ¢ € dcl(AU P). Since fh(g,—) agrees with
an L 4up-definable map on Jg, it follows that

b= f(h(g,t)) € dcl(AU P).
O

Remark 6.3. In general dcl(P U A) # dclgpy(A). For example, let (M, N) be a
dense pair of real closed fields and let Ny be a real closed subfield of A/. Then
delz(py(No) = N by [12, Lemma 3.2].

The following corollary is then immediate.
Corollary 6.4. The small closure operator scl defines a pregeometry.

Definition 6.5. Let A, B C M. We say that B is scl-independent over A if for all
be B,b¢scl(AU(B\{b})). A maximal scl-independent subset of B over A is called
a basis for B over A.

By the Exchange property for scl, any two bases for B over A have the same
cardinality. This allows us to define the rank of B over A:

rank(B/A) = the cardinality of any basis of B over A.



158 PANTELIS E. ELEFTHERIOU, AYHAN GUNAYDIN7 AND PHILIPP HIERONYMI

In complete analogy with the corresponding fact for acl in a pregeometric theory,
we can prove:

Lemma 6.6. Ifp is a partial type over A C M and a = p with rank(a/A) = m, then
for any set B D A there is o' |= p such that rank(a’/B) > m.

Proof. The proof of the analogous result for the rank coming from acl in a pregeo-
metric theory is given, for example, in [24, page 315]. The proof of the present lemma
is word-by-word the same with that one, after replacing an ‘algebraic formula’ by a
‘formula defining a small set’ in the definition of ®% ([24, Definition 2.2]) and the
notion of ‘algebraic independence’ by that of ‘scl-independence’ we have here. O

It follows that the corresponding dimension of partial types and definable sets is
well-defined and independent of the choice of the parameter set.

Definition 6.7. Let p be a partial type over A C M. The scl-dimension of p is
defined as follows:

scl-dim(p) = max{rank(a/A) : @ C M and a = p}.

Let X be a definable set. Then the scl-dimension of X, denoted by scl-dim(X) is the
dimension of its defining formula.

We next prove the equivalence of the scl-dimension and large dimension of a de-
finable set. First, by a standard routine, using the saturation of M, we observe the
following fact about supercones.

Fact 6.8. Let J C M* be an A-definable supercone. Then J contains a tuple of rank
k over A.

Proposition 6.9. For every definable X C M™.
ldim(X) = scl-dim(X).

Proof. We may assume that X is (-definable.

<. Let f : M* — M" be an L-definable injective function and J C MP* a
supercone, such that f(J) C X. Suppose both f and J are defined over A. We need
to show that f(J) contains a tuple b with rank(b/0) > k. By Fact 6.8, J contains a
tuple a of rank k over A. Let b = f(a). Since f is injective, we have a € dcl(Ab) and
b € dcl(Aa). In particular, a € scl(Ab) and b € scl(Aa). So a and b have the same
rank over A. Hence,

rank(b/0) > rank(b/A) = rank(a/A) = k.

>. Let b € X be a tuple of rank k. By the Structure Theorem, b is contained in
some [-cone C' C X. We prove that [ > k. Let C = h(J), where J is a uniform
family of supercones in M!. Suppose b = h(g,a), for some g € 7(J) and a € J,.
Since h(g, —) is L4-definable and injective, we have a € dcl(gb) and b € dcl(ga). In
particular, a € scl(gb) and b € scl(ga). Hence a and b have the same rank over g.
But a € J C M! and, hence,

k = rank(b/g) = rank(a/g) < L.
O

We next record several properties of the rank and large dimension, for future
reference. By dcl-rank we denote the usual rank associated to dcl.

Lemma 6.10. For every a € M and A C M, we have
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(1) scl(AU P) =scl(A)
(2) rank(a/AP) = rank(a/A) = dcl-rank(a/AP).

Proof. Immediate from Lemma 6.2 and the definitions. (|

Lemma 6.11. Let X,Y, Xq,..., Xy be definable sets. Then:
1) ldim(X) < dim(cl(X)). Hence, if X is L-definable, 1dimX = dim X .
2) XCY CM" = ldim(X) <1ldim(Y) <n.
3) X is small if and only if 1dim(X) = 0.
4) If C is a k-cone, then 1dim(C) = k.
5) 1dim(X; U--- U X)) = max{ldim(X),...,1dim(X;)}.
6) 1dim(X x Y) = ldim(X) + 1dim(Y).
Proof. (1). Assume X is A-definable and let @ € X with rank(a/A) = ldim(X). Since
a € c(X), we have
ldim(X) = rank(a/A) = dcl-rank(a/A U P) < dcl-rank(a/A) < dim cl(X).

Now, if X is L-definable, ldim(X) < dim¢l(X) = dim X. On the other hand, if
dim X = k, one can L-definably embed a k-box in X which of course is a k-cone.
(2)-(5) were proved in Section 4, and (6) is by virtue of scl defining a pregeometry. O

6.1. scl-generics. For a treatment of the classical notion of dcl-generic elements, see,
for example, [39]. Here we introduce the corresponding notion for scl.

Definition 6.12. Let X C M™ be an A U P-definable set, and let « € X. We say
that a is a scl-generic element of X over A if it does not belong to any A-definable
set of large dimension < 1dim(X). If A = (), we call a a scl-generic element of X.

By saturation, scl-generic elements always exist. More precisely, every A U P-
definable set X contains an scl-generic element over A. Indeed, by Compactness and
Lemma 6.11(5), the collection of all formulas which express that = belongs to X but
not to any A-definable set of large dimension < ldim(X) is consistent.

Two scl-generics are called independent if one (each) of them is scl-generic over
the other. The facts that scl defines a pregeometry and that the scl-dim agrees with
ldim imply:

Fact 6.13. Let G = (G,*) be a (-definable group. If a,b € G are independent
scl-generics, then so are a and a * b=!.
Proof. We have
rank(b/a) = rank(a x b~'/a).
So if b is scl-generic over a, then so is a * b~ 1. (]

Note that none of the notions ‘dcl-generic element’ and ‘scl-generic element’ implies
the other, but, by Lemma 6.10, if X is A U P-definable and a € X, we have:

a is scl-generic over AU P < a is scl-generic over A < a is dcl-generic over AU P.

7. DEFINABLE GROUPS

In this section we obtain our main application of the Structure Theorem. We fix
a (-definable group G = (G, *,0q) with G € M™ and ldim(G) = k and prove a
local theorem for G: around scl-generic elements the group operation is given by an
L-definable map.
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A convention on terminology. When we say that h(J) is a k-cone, we mean
that there is a k-cone h'(J) and g € n(J), such that J = J, and h(—) = h/(g,—).
We call h(J) AU P-definable, if h'(J) is A-definable. Likewise, when we say that
T = {n(Ji) }tex is a uniform family of k-cones, we mean that there is a uniform
family C = {C}}tex of k-cones as in Definition 4.11 and g € (), S, such that for
every t € X, Jy =Y, , and 7,(—) = h(t,g9,—). We call T AU P-definable if C is
A-definable. We write T = {7(J;) }+ex, if for all ¢, s, we have 7, = 7.

Lemma 7.1. Let {C; = 7:(J¢) }ter be a uniform family of k-cones in M™ and T' C
M™ a k'-cone. Then

= J{t} xC

tel
is a k' 4+ k-cone.

Proof. Assume I' = 7(Z), where T = (J,cg{s} x I, and S C MP, and for every t € T,
Cy = h(t,9,Ye4),
for some fixed g € (), S¢, and h, {Y; 4}ier as in Definition 4.11. We define
W Z C MPTR TR s pmtns (s 2, y) = (1(s, ), h(T(s,2), 9, 1)),
for a suitable Z, and, for every s € S,
Js = U {z} x YT(s,m),g~
zel,

The reader can verify that

c=n <U{s} ><Js>

ses

is a k' + k-cone, as required. O

Lemma 7.2. Let h(J) be a k-cone, and {D;}ier a definable family of sets, such that
for each t € T, 1dim(D;) = k and Dy C h(J). Then there is a uniform definable
family of k-cones {Cy = h(Yz) hter with Cy C Dy.

Proof. This follows from a uniform version of Theorem 5.7(1), which can be proved
easily via a standard compactness argument. Indeed, for every ¢t € T', let X; =
h=Y(D;) C J. So ldim(X;) = k. By the uniform Theorem 5.7(1), we can find a
uniform family of supercones Y; C X;. Then C; = {h(Y;) }ter is as required. O

Lemma 7.3. Let X C M™ be a (-definable set of large dimension k, (a,b) an scl-
generic element of X x X, and D C X x X a (-definable 2k-cone containing (a,b).
Then there is a P-definable uniform family of k-cones {E; = 14(J;) }ter, where T is
a k-cone containing a, such that b € (,cp cl(Ey) and

(a.b) € | J{t} x B, C D.
teT

Proof. By Corollary 5.4, and since (a, b) is scl-generic of X x X, it is contained in a
(-definable set of the form

U{t} x Cy C D,

tel
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where I' C X is a cone and there is [ such that {C;} is an (-definable uniform family
of I-cones contained in X. Write

Co=n = [ Uto}x v | |-
gES

as in Definition 4.11 where h : Z — M™. Since a € I' C X and a is a scl-generic
element of X, I" must be a k-cone. Thus there is a supercone Jy C M* and an
L p-definable, continuous and injective map f : U € M* — M™ such that f(.Jy) =T.
Let @ € M* such that f(a) = a. Because (a,b) is an scl-generic element of X x X,
a is scl-generic over b. Since b € C, C X and b is a scl-generic element of X over
a, C, must be a k-cone, and hence | = k. Fix g € S, such that b € h(a,g,Yaq).
Because @ is scl-generic over b, there is an open box B C MF* containing @ such that
bec(h(f(x),9, Z¢(),q)) for every x € B. By density of P we can assume that B is
L p-definable. By Lemma 4.16, Jy N B is a supercone. Hence

(@he (U {1 xhtgYey)
tef(JonB)
and b € Ny p(sonm) (L, 9,Yeg)). Set By = h(t, g,Yeq). O

Remark 7.4. In general, there is no {E:}icr as above so that b € (), E. For
example, let M = (M, P) be a dense pair of real closed fields, X = M
D= J{c} x (M\cP),
ceM
and (a, b) any element of D.

Corollary 7.5. Let X C M" be a ()-definable set of large dimension k. Let (a,b)
be an scl-generic element of X x X and f : X x X — X a (0-definable function.
Then there is a P-definable uniform family of k-cones {E; = 1¢(J;) }ter, where T is
a k-cone containing a, such that b € (\,cp cl(Ey) and f agrees with an Lp-definable
continuous map on
E=|J{t} x E..
teT

Proof. By the Structure Theorem, there is a (-definable 2k-cone D C G x G that
contains (a,b) and such that f agrees with an £p-definable continuous map on D.
The statement then follows from Lemma 7.3. (]

We are now ready to prove the local theorem for definable groups.

Theorem 7.6 (Local theorem for definable groups). Let a be an scl-generic element

of G. Then there is a 2k-cone C C G x G, whose closure contains (a,a), and an L-

definable continuous map F : Z C M™ x M™ — M", such that for every (x,y) € C,
rxalxy = F(x,y).

Moreover, F' is a homeomorphism in each coordinate.

Proof. Let a; € G be scl-generic over a, and let as = afl x a. By Fact 6.13, a,a1,as
are pairwise independent. By the Structure Theorem, for i = 1,2, there is a Pa;-
definable k-cone C; = h;(J;) € G containing a, and Lp,,-definable continuous f; :
Z; € M™ — M™ such that for every x € Cf,

x*a;l = fo(x)
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and for every y € Cy,
ayt vy = fi(y).
Observe that fz(a) = a1 and fi(a) = as.
We now look at the independent scl-generic elements a; and as. By Corollary
7.5, there is a P-definable uniform family of k-cones {E; = 7:(J;)}+er in G, where

T C G is a k-cone containing a; and as € [),cp cl(E;), such that * agrees with an
L p-definable continuous map f: Z C M™ x M™ — M™ on

E=|J{t} x E.
teT
Observe that (a,a;) is also scl-generic of G x G. Moreover, since as is dcl-generic of
G over P, there is an Lp-definable B of dimension k with
as € B C ﬂ cl(E}).
teT

Claim. For everyt € T, f;i ' (E;) Nhi(J1) has large dimension k.

Proof of Claim. Let Fy = f; '7;. Since a belongs to the £pg,,-definable set f;*(B) N
hi(cl(Jy)) and it is scl-generic over aq, the set

FHB) N ha(cl()) € fiH(el(me(Je)) N ha(el(Jr))
has dimension k. This implies that F'(cl(J¢))Nhy(cl(J1)) has dimension k. By Lemma
5.6, f; 1(E:) Nhi(J1) = F(J;) N hy(J1) has large dimension k. O

Now, since a belongs to the Pas-definable set f; '(T) N ha(J) and it is scl-generic
over asg, it must also belong to a Pas-definable k-cone

I'C f51(T) N ho( ).

For every t € ', we let

Dy = fi (Bpyy) Nha(Jh).
By Claim, 1dim(D;) = k. Since every D; C hy(J1), by Lemma 7.2, we can find a
uniform definable family of k-cones

Co=mhYy) C Dy, tel,

where Y; C J; is a supercone in MP¥, and a € ﬂteF C;. By Lemma 7.1, the set

c=J{txa

tel

is a 2k-cone. We can now conclude as follows. For every (z,y) € C,

way) * (a7 xy) = fo(2) * f1(y) = f(f2(2), f1(y)).

rxa txy=(rxa?

Set
F(z,y) = f(fo(2), f1(y)) : M™ x M™ — M™.

For the “moreover” clause, we need to check that (a) each f; can be chosen to be a
homeomorphism, and (b) f can be chosen to be a homeomorphism in each coordinate.
The former fact follows from the scl-genericity of a over each a; and the injectivity
of each z — x % a;l, and the latter fact from the scl-genericity of (a1,as) and the
injectivity of * in each coordinate. O
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Remark 7.7. We observe that we cannot always have C = C’ x C”, where C’,C" are
k-cones containing a. For example, consider the group H = (H = [0,1),+mod 1) in
the real field, and let T'= Q"N H. Now let g : H — M be the translation x — 2+ x
on T, and identity elsewhere. Let G be the induced group on (H \T)Ug(T'). Clearly,
G is definable in M = (R,Q"°), and it is easy to verify that the above observation
holds for every a € G. Of course, the conclusion of Theorem 7.6 holds for every
a€ H\T, by lettingl' = H\T,Cy = H\ (TU(T —t)) and f = +mod 1. Moreover,
we can achieve C' = C’ x C’, but only up to definable isomorphism. It is reasonable
to ask whether that is always true, and we include some relevant (in fact, stronger)
questions at the end of this section.

We expect that the above local theorem will play a crucial role in forthcoming
analysis of groups definable in M. The ultimate goal would be to understand definable
groups in terms of L-definable groups and small groups. Motivated by the successful
analysis of semi-bounded groups in [21] and the more recent [4], we conjecture the
following statement.

Conjecture 7.8. Let (G, x) be a definable group. Then there is a short exact sequence

O ——mB—U — K —0

T

G
where
o U is \/-definable
e B is \/-definable in L with dim(B) = ldim(G).
o K is definable and small
o 7:U — G is a surjective group homomorphism and
e all maps involved are \/-definable.

The conjecture is in a certain sense optimal: we next produce an example of a
definable group G which is not a direct product of an L-definable group by a small
group. Using known examples of L-definable groups B from [36, 43], which are not
direct products of one-dimensional subgroups, it would be easy to provide such an
G by restricting some of the one-dimensional subgroups of the universal cover of
B to the subgroup P (say, in a dense pair). Our example below, however, is not
constructed in this way, as it is not a subgroup of the examples in [36, 43].

Example 7.9. Let M = (M, P) = T?. Let G = (Px[0,1),®,0), where 2@y = 2+y
mod (1, 1); that is,

R T+, ifx+yePxI0,1)
Y x+y—(1,1), otherwise

Then G is clearly not small. But it cannot contain any non-trivial £-definable sub-
group. Indeed, by o-minimality, every L-definable subset of P x [0,1) must be con-
tained in a finite union of fibers {g} x[0,1), g € P. On the other hand, an £-definable
subgroup of G is a topological group containing some L-definable neighborhood of 0
and, thus, also every fiber {n} x [0,1), n € Z.

The reader can verify that for B = Fin(M), K = P,U = Bx K and 7(z,y) = (z,y)
mod (1, 1), we obtain the diagram of Conjecture 7.8.
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Finally, observe that G is a subgroup of the L-definable group B, which is the
direct product B = S x (M, +), where S has domain {(z,z) : 0 < z < 1} and
operation (z,y) — x +y mod (1,1).

We finish with some open questions which we expect our local theorem to have an
impact on.

Question 7.10. Does G, up to definable isomorphism, contain an L-definable local
subgroup (in the sense of [42, §23 (D)]) whose dimension equals 1dimG ?

Question 7.11. Assume ldimG = dimcl(G). Is G, up to definable isomorphism,
L-definable?

If Conjecture 7.8 is true, it would be nice to know what the small groups are.

Question 7.12. Is every small definable group/set definably isomorphic to a group/set
definable in the induced structure on P?

Question 7.13. Is G, up to definable isomorphism, a subgroup of an L-definable
group (whose dimension might be bigger than 1dim(G))?
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Counting algebraic points in expansions of
o-minimal structures by a dense set






COUNTING ALGEBRAIC POINTS IN EXPANSIONS OF
O-MINIMAL STRUCTURES BY A DENSE SET

PANTELIS E. ELEFTHERIOU

ABSTRACT. The Pila-Wilkie theorem states that if a set X C R™ is definable in
an o-minimal structure R and contains ‘many’ rational points, then it contains
an infinite semialgebraic set. In this paper, we extend this theorem to an
expansion R = (R, P) of R by a dense set P, which is either an elementary
substructure of R, or it is independent, as follows. If X is definable in R and
contains many rational points, then it is dense in an infinite semialgebraic set.
Moreover, it contains an infinite set which is (-definable in (R, P), where R is
the real field.

1. INTRODUCTION

Point counting theorems have recently occupied an important part of model
theory, mainly due to their pivotal role in applications of o-minimality to num-
ber theory and Diophantine geometry. Arguably, the biggest breakthrough was the
Pila-Wilkie theorem [21], which roughly states that if a definable set in an o-minimal
structure contains “many” rational points, then it contains an infinite semialgebraic
set. Pila employed this result together with the so-called Pila-Zannier strategy to
give an unconditional proof of certain cases of the André-Oort Conjecture [20]. An
excellent survey on the subject is [22]. Although several strengthenings of these
theorems have since been established within the o-minimal setting, the topic re-
mains largely unexplored in more general tame settings. In this paper, we establish
the first point counting theorems in tame expansions of o-minimal structures by a
dense set.

Recall that, for a set X C R”, the algebraic part X9 of X is defined as the
union of all infinite connected semialgebraic subsets of X. Pila in [20], generalizing
[21], proved that if a set X is definable in an o-minimal structure, then X \ X4
contains “few” algebraic points of fixed degree (see definitions below and Fact 2.3).
This statement immediately fails if one leaves the o-minimal setting. For example,
the set A of algebraic points itself contains many algebraic points, but A9 = (.
However, adding A as a unary predicate to the language of the real field results in a
well-behaved model theoretic structure, and it is desirable to retain point counting
theorems in that setting. We achieve this goal by means of the following definition.

Definition 1.1. Let X C R™. The algebraic trace part of X, denoted by Xtalg, is
the union of all traces of infinite connected semialgebraic sets in which X is dense.
That is,

X = U{X NT : T C R" infinite connected semialgebraic, and T' C cl(X NT)}.

2010 Mathematics Subject Classification. Primary 03C64, 11G99, Secondary 06F20.
Key words and phrases. o-minimal structure, algebraic point, dense pair, independent set.
Research supported by a Research Grant from the German Research Foundation (DFG) and
a Zukunftskolleg Research Fellowship.
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The density requirement T' C ¢l(X NT) is essential: without it, we would always
have X9 = X, as witnessed by T' = R".

We first show in Section 2 that the above notion is a natural generalization of
the usual notion of the algebraic part of a set, in the following sense.

Proposition 1.2. Suppose X C R"™ is definable in an o-minimal expansion of the
real field. Then X9 = X9,

Then, in Sections 3 and 4, we establish point counting theorems in two main cat-
egories of tame structures that go beyond the o-minimal setting: dense pairs and
expansions of o-minimal structures by a dense independent set. Indeed, we prove
that if X is a definable set in these settings, then X \ X" 19 contains few algebraic
points of fixed degree (Theorem 1.3 below). We postpone a discussion about the
general tame setting until later in this introduction, as we now proceed to fix our
notation and state the precise theorem. Some familiarity with the basic notions of
model theory, such as definability and elementary substructures, is assumed. The
reader can consult [11, 17, 19]. An example of an elementary substructure of the
real field is the field A of algebraic numbers.

For the rest of this paper, and unless stated otherwise, we fix an o-minimal
expansion R = (R, <,+,-,...) of the real field R = (R, <,+,-), and let £ be the
language of R. We fix an expansion R = (R, P) of R by a set P C R, and
let L(P) = L U{P} be the language of R. By ‘A-definable’ we mean ‘definable
in R with parameters from A’, and by ‘L4-definable’ we mean ‘definable in R
with parameters from A’. We omit the index A if we do not want to specify the
parameters. For a subset A C R, we write dcl(A) for the definable closure of A in R,
and dclz(p)(A) for the definable closure in R. We call a set X C R dcl-independent
over A, if for every x € X, x & dcl((X \ {z}) U A), and simply dcl-independent if
it is dcl-independent over ). An example of a dcl-independent set in the real field
is a transcendence basis over Q.

Following [19], we define the (multiplicative) height H(«) of an algebraic point
a as H(a) = exp h(a), where h(«) is the absolute logarithmic height from [6, page
16]. For aset X CR", k€ Z>% and T € R”!, we define

Xk, T)={(a1,...,0p) € X : max[Q(e;) : Q] < k,max H(a;) < T}
3 2
and
Ne(X,T) = #X(k, T),
We say that X has few algebraic points if for every k € Z>° and € € R>0,
Nip(X,T) = Ox ,(T°).
We say that it has many algebraic points, otherwise.
Our main result is the following.
Theorem 1.3. Suppose R = (R, <,+,-,...) is an o-minimal expansion of the real
field, and P C R a dense set such that one of the following two conditions holds:
(A) P <X R is an elementary substructure.
(B) P is a dcl-independent set.
Let X CR™ be definable in R = (R, P). Then X \ X has few algebraic points.
Note that if R = R, Theorem 1.3 is trivial. Indeed, in both cases (A) and (B),

if X is a definable set, then cl(X) is L-definable ([14, Section 2]). So, in this case,
cl(X) is semialgebraic and hence X{'¢ = X. In fact, whenever R = (R, P) satisfies
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Assumption III from [14], the conclusion of Theorem 1.3 holds. An example of such
R is an expansion of the real field by a multiplicative group with the Mann property.

The contrapositive of Theorem 1.3 implies that if a definable set contains many
algebraic points, then it is dense in an infinite semialgebraic set. We strengthen
this result as follows.

Theorem 1.4. Let X be as in Theorem 1.5. If X has many algebraic points, then
it contains an infinite set Y which is B-definable in (R, P).

Note that such X is dense in ¢/(Y"), which is semialgebraic by [14, Section 2].

A few words about the general tame setting are in order. As o-minimality can
only be used to model phenomena that are locally finite, many authors have early
on sought expansions of o-minimal structures which escape from the o-minimal
context, yet preserve the tame geometric behavior on the class of all definable sets.
These expansions have recently seen significant growth ([1, 2, 5, 8, 10, 12, 16, 18])
and are by now divided into two important categories of structures: those where
every open definable set is already definable in the o-minimal reduct and those
where an infinite discrete set is definable. Cases (A) and (B) from Theorem 1.3
belong to the first category. Further examples of this sort can be found in [§]
and [14]. Certain point counting theorems in the second category have recently
appeared in [7]. In both categories, sharp cone decomposition theorems are by now
at our disposal ([14] and [23]), in analogy with the cell decomposition theorem
known for o-minimal structures.

Expansions R of type (A) are called dense pairs and were first studied by van den
Dries in [10], whereas expansions of type (B) were recently introduced by Dolich-
Miller-Steinhorn in [9]. These two examples are representative of the first category
and are often thought of as “orthogonal” to each other, mainly because in the former
case dcl(@) C P, whereas in the latter, dcl(§)) N P = @). This orthogonality is vividly
reflected in our proof of Theorem 1.3. Indeed, since the set A of algebraic points
is contained in dcl(f), we have A C P in the case of dense pairs and AN P = {)
in the case of dense independent sets. Based on this observation, the proof for
(A) becomes almost immediate, assuming facts from [10], whereas the proof for
(B) makes an essential use of the aforementioned cone decomposition theorem from
[14].

The current work provides an extension of the influential Pila-Wilkie theorem to
the above two settings. The next step is, of course, to explore any potential appli-
cations to number theory and Diophantine geometry. Even though it is currently
unclear whether the exact setting of Theorem 1.3 will yield any, the machinery used
in our proofs is also available in other settings, or it may be possible to develop
therein. Two far reaching generalizations of our two settings are lovely pairs [3]
and H-structures [4], respectively. Those settings can also accommodate structures
coming from geometric stability theory, such as pairs of algebraically closed fields,
or SU-rank 1 structures, and point counting theorems in them are wildly unknown.

Notation. The topological closure of a set X C R"™ is denoted by cl(X). If X, Z C
R™, we call X dense in Z, if Z C cl(X N Z). Given any subset X C R™ x R™ and
a € R™, we write X, for

{beR™ : (a,b) € X}.
If m <mn, then m,, : R — R™ denotes the projection onto the first m coordinates.
We write 7 for m,,_1, unless stated otherwise. A family J = {J;}4ecs of sets is called
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definable if (J, . g{g} x Jy is definable. We often identify J with | cs{g} % Jg.
If X,Y C R, we sometimes write XY for X UY. By A we denote the set of
real algebraic points. If M C R, by M < R we mean that M is an elementary
substructure of R in the language of R.

Acknowledgments. The author wishes to thank Gal Binyamini, Chris Miller,
Ya’acov Peterzil, Jonathan Pila, Patrick Speissegger, Pierre Villemot and Alex
Wilkie for several discussions on the topic, and the Fields Institute for its generous
support and hospitality during the Thematic Program on Unlikely Intersections,
Heights, and Efficient Congruencing, 2017.

2. THE ALGEBRAIC TRACE PART OF A SET

In this section, we introduce the notion of the algebraic trace part of a set, and
prove that it generalizes the notion of the algebraic part of a set definable in an
o-minimal structure. We also state a version of Pila’s theorem [19], Fact 2.3 below,
suitable for our purposes.

The proof of Theorem 1.3, in both cases (A) and (B), is by reducing it to Pila’s
theorem, Fact 2.3 below. The formulation of that fact involves a refined version of
the usual algebraic part of a set, which prompts the following definitions.

Definition 2.1. Let A C R be a set. An A-set is an infinite connected semialge-
braic set definable over A. If it is, in addition, a cell, we call it an A-cell.

We are mainly interested in Q-sets. One important observation is that the set
A of algebraic points is dense in every Q-set. This fact will be crucial in the proofs
of Lemma 3.2 and Theorem 4.15 below.

Definition 2.2. Let X C R"” and A C R. The algebraic part of X over A, denoted
by X %94 is the union of all A-subsets of X. That is,

Xlga = U{T C X :Tis an A-set}.
It is an effect of the proof in [19] that the following statement holds.
Fact 2.3. Let X C R" be L-definable. Then X \ X9¢ has few algebraic points.
Let us now also refine Definition 1.1 from the introduction, as follows.

Definition 2.4. Let X C R"™ and A C R. The algebraic trace part of X over A,
denoted by X4 is the union of all traces of A-sets in which X is dense. That is,

X[ = U{X NT:T an A-set, X dense in T'}

Remark 2.5.

(1) An R-set is exactly an infinite connected semialgebraic set. Also, X9 =
Xolg and XM = x019,

(2) In Theorems 3.3 and 4.15 below, we prove Theorem 1.3 after replacing X' lg
by X' 92 Since the latter set is contained in the former, these are stronger state-
ments.

Remark 2.6. An alternative expression for X;" 194 i5 the following:
X{94 = | {Y € X : cl(Y) is an A-set}.

C. Let T be an A-set such that X isdensein T. Set Y = X NT C X. Then
T C (YY) Ccl(T), and hence cl(Y) = cl(T) is an A-set, as required.
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D. Let Y C X such that ¢l(Y) is an A-set. Set T'=cl(Y). Then Y C X NT and
T C (X NT), as required.

The goal of this section is to prove the following proposition. This result is not
essential for the rest of the paper, but we include it here as it provides canonicity
of our definitions. Observe also that it is independent of the expansion R of R we
consider.

Proposition 2.7. Let X C R"” be an L-definable set. Then
X9 = X9,

The main idea for proving (2) is as follows. Let Z be an R-set with Z C cl(ZNX).
We need to prove that every point z € ZN X is contained in an R-set W contained
in X. If one applies cell decomposition directly to Z N X, then the resulting cells
need not be semialgebraic, as X is not. So we apply cell decomposition only to Z,
deriving an R-cell Zy C Z with = € cl(Zy) and of maximal dimension. We then
show that close enough to z, the set T = Zy \ X has dimension strictly smaller
than dim Z;. We use Lemma 2.10 to express this fact properly. Finally, by Lemma
2.11, we find an R-set Wy C Zp \ T with x € cl(Wy). We set W = Wy U {x}.

The first lemma asserts that, under certain assumptions, the property of being
dense in a set passes to suitable subsets.

Lemma 2.8. Let X,Z CR"™ be L-definable sets, with Z C cl(ZNX). Suppose that
Zo C Z is a cell with dim Zg = dim Z. Then Zy C cl(Zy N X).

Proof. Let x € Zy, and suppose towards a contradiction that « & cl(ZypN X). Then
there is an open box B C R" containing x such that BN ZygN X = (. It follows
that for every 2’ € BN Zy, «' & cl(Zpy N X). Since Z C cl(Z N X),

BNZy Cd((Z\Zo)NX) CclZ\ Zo)
and, hence,
BN Zy Cc(Z\ 2Z0)\ (Z\ Zy),
and thus dim(B N Zy) < dim(Z \ Zy). Moreover, since Zg is a cell and BN Zy # 0,
dim(Zp) = dim(B N Zp). All together,
dim(Zp) < dim(Z \ Zp) < dim Z,

a contradiction. O

We will need a local version of Lemma 2.8. First, a definition.

Definition 2.9. Let Z C R" be an £-definable set and x € Z. The local dimension
of Z at x is defined to be

dim,(Z) = min{dim(BN Z): B CR" an open box containing x}.

Lemma 2.10. Let X,Z C R™ be infinite L-definable sets with Z C cl(Z N X),
and x € Z. Suppose Zy C Z is an R-cell with dim,(Z) = dim Zy and x € cl(Zyp).
Then there is an open box B C R™ containing x, such that BN Zy C cl(Zop N X).
Moreover, BN Zy is an R-cell.

Proof. Let Z\ Zo = Z1U---U Z,, be a decomposition into cells. It is not hard to
see from the definition of dim, (Z), that there is an open box B C R™ containing z,
such that for every 1 <i < m, if BN Z; # 0, then dim,(Z) > dim BN Z;. We may
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shrink B if needed so that B N Zy becomes an R-cell. Let I be the set of indices
1 <1i < m such that BN Z; # 0. Set

7' :=BnNZ.
Since Z C cl(Z N X), we easily obtain that Z’ C cl(Z' N X). Moreover, since
x € cl(Z), we have
Z'= (BN Zy)u| J(BNZ),
iel
and hence dim Z’ = dim(BNZy). Therefore, by Lemma 2.8 (for Z' and BNZ, C Z'),
BN ZyC (BN ZoNX)CecllZoNX),

as needed. O

We also need the following lemma.

Lemma 2.11. Let Z C R"™ be an R-cell, T C Z a definable set, and x € cl(Z)\T.
Suppose that dimT < dim Z. Then there is an R-set W C Z \ T with x € cl(W).

Proof. We work by induction on n > 0. For n = 0, it is trivial. Let n > 0. We split
into two cases:

Case I: dim Z = n. Since dimT' < dim Z, it follows easily, by cell decomposition,
that there is a line segment W C Z with initial point z, staying entirely outside 7.
Case II: dim Z = k < n. Let 7 : R® — R* be a suitable coordinate projection such
that 7 is injective. Then 7(Z) is an R-cell, 7(T) C 7(Z), dimn(T) < dimn(Z)
and 7(z) € cl(w(Z)). By inductive hypothesis, there is an R-set W C n(Z)\ n(T),
such that w(x) € cl(W7). Let

W=r"'W))nZ.

Then W is clearly an R-set with W C Z \ T, and it is also easy to check that
x € cl(W). O

We are now ready to prove Proposition 2.7.

Proof of Proposition 2.7. We need to show Xtalg C X, Let Z be an R-set with
Z C c(Z N X). We need to prove that every point € Z N X is contained in
an R-set W contained in X. By cell decomposition in the real field, there is a
semialgebraic cell Zy C Z over A, such that dim,(Z) = dim Zy and = € ¢l(Zy). By
Lemma 2.10, there is an open box B C R” containing x, such that B N Zy is an
R-cell and BN Zy C cl(ZyN X). Let

T:(BQZO)\(Z()QX)gcl(ZoﬂX)\(ZoﬂX)

Then
dimT < dim(Zp N X) < dim Zy = dim(B N Zy).

Also, x € Z\ T. Therefore, by Lemma 2.11 (for Z = BN Z), there is an R-set
Wo C (BN Zy) \ T with x € cl(Wp). But

(BNZ)\T=BNZyNnX,

so Wy C X. Since z € cl(Wy), the set W = Wy U {z} is connected, and hence the
desired R-set. 0



COUNTING ALGEBRAIC POINTS IN EXPANSIONS OF O-MINIMAL STRUCTURES 175

Remark 2.12. If we specify parameters in Proposition 2.7, then the proposition
need not be true. Indeed
Xaloa £ xj19,
For example, fix a dcl-independent tuple a = (a1, az) € R?, and let
X =R*\{(a1,y) : y > as}.

Then a € X C Xtalg@7 since cl(X) = R? is a Q-set. However, a ¢ X92. Indeed,
no open box around a can be contained in X. Hence if a € X9, there must
be some 1-dimensional semialgebraic set over () that contains a, contradicting the
dcl-independence of a. Note that in the proof of Proposition 2.7, unless z € dcl((),

we cannot conclude that W is semialgebraic over 0.
We do not know whether X914 = X*94 is true if X is A-definable.

Remark 2.13. The proof of Proposition 2.7 uses nothing in particular about the
real field. In other words, if we fix an expansion M of any real closed field M,
and define the notions of X9 and X in the same way as in the introduction
after replacing ‘semialgebraic’ by ‘M-definable’, and ‘connected’ by ‘M-definably
connected’, then for every M-definable set X, we have X9 = X9,

We conclude this section with an easy fact.

Fact 2.14. Let X, Y C R"” be two definable sets.
(1) If X CY, then X9 C y;9°,
(2) (a) If X CY and Y has few algebraic points, then so does X .
(b) If X andY have few algebraic points, then so does X UY .
(3) If X\ X" and Y \ ;"™ have few algebraic points, then so does
(XUY)\ (X UY)fe.

Proof. (1) and (2) are obvious. For (3), we have:
(XUY)\(XUY){ C (X\(XUY){ U\ (XOY){™) C (XX Y, ),
and we are done by (2). O

3. DENSE PAIRS

In this section, we let R = (R, P) be a dense pair. As mentioned in the intro-
duction, since P < R, we have A C dcl()) C P. In this setting, Theorem 1.4 has a
short and illustrative proof, and we include it first.

Theorem 3.1. For every definable set X, if X has many algebraic points, then it
contains an infinite set which is 0-definable in (R, P).

Proof. Since A C P, X N P™ also contains many algebraic points. By [10, Theorem
2], there is an L-definable Y C R™, such that X = Y N P™. So Y also contains
many algebraic points. By Fact 2.3, there is a Q-set Z C Y. Then the set ZNP™ is
(-definable in (R, P) and it is contained in Y N P™ = X. Since the set of algebraic
points A" is dense in Z, we have Z C cl(Z N.A") C cl(Z N P™), and hence Z N P"
is infinite. O

We now proceed to the proof of Theorem 1.3.

Lemma 3.2. Let X =Y N P", for some L-definable set Y C R™. Then
X ny®oe c xHoe,
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Proof. Let x € X N Y9, So z is contained in a Q-set Z C Y. We prove that X
is dense in Z. Observe that ZN X = Z N P™. Since A™ C P", we have

ZCd(ZNAM) Ccd(ZNP?)=cd(ZNX),
and hence X is dense in Z. O

Theorem 3.3. For every definable set X, X \ Xtalg@ has few algebraic points.

Proof. Let k € Z7° and ¢ € R>?. We first observe that if the statement holds
for X N P", then it holds for X. Of course, X \ Xflg@ CX\(Xn P”)?lm.
Since A™ C P", the set X has the same algebraic points as X N P™, and hence if
(X NP\ (X NP9 has few algebraic points, then so does X \ (X N P,
and therefore also X \ X9,

We may thus assume that X C P™. By [10, Theorem 2], there is an £-definable
Y C R”, such that X = Y N P". By Fact 2.3, Y \ Y%9¢ has few algebraic points.
By Lemma 3.2,

X ny®@oe ¢ xHoe,
Hence
X\ XM C X\ yoe Cy\ yelee

has few algebraic points. ([l

4. DENSE INDEPENDENT SETS

In this section, P C R is a dense dcl-independent set. The proof of Theorem 4.15
runs by induction on the large dimension of a definable set X (Definition 4.8), by
making use of the cone decomposition theorem from [14] (Fact 4.5). As mentioned
in the introduction, since P contains no elements in dcl(#), we have PN.A = (). The
base step of the aforementioned induction is to show a generalization of this fact;
namely, that for a small set X (Definition 4.1), X N A is finite (Corollary 4.12).

4.1. Cone decomposition theorem. In this subsection we recall all necessary
background from [14]. The following definition is taken essentially from [12].

Definition 4.1. Let X C R” be a definable set. We call X large if there is some
m and an L-definable function f : R™ — R such that f(X™) contains an open
interval in R. We call X small if it is not large.

The notion of a cone is based on that of a supercone, which in its turn generalizes
the notion of being co-small in an interval. Both supercones and cones are unions
of special families of sets, which not only are definable, but they are so in a very
uniform way. Although this uniformity is not fully exploited in this paper, we
include it here to match the definitions from [14].

Definition 4.2 ([14]). A supercone J C R, k >0, and its shell sh(J) are defined
recursively as follows:

e RY = {0} is a supercone, and sh(R") = R°.

e A definable set J C R™*! is a supercone if 7(J) C R™ is a supercone
and there are L-definable continuous hq, hs : sh(n(J)) = R U {*oc} with
hi < hg, such that for every a € w(J), J, is contained in (hi(a), he(a)) and
it is co-small in it. We let sh(J) = (h1, h2)sh(x(1))-
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Note that, sh(.J) is an open cell in R* and cl(sh(J)) = cl(J).

Recall that in our notation we identify a family J = {Jy}ges with U cs{g} x Jy-
In particular, cl(J) and 7,(J) denote the closure and a projection of that set,
respectively.

Definition 4.3 (Uniform families of supercones [14]). Let J = [, cslg} x Jy C
R™** be a definable family of supercones. We call J uniform if there is a cell
V C R™*F containing 7, such that for every g € S and 0 < j < k,

l(Tm+(T)g) = cl(Tms;(V)g)-
We call such a V a shell for J.

Remark 4.4. A shell for a uniform family of supercones J need not be unique.
Also, one can identify a supercone J C R* with a uniform family of supercones
J C M™tF with Tm(J) a singleton; in that case, a shell for J is unique and
equals that of J.

Definition 4.5 (Cones [14] and H-cones'). A set C C R" is a k-cone, k > 0, if
there are a definable small S C R™, a uniform family J = {J,}4es of supercones
in R¥ , and an L-definable continuous function h : V C R™*+k 5 R™ where V is a
shell for 7, such that

(1) C=hJT), and

(2) for every g € S, h(g,—) : V, CR¥ — R™ is injective.
We call C a k-H-cone if, in addition, S C P™ and h : J — R" is injective. An
(H-)cone is a k-(H-)cone for some k.

The cone decomposition theorem [14, Theorem 5.1] is a statement about defin-
able sets and functions. Here we are only interested in a decomposition of sets into
H-cones. Before stating the H-cone decomposition theorem, we need the following
fact.

Fact 4.6. Let S CR"™ be an A-definable small set. Then S is a finite union of sets
of the form f(X), where

o f:Z CR™ — R" is an L 4-definable continuous map,

e X C PN Z is A-definable, and

o f:X — R s injective.
Proof. By [14, Lemma 3.11], there is an £ 4-definable map h : R™ — R" such that
X C h(P™). The result follows from [15, Theorem 2.2]. O

Fact 4.7 (H-cone decomposition theorem). Let X C R™ be an A-definable set.
Then X s a finite union of A-definable H-cones.

Proof. By [14, Theorem 5.12] and [15, Theorem 2.2], X is a finite union of A-
definable cones h(J) with h : J — R™ injective (such h(J7) is called strong cone in

the above references). By Fact 4.6, it is not hard to see that hA(J) is a finite union
of A-definable H-cones. O

We next recall the notion of ‘large dimension’ from [14].

Definition 4.8 (Large dimension [14]). Let X C R™ be definable. If X # (),
the large dimension of X is the maximum k£ € N such that X contains a k-cone.
The large dimension of the empty set is defined to be —co. We denote the large
dimension of X by ldim(X).

IThe letter ‘H’ derives from ‘Hamel basis’ - see [9] for the motivating example (R, <, 4+, H).
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Some basic properties of the large dimension that will be used in the sequel are
the following (see [14, Lemma 6.11]): for every two definable sets X,Y C R",

e if X CY, then ldimX < IldimY.
e if X is L-definable, then 1dimX = dim X.
e X is small if and only if ldimX = 0.

4.2. Point counting. We now proceed to the proof of Theorem 1.3 (B). We need
several preparatory lemmas. First, a very useful fact.

Fact 4.9. For every A C R with A\ P dcl-independent over P, we have dclzpy(A) =
del(A).

Proof. Take x € dclg(py(A). That is, the set {z} is A-definable in (R, P). By [14,
Assumption III], since A \ P is dcl-independent over P, we have that cl({z}) is
L 4-definable. But cl({z}) = {z}. So x € dcl(A). O

The following lemma is crucial and relies on the fact that P is dcl-independent.

Lemma 4.10. Let h: Z C P™ xR* — R™ be a definable injective map. Let B C R
be a finite set. Then there is a finite set So C P™ such that

i U gt x 2, | nda(B)" = 0.

geP™\ Sy

Proof. Suppose h is A-definable, with A finite. Let A C AUB and Py C P be finite
so that AU B C dcl(4¢FP) and Ay is dcl-independent over P. Suppose g = h(g,t),
where g € P™, t € Z,; and ¢ € dcl(B). By injectivity of h, all coordinates of g are
in

dC]E(p) (Aq) Q dCl[;(p) (AB) g dClﬁ(p) (A()Po) = dCl(A()P()).

Since P is dcl-independent, there can be at most |Ag| many such ¢’s, and hence so
can ¢’s. (Il

Two particular cases of the above lemma are the following (recall, A C dcl()).
Corollary 4.11. Let C =h (Uges{g} X Jg> be an H-cone. Then there is a finite
set Sy C S such that h (UgES\SO {g} % Jg) contains no algebraic points.

Corollary 4.12. FEvery small set contains only finitely many algebraic points.

Proof. By Lemma 4.10, for k£ = 0, and Fact 4.6. (]

The key lemma in the inductive step of the proof of Theorem 4.15 is the following.

Lemma 4.13. Let J C R* be a supercone with shell Z, and B C R finite. Then
there is an L-definable set F C Z with dim(F) < k, such that

ZNndd(B)* CJUF.

Proof. By induction on k. For k = 0, the statement is trivial. For k£ > 0, assume
J = Uger{g} x Jg, where I' C R¥1 is a supercone. By inductive hypothesis, there
is F; C m(Z), such that

m(Z)Nndc(B)* "' CTUF.
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Since dim(F; x R) < k, it suffices to write (Uger{g} X Zg) N dcl(B)* as a subset
of JU Fy, for some F» C Z with dim(F3) < k. Let
X = U{g} X (Zg\ Jg).

gel
So we need to prove that X N dcl(B)* is contained in an £-definable set Fy C Z

with dim(F») < k. By [15, Theorem 2.2] and [14, Corollary 5.11], X is a finite
union of sets X1,..., X;, each of the form

Xi = f U {g} X Ug )
geSs

where

o f:V CR™*=1 4 R is an L-definable continuous map,

e UC (SxT)NV is a definable set, and

e fiu is injective.
Using Fact 4.6, we may further assume that S C P™. By Lemma 4.10, for h = f,
there is a finite set Sy C P™ such that

Il U {9 =xU, | ndel(B)F = 0.

g€S\So

For each i =1,...,l, and X, as above, set

D, =f U{Q}XUga

g€So
Then F5 = Ufﬁ:l D, satisfies the required properties. ([

Corollary 4.14. Let C = h(J) C R", where J C R¥ is a supercone with shell Z,
and h : Z — R"™ an L-definable and injective map. Then there is a definable set
F C Z with dim(F') < k, such that all algebraic points of h(Z) are contained in
hMJUF).

Proof. Suppose h is Lp-definable, and take F' be as in Lemma 4.13. Let z = h(y) €
h(Z) be an algebraic point. In particular, z € dcl(()). Since h is L-definable and
injective, y € del(B) C JU F. O

Theorem 4.15. For every definable set X, X \ Xtang has few algebraic points.

Proof. Let X C R” be a definable set. We work by induction on the large dimension
of X. If ldim(X) = 0, then X is small and the statement follows from Corollary
4.12. Assume ldim(X) = k > 0. By Facts 4.7 and 2.14(3), we may assume that
X is a k-H-cone, say h(J) with J C R™**. By Corollary 4.11, we may further
assume that 7,,(7) is a singleton, and hence, that X = h(J) C R", where J C R¥
is a supercone. Let Z be the shell of J, and F C Z \ J as in Corollary 4.14. We
have that X C h(Z \ F)Uh(F). By Fact 2.14(3), it suffices to show the statement
for each of X Nh(Z \ F) and X N h(F).

X NAh(F). We have
ldim(X NA(F)) < ldimh(F) = dimh(F) < k,
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and hence we conclude by inductive hypothesis.

X Nh(Z\ F). Observe that
h(Z\ F)"% C (X Nh(Z \ F));'*"
Indeed, let T'C h(Z \ F) be a Q-set. We need to show that T C c/(X NT). By the

conclusion of Corollary 4.13, TN A™ C T'N X. Since the set of algebraic points .4
is dense in Y, we obtain that

TCd(TNA") Cd(TNX),
as required. Hence, by Fact 2.3, the sets
(X NA(Z\F)\ (X NR(Z\F){ Ch(Z\ F)\ h(Z\ F)"
has few algebraic points. O

We now turn to the proof of Theorem 1.4. Note that Theorem 4.15 implies that
if a definable set X contains many algebraic points, then it is dense in an infinite
semialgebraic set. However, the last conclusion by itself does not guarantee that
X contains an infinite set definable in (R, P). For example, let R = (R,exp) and
X = ef. Then X is definable (in (R, P)), and dense in R. Suppose, towards a
contradiction, that it contains an infinite set ¥~ definable in (R, P). Then Y must
be small in the sense of (R, P). Indeed, e is small in the sense of R, and smallness
is preserved under reducts, by [14, Corollary 3.12]. Now, since Y is small in the
sense of (R, P), by [13], there is a semialgebraic h : R® — R and S C P", such that
hs is injective and h(S) =Y C ef. We leave it to the reader to verify that this
statement contradicts the dcl-independence of P.

We need two preliminary lemmas.

Lemma 4.16. Let J C R¥ be a supercone. Then there is b € A, such that
(b+ P¥)ynsh(J) C J.
In particular, J contains an infinite set which is O-definable in (R, P).

Proof. Denote Z = sh(J). We work by induction on k. For k =0, J = P’ =R’ =
{0}, and the statement holds. Now let k¥ > 1. By inductive hypothesis, there is
by € A1 such that

(by + P*"YYnn(Z) Cn(J).
Let S = (by + P*~Y)YNm(Z). For every t € S, the set (Z; \ J;) — P is small, and
hence (J,cg(Zt \ J¢) — P is also small. By Lemma 4.12, the last set contains only
finitely many algebraic points. So there is

by € A\ U((Zt\Jt) - P).
tesS
But then for every p € P and t € S, if by + p € Z;, then by + p € J;. That is,
(by + P) N Z; C J;. Therefore, for b = (b, by) € AF, we have that
b+P)NnZCJ
For the “in particular” clause, let B C sh(J) be any (-definable open box, and

b as above. Then (b+ P¥)N B C J is (-definable in (R, P). It is also infinite, by
density of P in R. O

Question 4.17. Let J C R* be a supercone. Does J contain a set which is (-
definable in (R, P) and has large dimension k?
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Lemma 4.18. Let X C R™ be a definable set and T C R™ a Q-set, such that
A"NT C X. Then ldim(X NT) =dim7T.

Proof. Clearly, Idim(X NT) < ldimT = dim7. Let k = dimT. The set X N T is
a finite union of H-cones. By Corollary 4.11, there are finitely many cones h;(J;)
contained in X N7 and containing all algebraic points of X N7T". Since A"NT C X
A" NT is contained in the union of those cones. So

T C (A" NT) C | el(hi()),

K3

implying that for some 4, dimcl(h;(J;)) > k. Therefore, some J; is a supercone in
R implying that 1dim(X NT) > k. O

Theorem 4.19. Let X C R". If X contains many algebraic points, then it contains
an infinite set which is 0-definable in (R, P).

Proof. The beginning of the proof is similar to that of Theorem 4.15, and thus
we are brief. We work by induction on ldim(X) = 0. If ldimX = 0, then X is
small and the statement holds trivially by Corollary 4.12. For 1dimX = k > 0,
we may assume that X = h(J) is a k-cone, with J C R¥. Let Z be the shell of
J,and F C Z\ J as in Corollary 4.14. So one of X NA(F) and X Nh(Z \ F)
must contain many algebraic points. If the former one does, then we can conclude
by inductive hypothesis. If the latter one does, then by Fact 2.3, there is a Q-cell
T C h(Z\ F). By the conclusion of Corollary 4.12, A" NT C X. By Lemma 4.18,
ldimX NT =dim 7. Also,

TCel(A"NT) Ce(XNT),
and hence if follows easily that
dimc(X NT) =1dimX NT.

Now, if T is open, then IdimX NT = n, and hence X N7 contains a supercone in
R™ (by [14, Theorem 5.7(1)]). By Lemma 4.16, X N7 contains an infinite set which
is (-definable in (R, P). Suppose T' = I'(f) and let 7 : R® — R* be a coordinate
projection that is injective on T. Then ldimn(X NT) = k and hence (X NT)
contains a supercone in R¥, and thus, by Lemma 4.16, an infinite set S which is
(-definable in (R, P). Then I'(f;s) is contained in X and is as desired. O

We conclude with a remark that goes also beyond the scope of this section.
Remark 4.20. Let X CR"™ and P C R be as in Theorem 1.3. Define

X3 = J{Y € X : Y infinite (-definable in (R, P)}.

It is natural to ask whether X\ X f,lg has few algebraic points. An affirmative answer
to this question would strengthen Theorem 1.3, and its contrapositive would imply
Theorem 1.4. For the case of dense pairs, it is actually not too hard to adjust
the proofs of Lemma 3.2 and Theorem 3.3 and obtain an affirmative answer. For
the case of dense independent sets, the question is open, and it is possible that an
affirmative answer to Question 4.18 could be relevant.
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