COMPACT DOMINATION FOR GROUPS DEFINABLE IN
LINEAR O-MINIMAL STRUCTURES

PANTELIS E. ELEFTHERIOU

ABSTRACT. We prove the Compact Domination Conjecture for groups defin-
able in linear o-minimal structures. Namely, we show that every definably
compact group G definable in a saturated linear o-minimal expansion of an
ordered group is compactly dominated by (G/G%, m, ), where m is the Haar
measure on G/G% and 7 : G — G/G% is the canonical group homomorphism.

1. INTRODUCTION

The notion of compact domination arose in [HPP] in connection with Pillay’s
conjecture ([Pi2]) for groups definable in saturated o-minimal structures. Pillay’s
conjecture was proved in [HPP] for the case where the ambient o-minimal structure
M expands an ordered field, in [EISt] and [Ons] for the case where M is an ordered
vector space over an ordered division ring, and in [Pet] for the intermediate case
where M is semi-bounded. We state it here as a principle:

Pillay’s Principle. FEvery definably compact group G of dimension n, definable
in a saturated o-minimal expansion M of an ordered group, has a smallest type-
definable subgroup G°° of bounded index, and G /G, when equipped with the logic
topology, is a compact Lie group of dimension n.

Compact domination is then intended to formalize the intuition that the canonical
homomorphism 7 : G — G/G is a kind of intrinsic ‘standard part map’. Recall the
following definitions: A set A C G/G® is closed in the logic topology if m=*(A) C G
is type-definable ([LaPi]). A subgroup H of G has bounded index if |G/H| < |M|.

When working over a saturated o-minimal expansion M of an ordered field,
standard part maps have already appeared in the following two situations, among
others. In [BO2, Definition 4.1], a standard part map is defined from the ‘finite
part’ Fin(M™) of M™ onto R™, for n € N;. In [PePi, Section 4], if G(R) is a
compact group of dimension n definable in an o-minimal expansion Mg of R, and
G is the realization of G(R) in a saturated elementary extension M of My, then
a standard part map is defined from G onto G(R). In both cases, the standard
part map st has the desired properties so that a notion of measure can be defined
for the definable subsets of Fin(M™) and G, respectively. Namely, if A\ denotes
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the Lebesgue measure on R™, or the Haar measure on G(R), respectively, then a
definable set X C Fin(M™), or X C G, respectively, is given measure A(st(X)).

We next recall some terminology from [HPP] and give the definition of compact
domination.

Let M be a saturated structure. Unless specified otherwise, definability is meant
in M with parameters. By a small set or a set of bounded cardinality we mean a
set of cardinality less than |M|. By a type-definable set we mean an intersection
of a small collection of definable sets. For a type-definable set X, by Def(X) we
denote the set of all definable subsets of X.

Let X be a set type-definable over A, and C a compact Hausdorff space of
bounded cardinality. A map f: X — C is called A-definable if for every closed set
C, CC, f~YCy) C X is type-definable over A. We say that f is definable if it is
A-definable for some set A.

A Keisler measure on X is a finitely additive probability measure on Def(X),
that is, a map p : Def(X) — [0,1] such that u(@) = 0, u(X) = 1, and for
Y,Z € Def(X), pf(YUZ)=w(Y)+u(Z) — (Y N2Z).

Definition 1.1 ([HPP]). Suppose X is a type-definable set, C' is a compact Haus-
dorff space of bounded cardinality equipped with a probability measure u, and
o : X — C is a definable surjective map. We say that X is compactly dominated
by (C,p,0) if for all Y € Def(X),

p({ceC:o7 (e)NY #0and o' (c) N (X \Y) #0}) =0.

Let G be a type-definable group. We say that G is compactly dominated (as a
group) if G is compactly dominated by (H, m, o), where H is a compact Hausdorff
group, m is the unique normalized (m(H) = 1) Haar measure on H, and o is a
group homomorphism.

When we work with a type-definable group, we always refer to compact domi-
nation in the group sense.

Fact 1.2 ([HPP], Proposition 9.3, Theorem 9.5). Let G be a type-definable group
which is compactly dominated by (H,m, o). Then

(i) G exists and equals ker(o).

(i) G has a unique left (and right) invariant Keisler measure u', and it is given
by: for all X € Def(G), p'(X) = m(o(X)).

For the rest of this paper, let M be a sufficiently saturated o-minimal
structure. If G is a definable group, we denote by m the unique normal-
ized Haar measure on G/G%, and by 7 the definable group homomor-
phism from G onto G/G.

Compact Domination Conjecture ([HPP]). Assume that G is a definably com-
pact definable group. Then G is compactly dominated by (G/G, m, 7).

Fact 1.3 ([HPP], Lemma 10.5). Suppose G is a definably compact definable group
of dimension n, such that, for all X € Def(G),

(1) dim(X) < n = m(7(X)) =0.
Then G is compactly dominated by (G /G, m, ).

Let us note that (1) was a crucial property that implicitly held for st in place
of 7 in both accounts [BO2| and [PePi] mentioned above, for X a definable subset
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of Fin(M™) in [BO2|, and X € Def(G) in [PePi], respectively. Additionally, st
resembled 7 in that a bounded set X C R™, or X C G, respectively, is closed if and
only if st71(X) is type-definable.

By Fact 1.2(ii), Facts 1.4(i) and (ii)(a) below can be seen as a generalization of
the existence of a measure from [BO2| and [PePi], respectively.

Fact 1.4. (i) [HPP, Theorem 10.4] Assume M is a saturated o-minimal expansion
of an ordered group. Then the unit n-cube I"™ C M™ is compactly dominated by
(I"(R), A, st), where I"(R) := st(I"). (I" and st are defined after a copy of R in
M is fized; see [HPP, Section 10]).
(#) [HPP, Theorem 10.7] Let G be a definably compact definable group. Then G

is compactly dominated in either of the cases:

(a) G has a ‘very good reduction’.

(b) dim(G) = 1.

In this paper, we give a positive answer to Compact Domination Conjecture in
the case when G is defined in a saturated linear o-minimal expansion M of an
ordered group.

Definition 1.5 ([LoPe]). An o-minimal expansion M = (M, +,<,0,S) of an or-
dered group is called linear if for every M-definable function f : A C M"™ — M,
there is a partition of A into finitely many A;, such that for each i, if x, y, x+t, y+t €
A;, then

flatt) = fl@)=fly+1t) = fy)
Theorem 1.6. Let M be a linear o-minimal expansion of an ordered group, and

G a definably compact group definable in M. Then G is compactly dominated by
(G/G m, ).

Remark 1.7. We may assume that M is an ordered vector space N over an ordered
division ring. Indeed, by [LoPe], a linear o-minimal expansion M of an ordered
group can be elementarily embedded into a reduct of an ordered vector space over
an ordered division ring. Then G (or, rather, G(N)) is definable in AN, and by
[EL, Section 5], G3% = GR%. Hence, to prove property (1) for G it suffices to show
that G(N) remains definably compact with respect to definability in A, and work
in M. To see that definable compactness is preserved under taking expansions,
observe that G can be written as G = UieJ G;, where each G; is a closed subset
of G contained in one the charts of G (see [BO1, Lemmas 10.4, 10.5], for example,
where the authors work over a real closed field but their arguments go word-by-
word through in any o-minimal expansion of an ordered group). If ¢, : G; — M"
denotes the corresponding chart map, then G is definably compact if and only if
each ¢;(G;) is closed and bounded. But the latter property is clearly preserved
under taking expansions.

The strategy of our proof is (a) to define a standard part map stg : G — (S1)",
n = dim(G), from G to the real n-torus (S')" that ‘resembles’ 7 : G — G /G,
and (b) to show that st satisfies property (1).

In Section 2, we recall notation and several facts from [EISt] where definable
groups in an ordered vector space M over an ordered division ring D were analyzed.
It was shown there that every definably compact, definably connected definable
group G is definably isomorphic to a definable quotient group U/L, where U is a
\/-definable subgroup of (M"™ +), and L is a lattice of rank n. In calculating the
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rank of L, a standard part map st : U — R” was defined. Our main observation
here is that, in a certain sense, U corresponds to Fin(M™) from [BO2], resulting
to a correspondence between the associated standard maps as well.

In Section 3, we investigate properties of the standard part map st, making the
correspondence with [BO2] more apparent.

Section 4 contains the main body of our proof. We use st to define a standard
part map stg : G — (S1)" that resembles 7 in that: ker(stg) = G°°, and, for
all A C (S)", A is closed if and only if st;'(A) is type-definable. We then show
that stg satisfies property (1). We conclude that 7 satisfies (1), and, thus, G is
compactly dominated by (G/G%, m, ).

Note. In the recent paper [HP], the Compact Domination Conjecture was proved
in case M expands an ordered field and G is abelian. The conjecture remains open
in case M is semi-bounded.

Acknowledgements. The work presented here was carried out during my Ph.D.
studies at the University of Notre Dame. I would like to thank my thesis supervisor
Sergei Starchenko, as well as Ya’acov Peterzil for stimulating the subject. I would
also like to thank the referee for the very careful reading and suggestions.

2. PRELIMINARIES

We assume some familiarity with the basics of o-minimality; see [vdD] for a
standard reference. In this section we fix notation and recall facts from [EISt].

Let M = (M,+,<,...) be an o-minimal expansion of an ordered group. M is
equipped with the order topology. M™ = (M™,+) is the topological group whose
group operation is defined point-wise, that has 0 = (0,...,0) as its unit element,
and whose topology is the product topology. If L is a subgroup of M"™, we denote
by Ep the equivalence relation on M"™ induced by L, namely, zFEpy < = —y € L.
For U C M", we let EY := E; |yxy and U/L := U/EY. The elements of
U/L are denoted by [z]¥, € U. If U < M™ is a subgroup of M", then it is a
topological group equipped with the subspace topology. If, moreover, L < U, then
U/L =U/L,+v,L, [0]Y) is the quotient topological group, whose topological and
group structure are both induced by the canonical surjection ¢ : U — U/L. If
S C U is a complete set of representatives for EY (that is, it contains exactly one
representative for each equivalence class), then the bijection f : U/L — S defined
by [z]¥ + z induces on S a topological group structure (S, +s):

(i) Va,y,z€ S, x+sy=2 & [z]g +u/L [y]g = [z]g < (z+y) Eg z, and

(i) A C S is open in the quotient topology if and only if (foq)~!(A) is open in U.
U/L is called a definable quotient group if there is a definable S as above, such that
+5 is definable. In this case, we identify U/L with (S, +g).

An isomorphism between two topological groups is a group isomorphism which
is also a homeomorphism.

The abelian subgroup of M™ generated by the elements vy, ..., v, € M™ is de-
noted by Zvy + -+ + Zv,,. If vq,...,v,, are Z-linearly independent, then the free
abelian subgroup Zvy + - - - + Zv,, of M™ is called a lattice of rank m.

For the rest of this paper let M = (M,+,<,0,{\} cp) be a sufficiently
saturated ordered vector space over an ordered division ring D = (D, +, -, <
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,0,1), and G = (G,®,es) a definably connected, definably compact, de-
finable group of dimension n. Unless specified otherwise, definability is
meant in M, possibly with parameters.

The group topology on G is the ¢-topology from [Pil]. The assumption of de-
finable connectedness is at no loss of generality, again by [Pil]. For the notion of
definable compactness the reader is referred to [PeS]. By [vdD, Chapter 1, (7.6)],
M is o-minimal. By [EISt, Corollary 4.5], G is abelian.

Definability in M was analyzed in [EISt, Section 3] (see also [vdD, Chapter 1,
§7]). A function f: A C M™ — M is called linear if it has form f(x1,...,2,) =
Mz + -+ Az, + a, for some fixed A\; € D and a € M. The notion of a linear
cell can then be defined similarly to that of a usual cell but using linear functions
in place of definable continuous ones. The description of the definable sets is then
given by the following.

Linear Cell Decomposition Theorem. Let A C M" and f : A — M be de-
finable. Then there is a decomposition of M™ that partitions A into finitely many
linear cells A;, such that each f [a, is linear.

D ={(D,+,-,<,0,1) is a division ring and (Q, +, -, <, 0, 1) naturally embeds into
D. A set X C M" is called convex if Vo,y € X,Vqg € QN [0,1], gz + (1 — q)y € X.

For A € D, |\| := max{—\, A}, and for x € M, |z| := max{—z, z}.

The main result from [EISt] is the following.

Fact 2.1. G is definably isomorphic to a definable quotient group U/L, where U is
a convex \/-definable subgroup of (M™,+), and L is a lattice of rank n.

For a definition of a \/-definable group see [PeSt]. The U mentioned in Fact 2.1
is a special case of a \/-definable group, and its description is crucial for this paper.
We next extract those ingredients from the proof of Fact 2.1 that will be used in
our proof of compact domination.

If X = (M,...,A\p) € D™ and t € M, we denote o= (At ..o, Ant). A set
H C @ is called generic if finitely many @-translates of it cover G. By the analysis
in [EISt], we may assume that e = 0, and:

e (G contains a definable generic parallelogram:
H = {Xltl —+ -4 Xntn e <t < 67;},

where eq,...,e, € M are positive, and Xl, .. .,Xn e D™,
e U is the subgroup of M" generated by H:

U:=< H >= U H+---+H<M"
————
k<w k—times

e The following map ¢ : U — G is a continuous, surjective group homomor-
phism: for all z; € H,
¢($1+"'+Ik):1’1@"'@1'k~

If we let L := ker(¢), then U/L = G as abstract groups. In order to show that
L is a lattice of rank n, a standard part map st : U — R” was defined in [EISt].
We recall the definition of st in Section 2.1 below. For the moment, we finish the
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description of the main ingredients of the proof of Fact 2.1. We recall that there is
a positive 2 € N, such that the set

Y= HE:{X1t1+"'+Xnth—E€i <t <E€Z}

contains a definable complete set S of representatives for EY. The restriction of ¢
on S is then a definable isomorphism between the topological groups (S, +g) and
G. We may assume, up to definable isomorphism, that G = S and

e HCGCXCU.

This assumption does not affect our proof of compact domination for G, since,
easily, property (1), that we are aiming to show, remains invariant under definable
isomorphisms.

Observe that for all x € H, ¢(z) = x, and for all z € U, [¢(z)]Y = [2]Y.

2.1. A standard part map st : U — R”. Before we give the definition of the
standard part map, we recall some basic facts and definitions from linear algebra
over D.

We introduce some additional notation. If A = (A!,...,\"*) € D" and p € D,
we denote pX = (A, ..., puA") and A= (Alp, ..., A"w).

The elements A1,..., A, € D™ are called left (right) D-independent if for all
Wiy ooy fbm 0 Dyopa Ay + -+ A, = 0 (A1 + -+ + A, = 0) implies pg =
oo = iy = 0.

Let A € M(n, D) be an n x n matrix with entries from D. The row rank of A is
the cardinality of a maximal left D-independent set of rows from A, and the column

rank of A is the cardinality of a maximal right D-independent set of columns from
A.

Fact 2.2. (i) The row rank and the column rank of A are equal. We refer to either
of them as the rank of A.
(i) The rank of A is n if and only if A has an inverse.

Proof. (i) See [Jac, Chapter II, Theorem 9].
(ii) Similar to [Lang, Chapter IV, Theorem 2.2]. O

Now let
H = {Xltl—l—"'—i-xntn T—e < t; <€i}

be the generic parallelogram of G, with ey,...,e, € M positive, and Xl, ey Xn €
D™, as described above. Since H is generic, dim(H) = n. Consider the following
matrix with entries from D.

ALl

Claim 2.3. A has rank equal to n.

Proof. We show that A has column rank n. Assume not. Without loss of generality,
we may then assume that there are pq,...,up—1 € D such that

Xn = X1,u1 +---+ an,unq-
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But then
H={Xit1 + -+ Mot —€; < t; < ¢}
= {Xit1 + o Xttt + N+ Xt 1)t 0 —e; < & < e}
= {Xi(t1 + patn) -+ Xnc1(bnt + pnoitn) : —e; < t; < €3},
which clearly has dimension less than n, a contradiction. O
Corollary 2.4. A is invertible.
Corollary 2.5. Xl, ceey Xn are M-independent. That is, for all t1,...,t, € M,

Nitp 4+ dpty =0 =ty = =t, = 0.
t1 0 t1 0
Proof. For any ty,...,t, € M, ifA(:) = (:),then<:>A1<;> =
tn 0 tn 0
0
: O
0

We now proceed to the definition of the standard part map st : U — R™. From
the construction of U given earlier, it is easy to see that every u € U has form
(2) U= X1U1 £+ Aplin,

with u; € M and —qge; < u; < qe;, for some g € Z. By Corollary 2.5, it follows that
the u;’s in form (2) are unique. We define st : U — R™ as follows: for all u € U,
with form (2),

st(u) = (st1(ur), ..., stn(uy)),
where for every i,

sti(u;) = sup{q € Q: ge; < u;}.
It can be checked that st is a surjective group homomorphism.

The notation ‘Xl, ey Xn,H, U,¢,L,=,%, st’ is fixed for the rest of this pa-
per.

2.2. On Pillay’s Principle. G is defined as follows. For k € N, we define Hj,
inductively: Hy = H, and Hp,1 = %Hk Then it is not hard to see that [, Hg
is a torsion-free, type-definable subgroup of G of bounded index, and therefore, by

[BOPP]:
G = ﬂ Hy.

k<w
Note that G is open in M".

Lemma 2.6. ker(st) = G%.
Proof. For all x € G,

> - 1
ze€G" oz =Xhi + -+ Mhy, for some h; with Vk € N, *2762' < h; < 276“
S = thl 4+ 4 thm for some h; with Vg € Q>°, —ge; < h; < ges,

& st(z) = 0.
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3. PROPERTIES OF st: U — R"

The definition of a box in U given below is in analogy with the definition from
[BO2] of a box in cartesian powers of an o-minimal expansion of an ordered field.

Definition 3.1. Let n € N, n > 0. A boz (of dimension n) is a subset of U of the
form
B = {)\1t1 +o A Antn i pigs St < Qiei} .
for some p;, q; € Q, with p; < ¢;.
A real box (of dimension n) is a subset of R™ of the form
C= [kl,ll] X oo X U{In,lnL

for some k;,l; € Q, with k; < ;.

If B is a box as above, then B® denotes the real box defined by k; = p; and
li=gq;,fori=1,...,n.

Let ke N, k> 0. A real %-bom of dimension n is a real box C R™ of the form

o[l k1] Fn kot 1
TRk Kk

for some k; € Z.
The base of such a C' is the real %—box of dimension n — 1 in R*~1:

ki ki1 o kn1 kn1+1
k' ok k k '
Remark 3.2. It is easy to see that, for all x € U and y € R",

st(x) =y < for every box B C U, x € B implies y € B¥.

The proof of the following lemma is almost word-by-word the one of [BO2, Propo-
sition 4.2].

Lemma 3.3. For every box B C U, st(B) = BE.

Proof. The inclusion st(B) C B® is by Remark 3.2. For the equality, let y € BR.
We write {y} = ;e Bi, where {Bf : i € N} is an enumeration of all real boxes
containing y. The set of all formulas x € B; is a type in M which must be realized

by some element x € U. For this x, we have st(z) = y and z € B. O

The properties listed below will be used in the sequel. For X C M", we denote
by X the closure of X in M™.

Lemma 3.4. (Z) For all Xl,XQ Q U, St(Xl @] XQ) = St(Xl) U St(XQ).
(ii) For all X C U, st~ (st(X)) = X 4+ G,
(iii) For all X C U, st(X) = st(X).
(iv) For all X CU, X + G = X + G".
(v) A bounded set A C R™ is closed if and only if st~ (A) is type-definable.
(vi) For all definable X C U, st(X) is closed.

Proof. (ii) Yy € U,
y e st (st(X)) & Fr € X, st(z) =st(y) & ye X+ G

(iii) For the non-trivial inclusion (C), let x € X. We need to find 2’ € X, such
that st(z') = st(x). Since G% is open and z € X, (z+ G%) N X # 0. We can take
2’ to be any element in (z + G%) N X.
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(iv) By (ii) and (iii), X + G° = st~ (st(X)) = st~ (st(X)) = X + G,

(v) The proof is almost word-by-word the one of [BO2, Proposition 5.4]. Note
that by (ii) and Lemma 3.3, for every box B C U, st~}(B®) = B + G%.

Let A C R"™ be bounded.

For the left-to-right direction, if A is closed, then A = (;cyU;e,, By is the
intersection of a countable family of unions of finitely many real boxes. Thus,
st (A) = {z: Njew Vj ey, (& € Bij + G%)} is type-definable.

For the right-to-left direction, let st~(A) be type-definable, say st~}(A) = {z :
Nier(z € X;)}, where each X is definable. To show that A is closed, let y € A.
We show that y € A = st(st(A)). We need to find an = € (,c; X; such that
st(z) = y. It suffices to show that the set (,c; X; N [);cy Bj is non-empty, where
{B; : j € N} is an enumeration of all boxes B with y € Int(B®). By compactness,
it suffices to show that the set P = (1,.; X; N B is non-empty, where B is any box
with y € Int(B®). But, since y € A, there is y' € Int(B®) N A # (. Thus, there is
x' € B, such that st(2’) =y’ € BN A. This 2/ belongs to P.

(vi) Observe that the boundedness of A C R™ in (v) was only used in the left-
to-right direction. Now, let X C U. By (ii), st~ (st(X)) = X + G, so if X is
definable, then st—! (st(X )) is type-definable and we can apply (v), right-to-left. O

4. G 1S COMPACTLY DOMINATED

We start with defining a standard part map for G. Recall L = ker(¢) has rank
n. Let L=7Zv1 4+ -+ Zv, <U < M"™.

Claim 4.1. st(L) C R"™ is a discrete lattice of rank n. Therefore, R™/st(L) 1is
isomorphic to the real n-torus (S*)".

Proof. st(L) is discrete: since for all x € H, ¢(x) = x, we have ker(¢) N H = {0}.
Hence the interior of st(H) is an open neighborhood of 0 that contains no other
elements of st(L).

st(L) has rank n: clearly, st(L) has rank at most n. Now assume, towards a
contradiction, that for some Iy, ...,l, € Z, not all zero, lyst(vy)+---+1,st(v,) = 0.
Since st : U — R™ is a group homomorphism, st(lyv1 + --+ + l,v,) = 0. Thus,
livg +- -+ lv, € GO C H. Since ker(¢) N H = {0}, we have lyv1 + - - + 1,0, = 0,
contradicting the fact that L has rank n. O

Let g denote the canonical homomorphism from R™ onto R™/st(L).

We define a standard part map stg : G — R"/st(L) as follows. For all z € G,
let

sta(w) = q(st(x)) = [st(@)]3yr).
Since st is a group homomorphism, so is stg. Indeed, for all z,y € G, we have
r@y=d¢(x+y) Ex+y+L, and
(z®dy) — (x+y) € L= st(zxdy) — (st(z)+ st(y)) € st(L)
R" R™ R" R"
& [st(z ®y)] st(L) [st(x) + St(y)]st(L) = [St(’r)]st(L) TR /st(1) [St(y)]st(L)
& stg(r @ y) = sta(x) +an /(1) st (y)-

Also, ker(stg) = G°°. Indeed, for all x € G, stg(z) = [O]LR;EL) < st(z) € st(L) &
z€ (G+L)NG =G, since G®° C G and GN L ={0}.
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Lemma 4.2. The following diagram commutes,

st

U R"

G~ R™/st(L)
namely, q o st = stg o ¢. Thus, in particular, for all A CR™/st(L),
st (a7H(A) = ¢~ (st (A))-

Proof. First, notice that for all z,y € U, if [z]¥ = [y]¥, then [st(x)]?}&m =
[st(y)]lftn( 1)~ This is because st is a group homomorphism:

x—y € L= stx—y) € st(L) < st(x) — st(y) € st(L).
Now, let z € U. On the one hand, we have ¢(st(z)) = [st(x)}]f;;m. On the other

hand, ¢(x) € G with [2]7 = [6(2)]{, and, thus, [st(z)]5(,) = [st(6(x))]5,,, =

sta(o(x)). Hence, q(st(z)) = sta(¢(z)). O

Lemma 4.3. ER = st(X) C R"™ contains a set of representatives for E?{EL). Thus,
for all A C R™/st(L), A is closed (in the quotient topology) if and only if TN
g 1(A) CR" is closed.

Proof. Let y € R"™. Pick « € U such that st(x) = y. Let g € G such that g—z € L.
Then st(g) —y = st(g — x) € st(L). But st(g) € st(G) C .

For the second claim, let A C R"/st(L). If A is closed, then ¢=(A4) C R" is
closed, and, thus, TN g 1(A) is closed. Conversely, if TN g 1(A) is closed, then
(ER Ng ' (A)) + st(L) is closed. But since % contains a set S of representatives
for EE( L) we have

_ — <R _ _
g HA) = (Snq 1(A)) +st(L) € (X Ng Y(A)) +st(L) C ¢ '(A),
that is, ¢~ 1(A4) = (iR Mg *(A)) + st(L) is closed, and, thus, A is closed. O

By Pillay’s Principle, G/G% (equipped with the logic topology) is a connected,
compact, abelian Lie group of dimension n and, therefore, it is isomorphic to
R™/st(L). The following lemma implies that the alleged isomorphism is indeed
witnessed by the map f : G/G% — R"/st(L) defined by:

f2® G — stg(x).

(As a side remark, f is not an isomorphism if seen as the induced quotient map
where G/G has the quotient topology; that would be the case if f were open.
In any case, such an f would not be what we need here, since the logic topology
on G/G" is different from the quotient one, [Pi2, Remark 3.3].) We denote by
7: G — G/G" the canonical surjective homomorphism; then f is by definition the
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unique map that makes the following diagram commute:
G 2 R"/st(L)
R

T

G /Gdo
Remark 4.4. Themap f : G/G* — R"/st(L), with tG" s stg(z) = [st(x)]]}g;L)
is a group isomorphism.
Proof. f is well-defined and it is injective, since for all z,y € G,
100G =yaG” ©120ycG” & stg(zoy) =0 & stg(x) = sta(y).
Easily, f is a group homomorphism, since st is. That it is surjective, is essentially

Lemma 4.3: given st(z) € R", we can find g € G, such that st(g)—st(z) € st(L). O

Lemma 4.5. For all A C R"/st(L), A is closed if and only if st;'(A) is type-
definable. Thus, f is an isomorphism between topological groups.

Proof. By Lemma 3.4(v), a bounded set A C R™ is closed if and only if st~1(A) is
type-definable. Now, let A C R™/st(L). Then, A is closed

if and only if (Lemma 4.3) TN g 1(A) CR" is closed

if and only if st—! (ER Ng 1(A)) is type-definable

if and only if st—! (iR) N st (g~ (A)) is type-definable

if and only if (X + G%) Nst=!(¢7'(A)) is type-definable

if and only if qﬁ( (Z+G)nst! (q_l(A))) is type-definable,
where the last equivalence is because ¢ 54 oo is type-definable. Indeed, the ‘only
if” part is clear, whereas for the ‘if” part, let B := (E + GOO) N st’l(qfl(A)). We
show that if ¢(B) is type-definable, then B is as well. To this end, we show that

B={yeX+G": dinico(y) € drnyco(B)}.

To see this, let y € ¥ + G% be such that ¢(y) = ¢(b), for some b € B. Then

q(st(y)) = sta(d(y)) = sta (b)) = q(st(b)) € A,

by Lemma 4.2, showing that y € 5:1?_1(q_1(A))7 and, thus, y € B. This completes
the proof of the last ‘if and only if’.
Therefore, we will be done with the first statement of the lemma if we show that

(3) o((B+60) Nst™ (g71(4)) = stg'(4).
First, we observe that
o((B+60) nst (g7 (4)) = o(st ' (a7 (4)))

Indeed, for the non-trivial inclusion (D), let ¢(x) € gb(st_l (q_l(A))), for some x €

U with ¢(st(z)) € A. Then we find y € X+G% with ¢(z) = ¢(y) and ¢(st(y)) € 4,
as follows. Let y € ¥ be such that « —y € L. Then, on the one hand, ¢(z) = ¢(y),
and on the other, st(z) — st(y) € st(L) and, thus, ¢(st(y)) = q(st(z)) € A.
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Now, by Lemma 4.2, st~!(¢71(A)) = ¢! (st5'(A)). Since ¢ is onto,

o(st (a7 (A))) = 6 (67 (15" (4)) ) = stG(A):

This proves (3).

For the second statement, by Remark 4.4, it remains to show that f is a homeo-
morphism. We note that this can also be obtained by [HPP, Remark 2.3(i)] and the
first part of this lemma; we provide a direct proof here (still using the first part).
Let A C R"/st(L). We show that A is closed if and only if f~1(A) = m(st5'(A4))
is closed (in the logic topology). By the first part of this lemma, A is closed if and
only if st;'(A) is type-definable. Since st;'(A) = st (A) + G, we get

71 (w(stal(A)D =7t (w(stgl(A) + GOU)> = st (A) + G = st;' (A)

and, therefore, stal(A) is type-definable if and only if W(Stal(A)) is closed in the
logic topology. O

The compact Lie group G/G® has a unique normalized Haar measure m. Thus,
if m’ is a Haar measure on R"/st(L), then there is a positive r € R, such that for
all A C G/G", A is m-measurable if and only if f(A) is m’-measurable, and, if
they are, then

(4) m(A) = rm’(f(A)).

Since for all X C G, f(m(X)) = stg(X), in order to show property (1) from
Introduction for 7 it is thus equivalent to show it for stg, that is, to show, for all
definable X C G,

(5) dim(X) < n = m’(stg(X)) = 0.

On the other hand, a Haar measure m’ on R"/st(L) can be defined using the
Lebesgue measure A on R", as follows. First, let S C R™ be a fundamental domain
for Eg} L) which is Lebesgue measurable. For example, if Ay,..., A, C R" denote

the line segments from 0 to the generators of st(L), excluding the generators, we
may let S =A; +---+ A,. Now, for X C R"/st(L), let

m’(X) = A(Sng (X)),

assuming that S N ¢~ 1(X) is a Lebesgue measurable subset of R"™. It is an easy
classical fact that, if A C R™ is Lebesgue measurable, then for all B C S with
q(B) = q(A), B is Lebesgue measurable and A\(B) < A(A). Therefore, for every
X C @G, such that st(X) is Lebesgue measurable, S N q’l(stg(X)) is Lebesgue
measurable and

(6) m’(stq(X)) < A(st(X)).
It follows that in order to show (5), it suffices to show the following.

Lemma 4.6. Let X C U be definable. If dim(X) < n, then A(st(X)) = 0.

Proof. By Lemma 3.4(vi), st(X) is closed and hence Lebesgue measurable.

If n = 1, then X and st(X) are finite, hence A(st(X)) = 0. Let n > 1. We
may assume that dim(X) = n — 1. By the Linear Cell Decomposition Theorem
and Lemma 3.4(i), we may assume that X is the graph of some linear function
f: C — M, where C is a definable subset of M"~!, after perhaps rearranging
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coordinates.

Claim 1. There are &1,...,&, € D, not all zero, and ¢ € M, such that for all
t1, ..oty € M, if Mty + -+ Mty € X, then &t + -+ + Eptn + ¢ = 0.

Proof of Claim 1. Assume that for all z = (x1,...,2,-1) € C,
f(x) = mws + -+ 121+,
for some fixed p; € D and ¢ € M. Assume also that for i = 1,...,n,

i
Xiz ( : ) e D".
AT

i

For each i =1,...,n, we set
&= A+ g AT = A

Consider any ty,...,t, € M with Aty +... \yt, € X, and let © = (z1,...,25-1) €
C be such that (z, f(z)) = A\it1 + ... Antn. Then:

1‘1:)\%t1+~-~+)\711tn

Ty = NP7y AT,
PT1+ o 1T = At A+ Aty
Substituting the first n — 1 equations into the last one, we obtain:
(1AL A+ AT = AT (A o o AT = ARt ¢ =0,
that is,
Gty 4+ &ntn +c=0.

So, to finish the proof of Claim 1, we need to see that not all §;’s are zero. It is
enough to see that the matrix

AL

Ao AT
has row rank n. But this is by Claim 2.3. O
Without loss of generality, we may assume that there are vy,...,v,_1 € D,

lv;| <1, and d € M, such that for all ¢y,...,t, € M,
(7) Xty + 4 Antn € X =ty =vity + -+ Up_1tn_1 + d.

Claim 2. Let ty,...,tn,t},...,t,, € M and i < n be such that Xit1 4 - +
Antns Mith + -+ Ay, € X, 1y # ¢ and Vi & {i,n}, t; = 1. Then

[stn(t) = st (tn)| < [sti(t;) — sti(t:)].

Proof. By (7), we have: |t], — t,| < |t} — t;]. O
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The rest of the argument below resembles the proof of [BO2, Lemma 2.7]. Denote
by A* the outer Lebesgue measure on R". We let

Xp_1:= {Xltl —+ -+ anltnfl :dt, € M, Xltl + -4 Xntn S X}
By Claim 2, it is not hard to see that, for every k € N, st(X) cannot intersect more
than n real %—boxes of dimension n with the same base (a real %—box of dimension
n —1in st(X,—1)). Since X C ¥ = H=, we have st(X) C [-E,E]" C R" and
st(Xn_1) C [-E,Z]""t C R Let r := (22)"1 = A\([-Z,Z]""!). Thus, for
every k € N, st(X,,_1) is covered by rk™~! real +-boxes of dimension n — 1. Hence
for every k € N, st(X) is covered by rk"~!n real %—boxes of dimension n. Hence,
M (st(X)) < =rk™ tn. We have:
1
A" (st(X)) < lim {knrknln} =0.
Thus, A(st(X)) = 0. O
Proof of Theorem 1.6. For every definable X C G C X, by (4) and (6) we have:
m(7(X)) = rm’ (f(w(X))) =rm’(stg(X)) < rA(st(X)).
Therefore, by Lemma 4.6, we obtain (1) from Introduction. O

Corollary 4.7. (i) G has a unique left (and right) invariant Keisler measure p’,
given by: for all X € Def(G), p'(X) = m(7(X)).

(i) For all X € Def(G), i/(X) > 0 if and only if X is generic.

(iii) Every definable generic subset of G contains a torsion point.

Proof. (i) is by Fact 1.2(ii). For (ii) see Claim 3 in the proof of [HPP, Proposition
9.3], and for (iii) see [HPP, Proposition 10.6]. O
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