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GROUPS DEFINABLE IN LINEAR O-MINIMAL STRUCTURES

Abstract
by

Pantelis E. Eleftheriou

Let M = (M, +,<,0,...) be alinear o-minimal expansion of an ordered group,
and G = (G, @, e¢) an n-dimensional group definable in M. We show that if G is
definably connected with respect to the t-topology, then it is definably isomorphic
to a definable quotient group U/L, for some convex \/-definable subgroup U of
(M™ +) and a lattice L of rank equal to the dimension of the ‘compact part’ of G.
This is suggested as a structure theorem analogous to the classical theorem that
every connected abelian Lie group is Lie isomorphic to a direct sum of copies of
the additive group (R, +) of the reals and the circle topological group S'. We then
apply our analysis and prove Pillay’s Conjecture and the Compact Domination
Conjecture for a saturated M as above. En route, we show that the o-minimal
fundamental group of G is isomorphic to L. Finally, we state some restrictions

on L.
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CHAPTER 1

INTRODUCTION

The main motivation for this work arises from the intuition that a group
G definable in an o-minimal structure M should ‘resemble’ a real Lie group.
The foremost supporting evidence for this intuition was given in [Pil], where it
was shown that every such group G can be equipped with a (unique) ‘definable
manifold” structure over M that makes it into a topological group. A series of
definable analogues of classical theorems in the o-minimal context followed and
the intuition was recently formalized in Pillay’s Conjecture, stated below.

Let M be a big saturated o-minimal structure. Let G be a group definable in
M equipped with its definable manifold topology, henceforth called ‘t-topology’.
The group G is definably compact ([PeS]) if for every definable continuous map
o:(a,b) C M — @G, the limit lim,_,0(x) exists in G, taken with respect to the
t-topology of G. A set X C M" is type-definable if it is the intersection of < | M|
many definable sets. A subgroup H of G has bounded index if |G/H| < |M].
If H has bounded index and 7 : G — G/H denotes the canonical homomor-
phism, then a set A C G/H is closed in the logic topology if m=1(A) C G is

type-definable ([LaP1i]).

Pillay’s Conjecture ([Pi2]). Assume G is a definably compact group definable

in a saturated o-minimal structure M, and dim(G) = n. Then there is a smallest



type-definable subgroup G of G of bounded index, and G /G equipped with the

logic topology is a compact Lie group of dimension n.

In [HPP] Pillay’s Conjecture was proved for M an o-minimal expansion of an
ordered field.

The next conjecture is intended to formalize the further intuition that
m:G — G/GY is a kind of ‘standard part map’. Let Haar denote the unique

normalized Haar measure on G/G%.

Compact Domination Conjecture ([HPP]). Assume G satisfies the assump-
tions and the conclusion of Pillay’s Conjecture. Then for all definable subsets
X CQG,

dim(X) < n = Haar (7 (X)) = 0.

In this case, we say that G is compactly dominated.

In [HPP] it was shown that compact domination holds if dim(G) =1 or if G
has ‘very good reduction’.

In this dissertation we analyze groups definable in ‘linear’ o-minimal structures.
For these groups we first prove a structure theorem analogous to the classical
theorem that every connected abelian Lie group is Lie isomorphic to a direct sum
of copies of the additive group (R, +) of the reals and the circle topological group
S1. We then apply our analysis and settle positively the above two conjectures in
this context.

We briefly introduce the terminology required to state our results. The ter-
minology is further explained in the following chapters and the references given

therein.



An o-minimal expansion M = (M, <,+,...) of an ordered group is called
linear ([LP]) if for every definable function f : A C M™ — M, there is a partition
of A into finitely many definable A;, such that for each i, if z,y,x +t,y +1t € A;,

then

flx+t)— f(z) = fly+1t) = f(y)

The main example of a linear o-minimal structure is that of an ordered vector

space M = (M, +,<,0,{\} ep) over an ordered division ring D.

Until the end of this Introduction, M = (M,<,+,0,...) denotes a
linear o-minimal expansion of an ordered group, and ‘definable’ means

‘definable in M with parameters’.

Let G = (G, ®,e.) be a definable group of dimension n equipped with the
t-topology. Assume G is definably connected, that is, G is not the disjoint union
of any two open definable proper subsets. It is known that G is abelian. (See for
example [PeSt, Corollary 5.1].) By [PeS], if G is not definably compact, then it has
a 1-dimensional torsion-free definable subgroup. By induction on the dimension
of G, there are definable subgroups {e.} = Gy < G} < ... < G, < G, such that
G/G, is definably compact and G;.1/G; is a 1-dimensional torsion-free group,
fori =0,...,r — 1. By [EdEll], the torsion-free subgroup G, of G is definably
isomorphic to M" = (M",+,0). We call G/M" the compact part of G. The
dimension of G/M" is then s =n —r.

A lattice L of rank m < n is a subgroup of M™ = (M™, +) generated by m
Z-linearly independent elements of M". If U < M" is a subgroup of M"™ and

L < U is a lattice, then U/L is called a definable quotient group if there is a



definable complete set S C U of representatives for U/L, such that the induced
group structure (S, +g) is definable. In this case, we identify U/L with (S, +g).

Let {X) : k < w} be a collection of definable subsets of M™. Assume that
U = Uy, X is equipped with a binary map - so that (U,-) is a group. Then U
is called a \/-definable group ([PeSt]) if, for all 4, j < w, there is k < w, such that
X, U X; C X}, and the restriction of - to X; x Xj is a definable function into M™".

For I,m € Z\ {0}, and z = (z1,...,2,) € M", let Lz be the unique y =
(Y1, .-, Yn) € M"™ such that for all 4, lx; = my;. A set X C M" is called convex
if for all z,y € X and ¢ € QN [0,1], gz + (1 — q)y € X.

We show:

Theorem 1 - The Structure Theorem. Let G be a definably connected group
definable in a linear o-minimal expansion M of an ordered group. Assume that
the dimension of G is n, and that the dimension of the compact part of G 1is
s. Then G is definably isomorphic to a definable quotient group U/L, for some

convex \/-definable subgroup U < (M™,+) and a lattice L < U of rank s.
Theorem 1 has the following corollary.

Theorem 2. Let G be a group definable in a saturated linear o-minimal expansion
M of an ordered group. Assume that the dimension of the compact part of G is s.
Then there is a smallest type-definable subgroup G of G of bounded index, and

G /G equipped with the logic topology is a compact Lie group of dimension s.

If, in addition, G is definably compact, then s = n and Theorem 2 is Pillay’s
Conjecture for M a saturated linear o-minimal expansion of an ordered group.
Note that regarding Theorems 1 and 2 for G definably compact and M

archimedean, an independent work appears also in [Ons].



Using the analysis from the proof of Theorem 1, we show the following stronger

version of compact domination.

Theorem 3. Let G be a definably compact group definable in a saturated linear o-
manimal expansion M of an ordered group. Then for all definable subsets X C G

defined in any o-minimal expansion of M,

dim(X) < n = Haar (7 (X)) = 0.

Note that the assumption of definable connectedness in Theorems 2 and 3
above is at no loss of generality, easily, by [Pil].
The o-minimal fundamental group m1(G) of G can be defined as in the classical

case except that all paths and homotopies are taken to be definable.

Theorem 4. Let G be a definably connected group definable in a linear o-minimal
expansion M of an ordered group. Assume that the dimension of the compact part

of G is s. Then m(G) = L = Z°, where L is as in the Structure Theorem.

The Structure Theorem can be seen as a procedure for recovering a lattice L,
given the definable group GG. We investigate a partial ‘converse’ of this procedure;
namely, we provide necessary and sufficient conditions that a lattice L must satisfy

so that the following question admits a positive answer.

Question 5. Given a lattice L = Zay + ... + Za, < M™ of rank n, is there a
convex \/-definable subgroup U of (M™,+) such that U/L is a definably connected

definably compact definable quotient group of dimension n?



The structure of this dissertation is as follows.

In Chapter 2, we recall some basic facts about groups definable in o-minimal
structures. We also introduce our terminology and set the scene for our results.

In Chapter 3, we prove Theorems 1, 2, and 4 for G definably compact and M
an ordered vector space over an ordered division ring. See Theorems 3.1.2, 3.3.1
and 3.4.13, respectively. The material of this chapter appears in [EISt].

In Chapter 4, we extend our proofs to the case where GG is not necessarily
definably compact (Theorems 4.1.5, 4.2.25 and 4.2.28), and M is any linear o-
minimal expansion of an ordered group (Theorems 4.3.8, 4.3.6 and 4.3.11). The
material of this chapter appears in [Ell].

In Chapter 5, we prove Theorem 3. The material of this chapter appears in
[E12].

In Chapter 6, we address Question 5.

Throughout this dissertation, unless stated otherwise, we denote by
M = (M,<,+,0,...) a big saturated o-minimal expansion of an ordered

group, and ‘definable’ means ‘definable in M with parameters’.

We omit bars from tuples in M", for n € N.
We assume that the reader has some familiarity with the basics of o-minimality.

A standard reference is [vdD].



CHAPTER 2

PRELIMINARIES

In this chapter we fix our terminology and prove a few lemmas to be used in
the sequel. Our discussion centers around the following four topics. In Section
2.1, we recall some basic facts about groups definable in o-minimal structures. In
Section 2.2, we introduce the notion of a definable quotient group. In Section 2.3,
we discuss definability in an ordered vector space over an ordered division ring.

In Section 2.4, we present a construction of a standard part map.

2.1 Definable groups

We begin this section by collecting some facts about groups definable in o-
minimal structures from [Pil]. A group G = (G, @, es) is said to be definable if
both its domain G and the graph of its group operation are definable subsets of
M™ and M?3", for some n, respectively. A topological group is a group equipped
with a topology in a way that makes its multiplication and inverse operations
continuous. An isomorphism between two topological groups G and G’ is at the

same time a group isomorphism and a topological homeomorphism between G

and G'.

For the rest of Section 2.1, let G = (G, ®,es;) be a definable group
with G C M™ and dim(G) = m < n.



A definable manifold topology on G is a Hausdorff topology on G satisfying
the following: there is a finite set A = {(S;, ¢;) : i € J} such that

(i) for each i € J, S; is a definable open subset of G and ¢ : S; — M™ is a
definable homeomorphism between S; and K; := ¢(S;) C M™,

(il) G = U;esS;, and

(iii) for all 4,5 € J, if $; N S; # 0, then S;; := ¢;(S; N'S;) is a definable open
set and ¢; o ¢, ! 's;; 18 a definable homeomorphism onto its image.

We fix our notation for a definable manifold topology on G as above. Moreover,
we refer to each ¢; as a chart map, to each (S;, ¢;) as a definable chart on G, and
to A as a definable atlas on G for this topology. If all of G, S; and ¢;, i € J,
are A-definable, for some A C M, we say that G admits an A-definable manifold
structure.

The main result in [Pil] is the following.

Fact 2.1.1. There is a unique definable manifold topology that makes G into a
topological group. We refer to this topology as the t-topology (on G), or as the

tg-topology if more than one definable group is present.

Remark 2.1.2. (i) Whenever f : K — K’ is a definable bijection between two
definable subsets of cartesian powers of M, and K = (K, x, e) is a definable group,
f induces on K’ a definable group structure (K’ o, f(e)), where o is defined as
follows: zoy = f ( Y )~ f _l(y)). Clearly, f is a definable group isomorphism
between K and K’. Moreover, if K is a topological group, f induces on K’ a group
topology that makes f a definable isomorphism between topological groups.

(ii) By uniqueness of the t-topology, a definable group isomorphism between
two definable groups also preserves their associated t-topologies, and, thus, it is a

definable isomorphism between the corresponding topological groups.



Let X C M™ be an A-definable set, for some set of parameters A C M. Then
a € X is called a dim-generic element of X over A if dim(a/A) = dim(X). If
A =10, ais called a dim-generic element of X. A definable set V' C X is called
large in X if dim(X \ V) < dim(X). Equivalently, V' contains all dim-generic
elements of X over A, for any A over which X and V are defined. We freely use
any properties of dim-generic elements of definable groups from [Pil].

We make a few comments about the two topologies on G, the t-topology on
the one hand, and the subspace topology induced by M", henceforth called the
M-topology, on the other. First, & is continuous with respect to the t-topology,
and + [4 with respect to the M-topology, for A = {(z,y) e G x G:x+y € G}.
Moreover, by [Pil], there is a large subset W% of G which is open in both the t-
and M- topologies, such that, for all Z C W, Z is open in the t-topology if and
only if Z is open in the M-topology. For a € M™ and r > 0 in M, we denote by

B! (r) the open n-box centered at a of size r,
Bl(r):=a+ (—r,r)"={a+e:e=(e1,...,8,) € M", &; € (—1r,7)},

whereas for a € G, by a t-neighborhood V, of a (in G) we mean a definable open
neighborhood of a in G with respect to the t-topology. We omit the index ‘n’
from B"(r) when it is clear that a € M™. Note that if dim(G) =n and a € W€,
then for sufficiently small r, B,(r) is also a t-neighborhood of a in G.

In general, we distinguish between topological notions when taken with respect
to the product topology of M™ and when taken with respect to the t-topology on
G, by adding an index ‘t’ in the latter case. For example, we write Zt, Int(A)*,
bd(A)! = A \ Int(A)* to denote, respectively, the closure, interior and boundary

of a set A C G with respect to the t-topology. Similarly, A C G is called t-open,



t-closed, or t-connected, if it is definable and, respectively, open, closed, or defin-
ably connected with respect to the ¢t-topology. We call a function f : M" — G

t-continuous if it is continuous with respect to the t-topology in the range. Ac-

t
T—T0

cordingly, lim f(z) denotes the limit of f with respect to the t-topology in
the range. Definable compactness of a definable group G is always meant with
respect to the t-topology, that is ([PeS]): for every definable t-continuous map
o: (a,b) € M — G, —0 < a < b < oo, there are ¢,d € G such that
lim’ 4 o(z) = ¢ and lim’,_,_ o(z) = d. By a t-path we mean a definable t-
continuous function v : [p,q| — G, p,q € M, p < ¢, and by a path (in M™), just a
definable continuous function v : [p,q] — M™, p,q € M, p < q. A (t-)loop is then
a (t-)path v with v(p) = v(¢). The concatenation of two (¢-)paths v : [0,p] — M"
(G) and 0 : [0,q] — M™ (G) with v(p) = 0(0) is a (¢t-)path vV § : [0,p+ q] — M™
(G) with:

(V) (t) = v(t) if t € [0, pl,

6(t—p) iftelpp+ql

The image of a (t-)path 7 is denoted by Im(y). Finally, a definable subset of
M™ (G) is called (t-)path-connected if any two points of it can be connected by a
(t-)path.

Notice the systematic omitting of the words ‘definable’ or ‘definably’ in our

terminology.

Remark 2.1.3. If G is t-connected, then it is t-path-connected. In o-minimal expan-
sions of ordered groups, definable connectedness is equivalent to definable path-
connectedness. Recall, G can be covered by finitely many ¢-open sets S;, that

can be taken to be t-connected, each of which is homeomorphic to a definably

10



connected and, thus, path-connected subset of M. The homeomorphisms imply

that the S;’s are t-path-connected, and, thus, so is G.

Of course, G, as a definable subset of M", has finitely many path-connected
components.

The following sets are going to be important for our work.

Definition 2.1.4. Let W be a fixed definable large subset of G which is both
t-open and open in the M-topology, such that, for all Z C W, Z is t-open if and

only if Z is open in the M-topology. Let

VY = {a € WY : there is a t-neighborhood V, of a in G,

such thatVz,y € V,, x 6 a®y=2—a+y}.

Lemma 2.1.5. (i) VC is definable.

(ii) V& is t-open and, thus, also open in the M-topology of G.

Proof. (i) Recall that G admits a definable atlas A = {(S;, ¢;) : i € J}. Thus, for
every element a € S; C G, the existence of a t-neighborhood V,, of a in G amounts
to the existence of some r € M such that the image of a under ¢; : S; — K;
belongs to the open m-box By, (r) € K; in M™.

(ii) Let v € V¢ and a t-neighborhood V,, C G of v be such that Vz,y € V,,
rOv®y =x—v—+y. By the definable manifold structure of G and Remark
2.1.2, we may assume that V, = BI"(r) for some r > 0 in M. We claim that
Vu € B™(r), u € VY. To see that, let u € B™(r) and pick § > 0 in M such that

B() C BM(r). Let x,y € BI*(6). Then v+ x —u € B'(r) and

v+tzr—u)SvBu=v+r—u—v+u=uzr.

11



Therefore, z ©u = (v + 2 —u) ©v. It follows that

roudy=@w+r—u)ovdy=v+r—u—vt+y=x—u+y.

2.2 Definable quotient groups

In this section we introduce and discuss the particular kind of a definable group
that we are interested in.

Recall, M is equipped with the order topology. M™ = (M™, +) is then the topo-
logical group whose group operation is defined point-wise, that has 0 = (0,...,0)
as its unit element, and whose topology is the product topology. If L is a subgroup
of M™, we denote by E} the equivalence relation on M" induced by L; namely,
rEBrys x—y e L. For UC M", welet EY := Ef, [yxy and U/L := U/EY. The
elements of U/L are denoted by [z]Y, z € U. If U < M™ is a subgroup of M",
then it is a topological group equipped with the subspace topology. If, moreover,
L < U isasubgroup of U, then U/L = (U/L, +y/1, [0]7) is the quotient topological
group, whose topological and group structure are both induced by the canonical
surjection ¢ : U — U/L. If S C U is a complete set of representatives for EY
(that is, it contains exactly one representative for each equivalence class), then
the bijection U/L > [z]Y — z € S induces on S a topological group structure
(S, +5):

() z+sy =2 < [2]] +oe WL = -7 & (@ +y) E] 2, and
(i) A C S is open in the quotient topology on S if and only if ¢7'(A) is open
inU.

12



Definition 2.2.1. Let U € M™ and L < M™. Then U/L is said to be a definable
quotient if there is a definable complete set S C U of representatives for EY. If,
in addition, L < U < M™ and for some S as above +g is definable, then the

topological group U/L is called a definable quotient group.

Convention. We identify a definable quotient group U/L with (S, +g), for some
fixed, definable complete set of representatives S for EY | via the bijection U/L >

2]y —z€S.

That is, a definable quotient group U/ L is a definable group and, thus, it can be
equipped with the t-topology. As it is shown in Claim 2.2.4 below, the t-topology
on U/ L coincides with the quotient topology on it in the case where L is a ‘lattice’.
Let us define the notion of a lattice. The abelian subgroup of M™ generated by
the elements vq,...,v,, € M" is denoted by Zv, + ... + Zv,,. If vy,...,v,, are
Z-linearly independent, then the free abelian subgroup Zv, + ...+ Zv,, of M™ is
called a lattice of rank m.

Moreover, it is shown in Claim 2.2.4 that, if L is a lattice, L < U < M"™, and
U/L is a definable quotient, then U can be generated by some definable subset H

of it, that is, it has form U =, _,, H* where H* :== H + ...+ H. Such a group
—————

k—times

U is called ‘\/-definable’ in [PeSt], ‘locally definable’ in [Ed3|, and ‘Ind-definable’
in [HPP].

Definition 2.2.2 ([PeSt]). Let {X} : k < w} be a collection of definable subsets
of M™. Assume that U = |J,_, X is equipped with a binary map - so that (U, -)
is a group. U is called a \/-definable group if, for all i,j < w, there is k < w,
such that X; U X; C X}, and the restriction of - to X; x X; is a definable function

into M™.

13



The reader is referred to [PeSt] for a more detailed discussion of \/-definable
groups. The main fact about a \/-definable group U = | J, _, X that we use here
is that every definable subset of U is contained in some Xy, k < w, by use of

compactness.

2.2.1 Definable quotients and \/-definable groups

We first prove a general statement about quotient topological groups:

Lemma 2.2.3. Let L < U < M", and S C U a complete set of representatives
for EY. Let R C S be open in U. Then, for any D C R, D is open in U if and

only if D is open in the quotient topology on S.

Proof. First, we claim that every A C S open in U is open in the quotient topology
on S. Let A C S be open in U. We need to show that ¢~ *(A) is open in U. But
¢ ' (A) = U, (@ + A). Since (U, +,0) is a topological group, we have that for all
v €L, x+ Aisopenin U. Thus, {J,.,(z + A) is open in U.

Now let R C S be open in U, and D C R. The left-to-right direction is given
by the previous paragraph. For the right-to-left one, assume D is open in the
quotient topology on S, that is, ¢~'(D) = U, (z + D) is open in U. Since R is

also open in U, it suffices to show

D=q¢'(D)NR.

D C ¢'(D)NR is clear. Now, let @ € ¢} (D)N R. We have a =z +d =1,
for some x € L, d € D and r € R. Thus, d —r € L. Since S is a complete

set of representatives for EY, and d,r € S, we have d = r. Thus, * = 0 and

a=deD. O
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Claim 2.2.4. Let L < U < M", with L a lattice of rank m < n. Suppose U/L is
a definable quotient, S C U is a definable complete set of representatives for EY
and dim(S) = n. Then:

(i) U is a \/-definable group,

(i) U/L is a definable quotient group, and

(111) the quotient topology on S coincides with the t-topology on S.

Proof. (i) We have, Ve € U,y € S,x —y € L. Let L = Zv; + ...+ Zv,, and for
each k < w,

Lk::{l1v1+...+lnvn€L:—k:gligk‘}

and

U, ={xeM":TFyeS x—ye€ Ly} =5+ L.

Clearly, all Lj, and Uy, are definable. Moreover, U = |J,_, Us. Since Vk, U, C
Uky1, it is easy to see that U is \/-definable.

(ii) Since U = U, Uk is \/-definable and S + S C U, there must be some
K < w such that S +.5 C Ugk. It follows that +g is definable, since Vz,y,z € S,
THsy =2 (x+y)ELUKz<:>x+y—zeL2K.

(iii) Since (S, +g) is a topological group with respect to the quotient topology
as well as with respect to the t-topology, it suffices to show that the two topologies
coincide on a large subset Y of S. Let W¥ be as in Definition 2.1.4, that is, W*
is a large t-open and open subset of S where the ¢- and M- topologies coincide.

Let R := Int(S) denote the interior of S in M™. Then R is a large definable
subset of S which is also open in U. It follows that Y := RNW?* C M" is a large

definable subset of S, and that for every D C Y, we have: D C R is open in the
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quotient topology on S if and only if (by Lemma 2.2.3) D is open in U if and only

if D C W¥ is open in the t-topology on S. O]

2.3 Definability in M = (M, +,<,0,{ A} ep)

In Section 2.3, we fix M = (M, +,<,0,{\} ep) to be a saturated or-

dered vector space over an ordered division ring D = (D, +,-, <,0, 1).

By [vdD, Chapter 1, (7.6)], M is o-minimal. Following [vdD, Chapter 1, §7],
a linear (affine) function on A C M™ is a function f : A — M of the form
f(xy, ..., 20) = Mx1+ ...+ A\, +a, for some fixed \; € D and a € M1 A basic

semilinear set in M™ is a set of the form

{xe M": fi(z)=...= fo(x) =0,91(x) >0,...,g,(x) > 0},

where f; and g; are linear functions on M™. Then (7.6), (7.8) and (7.10) of the
above reference say that:

(1) Th(M) admits quantifier elimination and, in particular, the definable sub-
sets of M™ are the semilinear sets in M™, that is, finite unions of basic semilinear
sets in M™.

(2) Every definable function f : A C M™ — M is piecewise linear, that is,
there is a finite partition of A into basic semilinear sets A; (i € {1,...,k}), such
that f [4, is linear, for each i € {1,...,k}.

In fact, the above can be subsumed in a refinement of the classical Cell Decom-
position Theorem ([vdD, Chapter 3, (2.11)]) stated below. First, the notion of a

‘linear cell’ can be defined similarly to the one of a wusual cell

'We keep the term ‘linear’ and mean it in the ‘affine’ sense, conforming to the literature such
as [Hud] or [LP].
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([vdD, Chapter 3, (2.2)-(2.4)]) by using linear functions in place of definable con-

tinuous ones. Namely, for a definable set X C M", we let
L(X):={f:X — M: fis linear}.

If f e L(X), we denote by I'(f) the graph of f. If f,g € L(X) U {£oo} with
f(z) < g(x) for all x € X, we write f < g and denote by (f,g)x the ‘generalized
cylinder’ (f,g9)x ={(z,y) € X x M : f(z) <y < g(x)} between f and g. Then

e a linear cell in M is either a singleton subset of M, or an open interval with

endpoinds in M U {00},

e a linear cell in M™" is a set of the form T'(f), for some f € L(X), or (f,9)x,

for some f,g € L(X) U {£o0}, f < g, where X is a linear cell in M".

One can then adapt the classical proof of the Cell Decomposition Theorem

and inductively show:

Linear Cell Decomposition Theorem. Let A C M"™ and f : A — M be
definable. Then there is a decomposition of M™ that partitions A into finitely
many linear cells A;, such that each f |4, is linear. (See [vdD, Chapter 3, (2.10)]

for a definition of decomposition of M™.)

Since D = (D, +, -, <,0, 1) is a division ring, (Q, +, -, <, 0, 1) naturally embeds
into D. If a € M and 0 < m € N, we write - for %a, which is also the unique

b € M such that a =mb=0b+ ...+ b, since M is divisible and torsion-free..
—
m-times
We write 0 := (0,...,0). f A€ D, x = (21,...,2,) € M™ and X C M", then
Az = (Axy, ..., Ax,) and AX = {\x : x € X}, whereas if A = (A\y,..., \,) € D"

and x € M, Az := (Mz,..., \x). If A € M(n, D) is an n x n matrix over D and
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x € M™, then Ax denotes the resulting n-tuple of the matrix multiplication of A
with z. The unit element of M(n, D) is denoted by I,. Again, if @ € M"™ and
O<m€N,then%::%a.

Let m,n € N. The elements ay,...,a, € M" are called linearly independent
over Z or just Z-independent if for all Ay, ..., A\, in Z, Ajai1+. . .+ a6, = 0 implies
A =...= A, =0. The elements A\{,...,\,, € D" are called M -independent if
for all ty,...,t,, € M, Mit1 + ...+ Apt,, = 0 implies t; = ... =t,, = 0.

For A € D, |\ := max{—\,A}. For z € M, |z| := max{—=z,z}, and for

r=(x1,...,2,) € M™, || := |x1| + ... + |z0].

Definition 2.3.1. Let A C M™.

(i) A is called conver if Y,y € A,¥q € QN [0,1], ga + (1 — q)b € A.

(ii)) A is called bounded if Ir € M,Vx € A, |z| < r, that is, I € M,
A C By(r').

For example, a linear cell is a convex basic semilinear set, and it is bounded
if no endpoints or functions involved in its construction are equal to £o00. Below
we define a special kind of bounded definable convex sets, the ‘parallelograms’
(Definition 2.3.5), and make explicit their relation to bounded linear cells (Lemma
2.3.6).

We consider throughout definable functions f = (f1,...,f,) : M™ — M™,
m,n € N. All definitions apply to f through its components, for example, f
is called linear on M™ if every f; is linear on M™. Moreover, the Linear Cell
Decomposition Theorem holds for definable functions of this form. In fact, a
linear function f : M™ x M™ — M™ can be written in the usual form, f(z1,z5) =

A1 + Aexo + a, for some fixed \; € M(n, D) and a € M™.
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Definition 2.3.2. Let a € M™\ {0}. We say a has definable slope if there are
A€ D"\ {0} and e > 0 in M, such that a = Xe. In this case, and if x € M", we
call

[0,e] 5t— x4+ N € M
a linear path from x to x + a.

Remark 2.3.3. (i) Any two linear paths from z to z+a must have the same image.
Indeed, let a = Ad = pe with A = (Aq,...,\), 00 = (p1,..., ) € D™\ {0},
and 0 < d,e € M. It is then easy to see that for all © = 1,...,n, it is either
Ai = ; = 0 or A\, pi; # 0. Moreover, for all 4, j = 1,...,n such that p;, u; # 0, we
have ;'\ = ,uj_l)\j. Assume pq; # 0. Then the reader can check that for every
t €[0,d], if t' = py'M\it, then t' € [0, €] and ut’ = At.

(ii) By the Linear Cell Decomposition Theorem, every definable path is, piece-

wise, a linear path, that is, it is the concatenation of finitely many linear paths.

Lemma 2.3.4. Let A C M™ be definable and convex, and x,y € A. If v is a

linear path from x toy, then Im(v) C A.

Proof. Let v(t) : [0,e] > t — x+ Xt € M™. Assume, towards a contradiction, that
P:={te0,e]:xz+ At & A} # (. By o-minimality, P is a finite union of points
and open intervals. If it is a finite union of points and ?; is one of them, then there
must be some small z > 0 in M such that ¢, — 2,y + 2 € [0, ¢] \ P. But since A is

x+’\(t°_z);x+)‘(t°+z) has to be in A, a contradiction. Similarly, if P

convex, T+ Aty =
contains some intervals, it is possible to find one such with endpoints ¢; < 5, and

some 21, 22 > 0in M, such that t; — 21, ta+25 € [0,€]\ P and ¢; < b=2fte22 <,

- At — Alt : -
Then z + \b=2ttetz — Lar\Gl Zl);” (2F22) c A again a contradiction. ]
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Definition 2.3.5. Let ay,...,a,, € M™\ {0}, 0 < m < n, have definable slopes,
and ¢ € M™. Then the open m-parallelogram with center ¢ and generated by

ai,...,a,, is the definable set

C+{/\1t1—|—...+/\mtm -l < 1 <6i},

where a; = \e;, e; > 0,1 <1 < m. The closed m-parallelogram with center a and

generated by aq, ..., a,, is the closed definable set

C+{>\1t1—|—+>\mtm . —elgtlgel}

We say just open (or closed) m-parallelogram if ¢ and ay, . .., a,, are not specified.
The 2™ elements ¢ + \it1 + ... + A\ntm, t; = —e;, €;, are called the corners of the

open or closed m-parallelogram.

Remark 2.3.3(i) guarantees that the definition of an open (or closed) m-
parallelogram does not depend on the choice of A\; and e;, 1 < ¢ < m. Clearly,
an open or closed m-parallelogram is a definable bounded convex set. Notice also
that an open m-parallelogram is an open subset of M" only if m = n.

In the next lemma we use the following notation for a closed m-parallelogram.
Let ay,...,a, € M™\ {0}, 0 <m <n, with a; = \je;, e; > 0, for 0 < i < m, and

a € M™ We let

Palay, ... an) =a+{\ti + ...+ Aty 2 t; €10, 6]}
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It is clear that if ¢ = a+ £ >, a;, then
1 1
Pa(al,...,am):c—i— )\1t1++>\mtm—§€1§tlg§€z

is a closed m-parallelogram with center ¢ and generated by %ai, 1 <7< m.
Conversely, if ¢+ {A\t1 + ... + A\t 0 —e; < t; < e;} is a closed parallelogram

with center ¢ and generated by a; = \;e;, then if a = ¢ — 2211 a;, we have
c+ {)\1t1 + ...+ )\mtm L€ S tz S ei} = ?a(QCLh ey 26Lm)

Lemma 2.3.6. The closure of every bounded n-dimensional linear cell Y C M™,

n > 0, is a finite union of closed n-parallelograms.

Proof. By induction on n.

n=1Y =(a,b) C M, abe M. ThenY = P,(b— a).

n > 1. A bounded n-dimensional linear cell Y must have the form Y = (f, g) x,
for some (n — 1)-dimensional linear cell X in M"! and f < g € L(X). By In-
ductive Hypothesis, X is a finite union of closed (n — 1)-parallelograms, and,
thus, it suffices to show that for any closed (n — 1)-parallelogram Q C M™!

and f < g € L(Q), (f,9)o is a finite union of closed n-parallelograms. Let
Q = ﬁqo(Qla"'aQn—l) in Mnily ap = (QO;f(QO)), bO = (QO»Q(QO))y and Vi €
{0,..., n — 1},

a; = (QO + q, f(qo + Qz)) — Qg = <Qiaf(QO +q;) — f(qo)) e M"

and

bi = (g0 + @, 9(q0 + @) — bo = (41, 9(q0 + ;) — 9(q0)) € M™.
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Then T'(f) = Py, (ai,...,a,1) and T'(g) = Py, (b1,...,b,_1). Indeed, it is not
very hard to see that for 0 < i <n —1,if [0,¢] 2 t; — ¢(t;) € M" ! is a linear

path from 0 to ¢;, then

0,e1) 3 15 = as(ts) 1= (0t (00 + a(t) = flao)) € M

is a linear path from 0 to a;, and

[0, €] > t; = bi(t;) == (C]i(ti),g(% + qi(t)) — Q(QO)> eM”

is a linear path from 0 to b;. Moreover, for any = = qo + Z;:ll q(t;) € Q, we
have f(z) = 3.7} f(gq0+aqi(t:) — (n—2) f(qo), since by linearity of f, for any j €
2on=13 f (a0 + T, at) = F (a0 + T alt)) = £(ao+0;(3)) = flao).

o+ Y aalt) = (a0, 5lan)) + Y (a0 £ + (8 ~ Flan))
= <QO+2% 7Zf o + qi(t:)) — (n = 2) f( )) (z, f(2))

It follows that I'(f) = Py, (as,...,a,_1). Similarly, T'(g) = Py, (b1, ..., bn_1).
Now, if 3¢ € M™ Vi € {0,...,n — 1}, b; — a; = ¢, then for all i > 0, a; —
ag = b; — by and m is the closed n-parallelogram Fao(al, ey po1,by — ag).
Indeed, one first can see that Vo € @, g(x) — f(z) = by — ag = ¢ and, thus,
(f,9)0 ={(x,y) e M ' x M :x€Q,y <€ f(x)+]0, (bo)n — (ag)n]}. On the other
hand, consider the linear path [0, by — ag] 3 t — (by — ag)(t) := (0,t) € M" ' x M

from 0 to (0,by — ap) in M™. Then every element in Py, (ay,...,a,_1,by — ap) has
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the form ag + Y277 ay(ti) + (bo — ao)(t) = (x, f(2)) + (0,8) = (z, f(x) + 1), for
€ Qandtel0,(by)n — (ao)nl-

Otherwise, we may assume that m is such that for some i € {0,...,n—1},
a; = b;. Indeed, let C' = {]b; —a;| : 0 <i<n—1}, and let j € {0,...,n — 1} be

such that |b; — a;j| = (b;)n — (a;), is minimum in C. If, say, j = 0, and ag # bo, it

is easy to see as before that (f,9)g = (f, f/)Q U Pag(b1, ..., bu_1,bo — ag), where
Ve € Q, f'(z) = g(z) — (by — ag), that is, (f, g)g is the union of the closure of a
cell of the desired form and of a closed n-parallelogram.

We may further assume that all generators of I'(f) and I'(g) but one coincide.
For, if T'(f) = Pay(ay,...,an_1) and I'(g) = Pay(by,..., by 1), with say a; # by

and ag # bo, then (f, 9)o = (f, f)o U (f’,9)g, where f € L(Q) such that I'(f") =

Py (b1, az,...,a,_1). Clearly, on the one hand, all generators of I'(f) and I'(f’
(9
(f

)
but one coincide. On the other hand, the number of generators of I'(f’) and I'(¢g)
)

which do not coincide is by one smaller than the number of generators of I'( f

and I'(g) which do not coincide. Thus, repeating this process, we see that (f, g)o
is a union of closures of cells of the desired form.
Now let T'(f) = Py, (a1,as,...,a,_1) and T(g) = Puy(b1,az,...,a,_1). Let

a = (a2a s 7an—1)- Then (f, g)Q =P URU Pg, where

_ D a b1 =
Py =Po, (% %,0),
P,=P, (“—1 —1_“1 (i) and
a0+7 2 I )
_p b1 a1 by
Py=P,  ,n (4, .a).

Indeed, let © = go+> 1~ ¢;(t;) € Q, and (z, f(z)+t) € (f,9)q, t € [0,9(x)—f(x)].

Then the following are easy to check. If t; < <, then (v, f(x) +1t) € P. If
ty > <, then if ¢ < Ge—(@n (4 f(z) 4 1) € Py, whereas if ¢ > (n_(an

(z, f(z) +1t) € Ps. O
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For the rest of Section 2.3, let G = (G, ®,e.) be a definable group
with G C M" and dim(G) =m < n.

Note that if a definable set A C M™ is unbounded, then there is a definable

continuous injective map v : [0, 00) — A.

Lemma 2.3.7. If G is definably compact, then G is definably bijective to a bounded

subset of M™. Thus, in this case, we may assume m = n (see Remark 2.1.2).

Proof. Recall, G admits a finite t-open covering {S;};cs, such that each S; is de-
finably homeomorphic to an open subset K; of M™ via ¢; : S; — K;. It is not hard
to see that it suffices to show that each K; is bounded in M™. If, say, K is not,
then there must be a definable continuous injective map 7 : [0, 00) — K;. Since G
is definably compact, there is some g € G with lim’_,_ ¢7'(y(z)) = g¢. If g € S,
[ € J, take a bounded open subset B of K; in M™ containing ¢;(g). Then the
restriction of the map ¢;0¢; oy on some [a, 0o) such that ¢;o¢;* O'y([a, oo)) C B
is a piecewise linear bijection between a bounded and an unbounded set in M™,

a contradiction. O

Definition 2.3.8. Assume G is abelian. Let X C G C M". A &-translate of X
is a set of the form a @ X, for a € G. We say that X is generic (in G) if finitely

many @-translates of X cover G.

Fact 2.3.9. Assume G is abelian. Then:
(i) every large definable subset of G is generic.
Assume, further, that X is a definable subset of G. Then:
(1) if X C G is generic, then dim(X) = dim(G).

(i1i) X C G is generic if and only z'fyt is generic.

Proof. (i) is by [Pil], whereas (ii) and (iii) constitute [PePi, Lemma 3.4]. O
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Let us note here that, although in [PePi] the authors work over an o-minimal
expansion M of a real closed field, their proofs of several facts about generic sets,
such as [PePi, Lemma 3.4], that is, Fact 2.3.9 above, go through in the present
context as well. More significantly, their Corollary 3.9 holds. To spell out a few
more details, their use of the field structure of M is to ensure that G is affine
([vdD, Chapter 10, (1.8)]), and, therefore, that a definably compact subset X of
G is closed and bounded ([PeS]). Theorem 2.1 from [PePi] (which is extracted
from Dolich’s work, and is shown in their Appendix to be true if M expands an
ordered group), then applies and shows their Lemma 3.6 and, following, Corollary
3.9. Although in our context G may not be affine, [PePi, Theorem 2.1] can
be restated for any X C G, which is definably compact, instead of closed and
bounded, assuming G is definably compact, as below. The rest of the proof of

[PeP1i, Corollary 3.9] then works identically.

Lemma 2.3.10. Let both G and X C G be definably compact, and My a small
elementary substructure of M (that is, |My| < |M|), such that the manifold struc-
ture of G is Mq-definable. Then the following are equivalent:

(i) The set of Mg-conjugates of X is finitely consistent.

(i) X has a point in M.

Therefore ([PePi, Corollary 3.9]), if G is abelian, the union of any two non-

generic definable subsets of G is also non-generic.

Proof. Recall that G is Hausdorff. We use the notation for the definable manifold
topology on G from Section 2.1. One can then show that there are Mj-definable

t-open subsets O; C G, i € J, such that G = .., O; and Uit C S; (see [BO1,

ieJ
Lemmas 10.4, 10.5], for example, where the authors work over a real closed field

but their arguments go word-by-word through in the present context, as well).
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Now, for the non-trivial direction (i) = (ii), let X C G, X =J,.,; X;, with X, :=

ieJ
X ﬂ@t, and assume that the set of My-conjugates of X is finitely consistent. Since
O; and the chart maps ¢; : S; — M™ are My-definable, if f € Autpy, (M), then

f(X;) C @t, and, thus, the set { Uics gbi(f(Xi)) ) is finitely consistent.

i FeAut py (M
Moreover, it is not hard to see that f({U,c; ¢:(X:)) = U,c; @i (f(X:)), which gives
that the set of My-conjugates of | J;; ¢:(X;) is finitely consistent. Since each Xj is
definably compact, | J,.; ¢i(X;) is closed and bounded in M™. By [PePi, Theorem
2.1], U,cs ¢i(X;) has a point in My, say a € ¢1(X;), and, thus, X; has a point b

in My (since Mg < M =3y € X1¢1(y) = a). O

Remark 2.3.11. The proof (and the result) of Lemma 2.3.10 are valid in any
o-minimal expansion M of an ordered group. Moreover, the proof of Lemma
2.3.10 shows that Lemma 2.3.7 is also valid in any o-minimal expansion M of an
ordered group. Indeed, with the above notation, each Uit is definably compact (as

a t-closed subset of the definably compact G), hence gbi(Oit) C M™ is definably

compact in M™ and, thus, (closed and) bounded.

2.4 Standard part maps

In Section 2.4, we fix M = (M, +,<,0,{\} ep) to be a saturated or-

dered vector space over an ordered division ring D = (D, +,-,<,0, 1).

2.4.1 Non-commutative linear algebra

In addition to the notation fixed in Section 2.3 we introduce the following. If
A= (AL, A") € D" and p € D, we denote pX := (uA',... uA") and Ay =

Ay, A ).
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The elements Aj,..., A, € D™ are called left (right) D-independent if for
all g, ..o b 0 Dy Ay 4+ oo+ A = 0 (Mg + -0 + Appby, = 0 implies
1 = ... = by, =0).

Many definitions and facts from linear algebra over a field go through over
D. Let A € M(n,D) be an n x n matrix with entries from D. The row rank
of A is the cardinality of a maximal left D-independent set of rows from A, and
the column rank of A is the cardinality of a maximal right D-independent set of

columns from A.

Fact 2.4.1. (i) The row rank and the column rank of A are equal. We refer to
either of them as the rank of A.

(ii) The row rank of A is n if and only if A has a right inverse.

The column rank of A is n if and only if A has a left inverse.

(11i) A left inverse of A is also its right inverse, and vice versa. We refer to

either of them as the inverse A~1 of A.

Proof. (i) See [Jac, Chapter II, Theorem 9].
(ii) Similar to [Lang, Chapter IV, Theorem 2.2].
(iii) By (i) and (ii). Also, see [Jac, Chapter I, Theorem 6]. O

Note that there is an analogue of Cramer’s rule for computing the entries
of A™1, using the notion of a ‘quasi-determinant’. See [GGRW] for a general
reference.

Now, forn e Nandi=1,...,n, let

Al
>\i - . € Dn,
An
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and e; € M positive, such that the open n-parallelogram

H:{/\1t1++)\ntn_€z<tz<€z}

has dimension n. Consider the following matrix with entries from D.

AL

We show that A has rank n:
Claim 2.4.2. A has column rank equal to n.
Proof. Assume not. Without loss of generality, we may then assume that there
are i1, ..., n_1 € D such that
An = A1+ oo+ A1 1

But then

H:{)\lt1++)\ntn : _ei<ti<€i}
= {)\1t1 + ...+ )\n—ltn—l + (/\1,ul + ...+ )\n_l,un_l)tn e < 1 < €Z‘}
= {Al(tl + ,ultn) oo+ /\n—l(tn—l + ,un_ltn) e < tz < 61'},
which clearly has dimension less than n, a contradiction. O
Corollary 2.4.3. A is invertible.

Corollary 2.4.4. \y,..., \, are M-independent.
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el 0 €1 0
Proof. For any eq,...,e, € M, ifA( ) = <3>, then () = Al(f) =
en 0 en 0
0
2. ]
0

2.4.2 Construction of a standard part map

Here we present the construction of a standard part map which will be very

useful in the chapters following. Let again, forn e Nand¢=1,...,n,

Al
)\i — . c Dn,
An

and e; € M positive, such that the open n-parallelogram
H:{/\1t1++)\ntn e < 1 <€i}

has dimension n. We define Uy to be the subgroup of M"™ generated by H. That
is,
Uy =< H >= | ] H,
k<w

xl
where H¥ := H + ...+ H. Then, for all z = < ) € Uy, there are x* € M with

n
k—times z

Vidq € Z, —qe; < X' < qe;, such that
Xl
r=Mx"+.. A" =A P (2.1)
XTL

That is, forz=1,...,n,

't = Nt A
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Clearly, for all £ € N,

v € HY < Vi, —ke; < x' < ke;. (2.2)

zl

By Corollary 2.4.4, for every x = | : | € Uy, the x%’s in equation (2.1) are

a:n

unique. We can, thus, define a standard part map sty : Uy — R™ as follows: for

every z € Uy with form (2.1), let

sti(z) = (sti(x"),- ... sta(X")),

where for every i,

sti(x") == sup{qg € Q: qe; < X'}.

It can be checked that each of sty and st; is a surjective group homomorphism.
An easy but useful lemma is given next. Notice that if L = Za+. . .+Za, < Uy
is a lattice of rank k < n, then, clearly, sty (L) = Zsty(ay) + ...+ Zsty(ay) is a

lattice in R™ of rank < k.

Lemma 2.4.5. Assume that L = Zay + ...+ Za, < Uy is a lattice of rank k,
such that LN H = {0}. Then sty(L) < R™ is a lattice of rank k.

Proof. Clearly, sty(L) has rank at most k. If sty(L) has rank strictly less than
k, then for some [y, ..., I, € Z, not all zero, lysty(ar)+ ...+ lpstg(ag) = 0. Since
sty : U — R"™ is a group homomorphism, sty (lyja; + ... + lxax) = 0. Thus,
lia; + ...+ lyar, € H. Hence, since LN H = {0}, we have lya; + ... + lrax = 0,

contradicting the fact that L has rank k. O]
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2.4.3 Properties of the standard part map

Here we prove some properties of sty : Uy — R™ that will be particularly

useful in Chapter 5. We fix an open n-parallelogram

H:{)\lt1++)\ntn_ez<tz<el}

of dimension n, as in the previous subsection. For simplicity, we write U for
the subgroup Uy =< H > generated by H, and st for the standard part map
sty : Ug — R".

The definition of a Q-box in U given below is in analogy with the definition
from [BO3] of a box in cartesian powers of an o-minimal expansion of an ordered

field.

Definition 2.4.6. Let n € N, n > 0. A Q-box in U (of dimension n) is a subset

of U of the form

B={Mt1 + ...+ Mty i pie; < t; < qiei},

for some p;, q; € Q.

A real Q-box (of dimension n) is a subset of R™ of the form

C:[lﬁ,ll] XX [knaln]a

for some k;,l; € Q.
If B is a Q-box in U as above, then B® denotes the real Q-box defined by

klzpl andli:ql-, forz'zl,...,n.
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Remark 2.4.7. 1t is easy to see that, for all z € U and y € R,
st(z) =y < for every Q-box B in U, x € B implies y € B,

The proof of the following lemma is almost word-by-word the one of

[BO3, Proposition 4.2].
Lemma 2.4.8. For every Q-boz B in U, st(B) = BX.

Proof. The inclusion st(B) C B® is by Remark 2.4.7. For the equality, let y € BX.
We write {y} = (;en Bi', where {Bf : ¢ € N} is an enumeration of all real

Q-boxes containing y. The set of all formulas = € B; is a type in M which must

be realized by some element x € U. For this x, we have st(z) =y and x € B. O

The first five of the properties listed below will be used in the sequel. The

sixth is recorded in the interests of completeness.

Lemma 2.4.9. (i) For all X1, X5 C U, st(X; U Xs) = st(X;1) U st(Xy).
(it) For all X C U, st™'(st(X)) = X + ker(st).
(iii) For all X C U, st(X) = st(X).
(iv) For all X C U, X + ker(st) = X + ker(st).
(v) A bounded set A C R™ is closed if and only if st™'(A) is type-definable.

(vi) For all definable X C U, st(X) is closed.

Proof. (ii) Vy € U,

y € st (st(X)) & Jve X, st(x) =st(y) & y e X +ker(st).
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(iii) For the non-trivial inclusion (C), let * € X. We need to find 2’ € X, such
that st(z’) = st(z). Since ker(st) is open and z € X, (z + ker(st)) N X # 0. We
can take z’ to be any element in (z + ker(st)) N X.

(iv) By (ii) and (iii), X +ker(st) = st~ (st(X)) = st~ (st(X)) = X + ker(st).

(v) The proof is almost word-by-word the one of [BO3, Proposition 5.4]. Note
that by (ii) and Lemma 2.4.8, for every Q-box B in U, st™'(B®) = B + ker(st).

Let A C R™ be bounded.

For the left-to-right direction, if A is closed, then A is the intersection of a
countable family of real Q-boxes {Bf* : i € N}. Thus, st™'(A) = {z : Aoy (z €
B; + ker(st))}, so st™'(A) is type-definable.

For the right-to-left direction, let st™'(A) be type-definable, say st™'(A) =
{z: N\ie;(z € X;)}. To show that A is closed, let y € A. We show that y € A =
st(st™*(A)). We need to find an = € (,.; X; such that st(z) = y. It suffices to
show that the type \;c;(z € X;) A\ ;en(2 € Bj) is consistent, where {B; : j € N}
is an enumeration of all Q-boxes B in U with y € Int(B%). By compactness,
it suffices to show the consistency of the type p(x) = A,.;(x € Xi) A (v € B),
where B is any Q-box in U with y € Int(B®). But, since y € A, there is ' €
Int(B®) N A # (. Thus, there is 2/ € B, such that st(2’) =y € B® N A. This 2’
realizes the type p.

(vi) Observe that the boundedness of A C R™ in (v) was only used in the
left-to-right direction. Now, let X C U. By (ii), st™!(st(X)) = X + ker(st),
so if X is definable, then st=* (st(X )) is type-definable and we can apply (v),

right-to-left. O
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CHAPTER 3

THE COMPACT CASE

3.1 Introduction

In this chapter we prove Theorems 1, 2, and 4 from Chapter 1 for G defin-
ably compact and M an ordered vector space over an ordered division ring. See

Theorems 3.1.2, 3.3.1 and 3.4.13 below, respectively.

In Chapter 3, we fix M = (M,+,<,0,{\} cp) to be a saturated or-

dered vector space over an ordered division ring D = (D, +,-,<,0, 1).

In this compact case, Theorem 1 is suggested as a structure theorem analo-
gous to the following classical result from the theory of topological groups (see

[Pon, Theorem 42], for example):

Fact 3.1.1. Any compact connected abelian locally Euclidean group is (as a topo-
logical group) isomorphic to a direct sum of copies of the circle topological group

St=(R,+)/Z = ([0,1),,0), where

T4y ifr+y <1,
TPy =

r+y—1 ifrt+y>1

Let us argue next why a model theoretic analogue of Fact 3.1.1 would have

to take the form of Theorem 3.1.2 below. First, it is clear that the assumptions
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should be weakened (to their definable versions), since in the non-archimedean
M compactness and connectedness almost always fail. Also, caution is needed in
order to state a definable version of the conclusion, since: i) Z is not definable in
any o-minimal structure and therefore M /Z is not a priori a definable object, ii) no
[0,a), a € M, can serve as a fundamental domain for M/Z, as it cannot contain a
representative for the Z-class of infinitely large elements, and iii) we cannot always
expect G to be a direct product of 1-dimensional definable subgroups of it, known
by examples in [Str| (see also [PeS]).

We state:

Theorem 3.1.2. Let G be an n-dimensional definable group which is t-connected
and definably compact. Then G s definably isomorphic to a definable quotient
group U/L, for some convex \/-definable subgroup U < M™ and a lattice L < U

of rank n.

Theorem 3.1.2 has two corollaries.

Theorem 3.3.1 (Pillay’s Conjecture). Let G be as in Theorem 3.1.2. Then
there is a smallest type-definable subgroup G® of G of bounded index, and G /G

equipped with the logic topology is a compact Lie group of dimension n.

Theorem 3.4.13. Let G be as in Theorem 3.1.2. Then the o-minimal fundamen-

tal group of G is isomorphic to L.

As it was mentioned in Chapter 1, Pillay’s Conjecture was stated in [Pi2] for
groups definable in any o-minimal structure, and it was shown in [HPP| to be
true for an o-minimal expansion of an ordered field. Earlier, it was shown in
[EdOt] (and was used in [HPP]) that for a group G satisfying the assumptions of

the conjecture and definable over an o-minimal expansion of an ordered field, the
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following hold: (i) the o-minimal fundamental group of G is equal to Z", and (ii)
the k-torsion subgroup of G is equal to (Z/kZ)™. Theorems 3.1.2 and 3.4.13 show

that (i) and (ii) are true in the present context as well.

The structure of this chapter is as follows. Section 3.2 contains the proof of
Theorem 3.1.2. En route, we show that any m-dimensional group definable in M
is locally isomorphic to M™. In Section 3.3, we apply our analysis to define G

and prove Theorem 3.3.1. In Section 3.4, we prove Theorem 3.4.13.

3.2 The Structure Theorem

Outline. We split our proof into three steps. We let G = (G,®,e) be a
(-definable group with G C M™.

In Step I, we begin with a local analysis on G' and show that the set V¢ (from
Definition 2.1.4) is large in G. We then let G be n-dimensional, definably compact
and ¢-connected, and, based on the set V¢, we compare the two group operations
@ and +. A key notion is that of a ‘jump’ of a ¢-path (Definition 3.2.16), and the
main results of this first step are Lemma 3.2.23 and Proposition 3.2.24.

In Step II, we invoke [PePi, Corollary 3.9] (see Lemma 2.3.10 here) in order to
establish the existence of a generic open n-parallelogram H in GG, which is used to
generate a subgroup U < M". Using Lemma 3.2.23(i) from Step I, we can define
a group homomorphism ¢ from U onto G, and we let L := ker(¢).

In Step III, we use Proposition 3.2.24 to prove that L is a lattice generated by
some elements of M" recovered in Step I, namely, by some Z-linear combinations
of ‘jump vectors’. We then use H to obtain a standard part map sty : U — R"

as in Section 2.4. This allows us to compute the rank of L and finish the proof.
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STEP I. Comparing ©& with +.

We start with a (-definable group G = (G,®,e;) with G C M™ and
dim(G) = m < n. (We do not yet assume that G is definably compact or ¢-

connected.)

Our first goal is to show that V¢ is a large subset of G, which, among other
things, implies that G is locally isomorphic to M™ = (M™, +,0).

A consequence of the Linear Cell Decomposition Theorem is that for any two
independent dim-generic elements a and b of G, there are t-neighborhoods V, of
a and V;, of b in GG, such that for all z € V, and y € V,, x ®y = A\x + uy + d, for
some fixed \, u € M(n, D), and d € M™. Moreover, A and p have to be invertible
matrices (for example, setting y = b, * @ b = A\x + ub + d is invertible, showing

that A is invertible).

Proposition 3.2.1. For every dim-generic element a of G, there exists a t-

netghborhood V,, of a in G, such that for all z,y € V,,

roady=xr—a-+ty.

Proof. We proceed through several lemmas.

Lemma 3.2.2. For every two independent dim-generics a,b € G, there exist t-
neighborhoods V, of a and Vi, of b in G, invertible \, N € M(n, D), and ¢ =
b—Aa,d =b— Na e M", such that for all x € V,,

r0a@b=Mx+ceV, and Ca®bPr=Nz+ €V,
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Proof. Since a and b are independent dim-generics of G, a and ©a & b are in-
dependent dim-generics of G as well. Therefore, there are t-neighborhoods V, of
a and Vgagp of ©a @ b in G, as well as invertible A\, € M(n, D) and d € M™,
such that Vo € V,, Yy € Vougs, T @y = Ax + py + d. In particular, for all
r € Vo, x8adb =\t + pu©adb)+d Letting ¢ = pu(ca & b) + d and
Vi={x©a®b:x e V,} shows the first equality. That ¢ = b — Aa, it can be

verified by setting © = a. The second equality can be shown similarly. O

Lemma 3.2.3. Let a be a dim-generic element of GG. Then there exist a t-

neighborhood V, of a in G, \,u € M(n, D) and d € M", such that for all z,y € V,,

roady = v+ py+d.

Proof. Take a dim-generic element a; of G independent from a. Then as = a & a4
is also a dim-generic element of GG independent from a. By Lemma 3.2.2, we
can find t-neighborhoods V,,,V,,,V, of ai,as,a, respectively, in GG, as well as
A1, A2 € M(n, D) and ¢;1,co € M"™, such that Vx € V,, c©a®a; = Mz +¢; €V,
and Vy € V,, ©a® as ®y = Ay +co € V,,. Moreover, since a; and a; = a©Say are
independent dim-generics of (G, we could choose V,,, V,, and V, to be such that
for some fixed v,§ € M(n, D) and o € M", we have: Vx € V,,, Yy € V,,, Dy =

ve + &y + . Now for all z,y € V,, we have:

road®y = roabaroSa by
= (20a®a)®(Ca®ady)
= vz tea)+E(day +e)+o

= vhar+Ewy+tve+Ec+o
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Setting A = vy, u = &Ny, and d = vy +Eco+o finishes the proof of the lemma. [

We can now finish the proof of Proposition 3.2.1. By Lemma 3.2.3, there
exists a t-neighborhood V, of a in G, A\, u € M(n, D) and d € M™, such that for

all v,y e V,, v a®y = A v+ py+ d. In particular, for all z,y € V,,

y=aSady=Ma+puy+d

r=r0a®a=A\r+pua+d

and, therefore, z+y = (Ax+py+d)+ (Aa+pa+d). But, \e+py+d=20advy,
and

a=a9a®a=Aa+ pa+d.
Hence, z+y=(r0ady)+a,or,z0aDy=x—a+y. O

Corollary 3.2.4. G is ‘definably locally isomorphic’ to M™. That is, there is a
definable homeomorphism f from some t-neighborhood V., of ec in G to a definable
open neighborhood Wy of 0 in M™, such that:

(i) for all z,y € V., if x Dy € Vig, then f(x ®y) = f(x)+ f(y), and

(ii) for all z,y € Wy, if x +y € Wy, then [Nz +y) = f1z)® fy).

(See [Pon, Definition 30] for more on the definition of a local isomorphism.)

Proof. Let a be a dim-generic element of G. The function G 3 x — x®a € G
witnesses that the topological group (G, @, es) is definably isomorphic to (G, *, a),
where x xy = x © a @y (Remark 2.1.2). Now, since a is dim-generic, some t-
neighborhood V,, of a in G can be projected homeomorphically onto an open
subset W, of M™, inducing on W, the group structure from V,. We may thus

assume that V, C M™. By Proposition 3.2.1, the definable function f : G > z —

39



r—a € M™ witnesses, easily, that (G, *, a) is definably locally isomorphic to M™.
Thus, (G,®,es) is (definably isomorphic to a group which is) definably locally

isomorphic to M™. Il

The following corollary is already known; for example, see [Ed1, Corollary 6.3]

or [PeSt, Corollary 5.1]. It can also be extracted from [LP].
Corollary 3.2.5. G is abelian-by-finite.

Proof. Let V., and f be as in Corollary 3.2.4. Since @ is t-continuous, there
is a t-open U’ C G containing e, with Vo,y € U', x @y € V... Thus, if we let
U:=UNV,, thenVa,y € U, xdy = f' (f(2)+f(y)) = f (fw)+[f(2)) = you.

Now let GY be the t-connected component of e, in G. Then for every element
a € U, its centralizer C(a) = {x € G : a ® x = = @ a} contains the t-open
(m-dimensional) subset U C G, and, thus, G° C C(a). It follows that the center
Z(G)={zeG" :Vye G s ®y=1y®az} of G contains U, thus, Z(G®) must

have dimension m and be equal to G°. That is, G° is abelian. O

For the rest of Chapter 3, we fix a definable group G = (G, ®, es),

definably compact and ¢-connected, with G C M™.
By Lemma 2.3.7, we may assume dim(G) = n. By Corollary 3.2.5, G is abelian.

Proposition 3.2.1 says that the set V¢ is large in G. We omit the index ‘G’ and
write just V. Then V is t-open as well as open, and, by cell decomposition, it is the
disjoint union of finitely many open definably connected components Vj, ..., Vy,

that is, V = | |,.; Vi, for a fixed index set I :={0,..., N}.

icl

The next goal is to show that the property

(u+e)eou=(v+e)BV
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may be assumed to be true for any u,v € V and ‘small’ ¢ € M" (Corollary 3.2.12).
In what follows, whenever we write a property that includes an expression of the

form ‘z @ y’, it is meant that z,y € G (and the property holds).

Corollary 3.2.6. For allu € V, there is r > 0 in M, such that for all v € B,(r)

and € € (—r,r)",

(u+e)ou=(v+e)on.

Proof. By definition of V| there is r > 0 in M, such that for all v € B,(r) and
g€ (—rmr)m,

(ute)Sudv=ut+e—ut+v=v+e.

]

Lemma 3.2.7. For all u,v in the same definably connected component of V', there

isrT >0 in M, such that for all e € (—r,+r)",

(ute)ou=(v+e) .

Proof. Let V; be a definably connected component of V' and u some element in

V;. We show that the set

F'={veV,:aIr>0e MVee (—r,+r)"[(u+e)ou=(v+e)o]}

is a nonempty clopen subset of V;. First, I' is nonempty since it contains u. To
show that I' is open, consider an element v € I'. Let r, € M be such that
Ve € (—ry,10)", (u+¢) ©u = (v+¢)ewv. By Corollary 3.2.6, there is s, > 0 in

M such that for all v € B,(s,) and € € (—$,,5,)", (v+e)ov= (v +¢e)ov. By
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letting r := min{r,, s, }, we obtain that for all v € B,(r), for all € € (—r,r)",

(WV+e)ev =@w+e)ov=(ute)Ou,

that is, B,.(v) C I', and therefore I" is open.

To show that I is closed in V;, pick some v in V; \ I". It should satisfy

Vr>03e, € (—r,r)"[(u+e)ou# (v+e) S (3.1)

Now, let as before s, > 0 be so that for all v' € B,(s,) and ¢ € (—s,,s,)",

(v+e)ev=(v+¢e)ev. We want to show v' € V' \ T, that is, Vr, > 0,

Elgv’ € (—T‘U/, Tv’)n[(u + Ev’) Su 7é (U/ + gv’) o Ul]' (32)

It suffices to show (3.2) for all r,, with B, (r,) C B,(s,). Let r, be one such.
Apply (3.1) for ryy to get an e, € (=71, 7)™ C (=5, Sp)" satisfying (u+e,)Su #
(v+ey)Sv. But since g,y € (—s,, $,)", we also have (v+e,)Sv = (V+ey) OV

It follows that (u +ey) S u # (V +ey) S0, O
More generally, the following is true.

Lemma 3.2.8. There are invertible Ao, ..., Ay € M(n, D) such that for any i,j €
I ={0,....,N}, u € V; and v € V}, there is v > 0 in M, such that for all
g€ (—rmr)",

(u+Ne)ou=(v+ \e) Sv.

In particular, A\g = 1,,.
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Proof. By Lemma 3.2.2, for any two independent dim-generics u € Vj and v € V,
j € I, there is invertible \; € M(n, D) such that for all z in some small t-
neighborhood of u in G, r©u®v = \;jx +v — A\ju, or, equivalently, for sufficiently
small €, (u+¢e)Ou@v=A\(u+e)+v—ANu=nv+\e, thatis, (u+¢)ou =
(v+ Aje) ©v. By Lemma 3.2.7, the last equation holds for any u € V and v € V,
perhaps for some smaller epsilon’s. Clearly, A\g = I,,. Now, pick any 7,7 € I, and

any vg € Vo, u € V;, v € V;. We derive that for sufficiently small e:

(u+Xe) Ou=(vo+¢) vy = (v+ A\je) O .

]

We next show (Lemma 3.2.11) that all \;’s in Lemma 3.2.8 may be assumed
to be equal to I,,. First, let us notice that it is harmless to assume 0 = e, € V,
which in particular means that in a t-neighborhood of 0 the M- and ¢- topologies

coincide.

Lemma 3.2.9. (G, ®, ee) is definably isomorphic to a topological group (G',+1,0)

with 0 € V&',

Proof. Pick a dim-generic point b € G. Consider the definable bijection

f:Gox— (z®b)—be f(G) T M".

Let G' := f(G) and let (G',+1,0 = f(es)) be the topological group structure
induced on G’ by f. Then f is a definable isomorphism between (G, ®, e;) and
(G',+1,0) (Remark 2.1.2). We show that

Ve =V -,
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and, therefore, since b € V, we have 0 € V&',

For all x,y,c € G', we have that 4+ b,y +0b,c+b € G and the following holds:

r—1cty = f(fTM@ef e fy)
= ([(z+b)obo(c+b)®bd(y+b)obdb) —b

= [(z+b)S(c+b) @ (y+Db)]—Db.

Now, assume that ¢ +b € V. We claim that ¢ € V. Indeed, if z,y are

sufficiently close to ¢, then x + b, y + b will be close to ¢+ b € V, hence

(z+b)o(c+b)d(y+b)]—b=x+b—c—b+y+b—b=x—c+y.

This shows V — b C V& (which is what we need). The inverse inclusion can be

shown similarly. O]

Remark 3.2.10. The above proof can be split into two parts: (i) for every element
b in G, the definable bijection f; : G > z +— @ b € G preserves V, and (ii) for
every element b in GG, the definable bijection f5: G 2 z+— x — b € G' maps V to
V& that is, V& =V — b. Later, we use the property that a bijection such as f,

maps open m-parallelograms to open m-paralellograms.

We let V; be the component of V' that contains 0 = eg.

Lemma 3.2.11. G is definably isomorphic to a group G' = (G',+,,0) whose

corresponding )\iG/ s (as in Lemma 3.2.8) are all equal to 1,,.
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Proof. For any ¢ € I, let a; be some element in V;. Consider the definable function

f:G — M", such that

Nz —a;) +a; ifxeVyiel,
f(z) =
x ifreG\V.

We may assume that f is one-to-one, by definably moving the definably connected
components of G sufficiently ‘far away’ from each other if needed, which is possible,
by Lemma 2.3.7. We show that in the induced group G’ = (f(G) = G',+,, f(0) =
0) the corresponding set V¢ is exactly the set f(V) = f(Vo)L]...|L]f(Vw), with
f(Vo), ..., f(Vy) as its definably connected components. First, notice that for
x € V; C G and € ‘small’, \;e is also small, and f(z+\e) = )\i_l(x+)\,;€—ai)+ai =
N Nw —a) +a; +e = flx) + e Thus, for all z,y,¢c € G', with z,y close
to ¢, f~Yx), f~(y) must be close to f~!(c). Moreover, if f~1(c) € V;, then

z,y,c € f(V;) and

r—icthiy= f(fTH@)ef e f W)=+ {1)
= )\1_1<[()\Z(ZE — CLZ') + CLZ') — ()\Z'(C— ai) —f-ai) + (Al(y — CLZ') + az)} — CLZ'> + a;

=z —c+y,

This shows that f(V;) C V,&'. The inverse inclusion can be shown similarly.
It then suffices to show that for any i € {0,..., N}, for all u = f(u) € V& =

Vo, f(v) € V&' and sufficiently small ¢,

(ute) —u=(f(v)+¢e) = f(o).
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We have

(f(w)+e) =1 f(v) = flo+Xie) =1 f(v) = f((v+Aie)Sv) = f((ute)eu) = (ute) -,

by Lemma 3.2.8 and since f is the identity on Vj. O]

By Lemma 3.2.11, we may assume that for any ¢ € I = {0,..., N}, \; = L,.

Therefore, Lemma 3.2.8 becomes the following:

Corollary 3.2.12. For all u,v € V, there is r > 0 in M, such that for all

g€ (—rmr)",
(ut+e)cu=(v+e)ow.

Corollary 3.2.13. For allu €V, v € G, such that u ®v € V, there isr > 0 in
M, such that for all e € (—r,r)",

(ute)Bv=(udv)+e. (3.3)
Proof. By Corollary 3.2.12, there is r > 0 in M, such that Ve € (—r,r)",
(ute)ou=[udv)+e 6 (udv).

]

The final goal in this first step (Lemma 3.2.23 and Proposition 3.2.24) is to
obtain suitable versions of the equation (3.3), where i) u, v and u @ v are in G,

and ii) € is arbitrary in M".

46



Definition 3.2.14. We let ~¢ be the following definable equivalence relation

ar~gb << Vt>0in M,da;, b, € G, such that

a; € B,(t), by € By(t) and a; © by € By(t).

Clearly, Va,b € G, a ~g b< a =b.

We may assume that G C V:
Lemma 3.2.15. G is definably isomorphic to a group G' with G' C V.

Proof. Since V' is large in G, it is everywhere dense, so G C V', This implies that
Ya € G,3b € V, such that a ~¢ b. Indeed, for any @ € G and any ¢t > 0 in M,
there is by € V so that a © by € By(t). Since V' C G is bounded (Remark 2.3.7),
V is closed and bounded. Thus, b := lim,_ob, € V, by [PeS]. We have a ~¢ b.
Now, by definable choice, there is a definable subset Y of V of representatives for
~¢ (by considering the restriction of ~g on V x V). Since each class can contain

only one element of (G, the definable function:
f : G 3 2 +— the unique element a with x ~¢ca €Y CV,

is a definable bijection between G and Y. We can let G’ be the topological group

with domain Y and structure induced by f, according to Remark 2.1.2. O]

Note that now bd(V) = bd(G). Indeed, since V C G C V, wehave V C G CV
and Int(V) C Int(G) C Int(V) = Int(V), that is, G = V and Int(G) = Int(V).
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Definition 3.2.16. Let v : [0,p] € M — G be a t-path. An element w € M™,

w # 0, is said to be a jump (vector) of «y if there is some ¢y € [0, p] such that

w = 7y(tp) — lim y(¢) or w = lm y(¢t) — y(to). (3.4)

t—ty t—td

We say that v jumps at t,.
An element w € M™ is called a jump vector (for G) if it is the jump of some

t-path.

Remark 3.2.17. (i) One can see that: w is a jump of some t-path < 3 distinct a,b €
bd(V), such that a ~c b and w = b — a. Thus, the set of all jump vectors is a
definable subset of M™.

(ii) Since 7 is a t-path, limiﬂta Y(t) = v(to) = limiﬂtg (t) (contrasting (3.4)),
or, equivalently, lim,_o [y(to — 2) © y(to + 2)] = 0.

(iii) In case v : [0,p] — G is a t-path with no jumps, then it is a path in M™
as well and it has the form u + £(t), where u = (0), and &(t) = v(t) — v is a path
in M"™ with £(0) = 0. Conversely, if a t-path has the form u + £(¢) for some path
e(t) in M™, then it has no jumps. For example, every ¢-path in V' is of this form,

as the M- and t- topologies coincide on V.

Lemma 3.2.18. Let u,v € V such that u@® v € V, and v+ £(t) : [0,p] — V,

£(0) =0, a t-path. Then 3ty € (0,p|, such that Vt € [0, 0],
(u+e(t) ®v=(udv)+e(t).

Proof. Let r > 0 be as in Corollary 3.2.13 and choose tq € (0, p] such that V¢ €

[0,t0], u+e(t) € By(r). O
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Lemma 3.2.19. Let y(t) =u+¢€(t) : [0,p] = V, €(0) =0, be a t-path, such that
vt € [0,p], e(t) € V. Then:

Proof. Consider the function f: G2z +— x — (x ©u) € M". By Lemma 3.2.18,
f is locally constant on Im(7). Indeed, first observe that Vs € [0, p], 3z > 0, such

that Vt € [s — 2,5 4+ 2] N[0, ],

(utet) ou= (ute(s)+elt)—e(s) ou=[(u+e(s)) Ou] +e(t) —e(s).

Then, Vt € [s — z,5+ 2], f(u+e(t)) =u+e(t)— [(u+e(t) Ou] =u+e(s) —
[(u+e(s) oul = fu+e(s)).
It follows that f is constant on Im(y) and equal to u — (u © u) = u. Thus,

V€ [0,p], u+e(t) — [(u+e(t)) ©ul =u, that is, (u+e(t)) ©u=-e(t). O
We can replace V' from the previous lemma by G, as follows:

Lemma 3.2.20. Let u—+£(t) : [0,p] — G, £(0) = 0, be a t-path that does not jump
att = 0, such that Vt € (0,p], u+¢e(t) € V, and Vs,t € [0,p], e(s) —e(t) € V.
Then:

(u+e(p)) ©u=ce(p).

Proof. By Lemma 3.2.19, we have V¢ € (0,p], (u+e(t)+e(p)—e(t)) © (u+e(t)) =

e(p) — e(t); that is,

(u+e(p) © (u+e(t)) =elp) —e(t).
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On the other hand, since for all (small) ¢ € [0,p], e(p) — e(t) € V, the limits of
the expression above, with respect to the t- and M- topologies as t — 0, must
coincide and be equal to £(p):

lim'[(u+e(p)) © (u+e(t))] =lim (e(p) — &(t)) = e(p).

t—0 t—0

Since u+¢(t) : [0,p] — G does not jump at ¢ = 0, we also have lim_,; (u+¢(t)) =

u. It follows, (u+¢e(p)) ©u = limj_, [(u+e(p)) © (u+e(t))] =e(p). O

Lemma 3.2.21. Let u +¢(t) : [0,p] — G, €(0) = 0, be a t-path that does not

gump att = 0. Then: Ity € (0,p], such that ¥t € [0, 1],

Proof. By curve selection, since G C V and u + £(t) does not jump at ¢t = 0, it
is not hard to see that there is some ty € (0,p| and, for all s € [0,to], a t-path
u+ d5(t) : [0, s] — G, with no jumps, such that:

(i) 95(0) =0, d5(s) = e(s), and Vt € (0, ), u+ d5(t) € V, and

(ii) Vtq,te € [0, s], d5(t1) — 0s(t2) € V.
Now, by Lemma 3.2.20, Vs € [0, to], Vt € [0, s),

(u+64(t) ©u=0d,(t) € Vp.
Since u + 0,4(t) does not jump at t = s,

(u+65(s)) ©u=1lm"[(u+ 6,(t)) ©u| =lLm'd,(t) = d,(s).

t—s t—s
We have shown: Vs € [0,2o], €(s) = ,(s) = (u+65(s)) Ou= (u+e(s)) Ou. O
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Lemma 3.2.22. Let u,v € G and uw+£(t) : [0,p] — G, €(0) = 0, a t-path that
does not jump at t =0, such that

(1) (u@®v)+e(t) is a t-path,
or

(it) (u+e(t)) ®v is a t-path that does not jump at t = 0.

Then: 3ty € (0,p], such that ¥t € [0, o],

(u+e(t) ®v=(udv)+e(t).

Proof. (i) Notice, by Remark 3.2.17(iii), (u @ v) + (t) does not jump at ¢ = 0.
Applying Lemma 3.2.21 both to u + () and to (u @ v) + €(t), we obtain: Jt, €
(O7p] vt € [07 t0]7

(utet)) ou=c(t)=[(udv)+e(t)] © (udw).

(ii). Since (u+€(t)) @ v does not jump at t = 0, there exists some s € (0, p],
such that Vt € [0,s], (u+e(t)) ®v = (udv)+d.(t) for some path d.(t) in M",
that is,

[(u®v)+d(t)] © (udv) = (u+e(t)) ©u.

On the other hand, by Lemma 3.2.21, there is ¢y € (0, s], such that V¢ € [0, to],

[(udv)+d-(t)] © (udv) =d(t) and (u+e(t)) ©u=ce(t).

It follows that Vt € [0, to], d.(t) = e(t). O
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Lemma 3.2.23. Let u,v € G, and y(t) = u+¢(t) : [0,p] — G, €(0) =0, be a
t-path with no jumps, such that
(1) (u®v)+e(t) is a t-path,
or
(it) (u+e(t)) ®v is a t-path with no jumps.
Then:

(u+elp) @v=(uev)+e(p).

Proof. Notice, by Remark 3.2.17(iii), (u @ v) + €(¢) has no jumps. Consider the
function f: G2 +— v+ v — (r®v) € G. By Lemma 3.2.22, it follows that f is
locally constant on Im(y). Thus, it is constant on Im(+) and equal to u+v—(udwv).
Hence for all t € [0,p], u+e(t) + v — [(u+e(t)) ®v] =u+v— (udv), that is,

(ute(t) ®v=(udv)+e(t). O

By o-minimality, a t-path v jumps at only finitely many points ¢y, ...,t, of its

domain. If wy,...,w, are the jumps, their sum is denoted by

T
Jy = g W;.
i=1

Proposition 3.2.24. Let u,v € G, and y(t) = u+(t) : [0,p] — G, €(0) =0, be

a t-path with no jumps. Then:
(utelp) ®v=(udv)+e(p)+ Jrgo-

Proof. Assume that v(t) ® v has a jump w; at each t;, for 1 < i < r and 0 =

to <t; <...<t, <t.q =1. Let wy,w,y1:=0, and for all s € {0,...,r + 1},
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J; = ZZ:O wg, and 7' = 7 [jo4]. By induction on i, we show that for all

i € {0,...,r + 1} the proposition is true for ~*, that is,
V(i) v = (u®v)+e(t;) + Jyige- (3.5)

(3.5) is clearly true for i = 0. Now, assume that (3.5) holds for 4, for some
i €{0,...,7}. We show that (3.5) holds for v**!. If ¢; = ¢;,; there is nothing to

show, so assume ¢; < t;11.

Claim. For all s € (;,;41),
v(s)Bv=(udv)+e(s)+ J; (3.6)
Proof of Claim. We first show

lim ((t) ®v) = (u®v) +e(t:) + Ji. (3.7)

t—tt

Case 1: w; = (y(t;)®v) —lim, - (v(t)®v). Then (t;)®v = lim,_,+ (v(t)®v),
and J,ig, = J;. By the Inductive Hypothesis, (3.7) follows.

Case 2: w; = lim,_;+ (v(t) ® u) — (y(t;) ®v). Then J,ig, + w; = J;, and by
the Inductive Hypothesis, (3.7) follows.

Now, for any t with ¢; < ¢ < s, Lemma 3.2.23(ii) gives (u + &(s)) ® v =
(ute(t)+e(s)—e(t)) ®v = [(u+e(t)) ®v] +e(s)—e(t). Therefore, (utz(s))dv =
lim,_+ [(u+e(s)) do] = lim, .+ [(u+e(t)) ®v] +e(s) —e(t;). By (3.7), we
obtain (u+&(s)) ® v = (u®v) + &(s) + J;, that is, (3.6) holds. This proves the
Claim. O
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We now show that (3.5) is true for 4. Taking limits from the left of #;, in

equation (3.6) we obtain:

lim (y(s) ®v) = (udv) +e(tipr) + Ji. (3.8)
5=t
Case 1: w;1 = lim, (v(t) ®v) — (y(tis1) ®v). Then y(tiy1) Bv =
=lim; - (v(t) ®v) and Jir1g, = J;. By (3.8), equation (3.5) is true for v
Case 2: wip1 = (Y(tip1) ®v) — limt_)t;1 (7(t) ®v). Then Jyirig, = J; + wit1,
and by (3.8), again, (3.5) is true for 1. O

STEP II. A generic open n-parallelogram of . Since V is large in G, it
is also generic, by Fact 2.3.9(i). By the Linear Cell Decomposition Theorem, V' is
a finite union of linear cells, and by Lemma 2.3.10, one of them, call it Y, must be
generic. By Fact 2.3.9(ii), Y has dimension n, and by Lemma 2.3.7, it is bounded.
Therefore, by Lemma 2.3.6, Y is a finite union of closed n-parallelograms, say
Wi,..., Wi Fori e {1,....0},let Y; ==Y NW,. Then Y =Y, U...UY,. By
Lemma 2.3.10 again, one of the Y;’s must be generic, say Y;. Let H := Int(Y}).
Since on V' the M- and t- topologies coincide, H = Int(Y;)". By Fact 2.3.9(iii),
H is generic. Since W) is a closed n-parallelogram and Int(W;) = Int(W; NY) =
Int(WyNY) = Int(Y;) = H, we have that H is an open n-parallelogram.

Let ¢ be the center of H. By translation in M", we may assume that ¢ = 0.
Indeed, in Lemma 3.2.9 we could have let [ : G > x — (& c¢) —c € M™. Since
H is generic, H © c is generic, and, thus, f(H © ¢) = H — ¢ is a generic open
n-parallelogram of f(G) centered at 0. To see that the M- and t- topologies

coincide on H — ¢ C f(G), consider the definable automorphism

fM'sz—az—ce M,
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and notice moreover that f [¢: G — f(G) is in fact a homeomorphism, since for
allz € G, f(x) = f(z O c).

Summarizing, we may assume that:

e H is a generic, t-open, open n-parallelogram, with center 0, on which the

M- and t- topologies coincide.

Since H is generic, it has dimension n and, by Section 2.4, it has the form:

H:{/\1t1+...+/\ntn:—ei<ti<ei},

for some M-independent \; € D™ and positive e; € M.

Lemma 3.2.25. Let a,b € H, such that a+b € H. Then there is a path €(t) in

H from 0 to a, such that the path £(t) + b lies entirely in H, as well.

Proof. We prove the statement for any open m-parallelogram H = {\it; + ...+
Amtm + —€; < t; < e;} € M™, 0 < m < n, for M-independent \; € D" and
positive e; € M, by induction on m.

m=1. Let H = {\t; : —e; < t; < ey} containing a,b and a + b. Assume
a = Atg, for some t,; € (—eq,e1). It is then easy to see that the path e(t) :
[0,ta1] © t — Mt € H satisfies the conclusion, by convexity of H and Lemma
2.3.4.

m > 1. Let H={\t1+...+ A\t : —€; < t; < e;} containing a,b and a + b,
and let @ = Mta1+. ..+ Antam, b = Mty +. . .+ Apntpm, for some to;, ty; € (—e;,€;).
Consider the open (m —1)-parallelogram H' = {\oto+. ..+ A\t 0 —€; < t; < €;},
and let a’ := Aoty + ... + Antam, b := Aatpe + ... + Antym. By the Inductive
Hypothesis, there is a path & in H’ from 0 to a/, such that b + ¢'(¢) is a path

in H' from V' to o' +b'. Let €(t) be the concatenation of € with the linear path
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a' + Mt, t €[0,t4], from a’ to a. It is then easy to check, using the convexity of

H and Lemma 2.3.4, that both ¢(¢) and b+ ¢(t) lie entirely in H. O

Since the two topologies coincide on H, the paths £(t) and b+¢(t) from Lemma

3.2.25 are also t-paths.

Lemma 3.2.26. Let xq,...,2; € H be such that for any subset o of {1,...,1},

ZjEijEH' Thenx1+...+a:l::c1®...@xl.

Proof. By induction on [.

1=2. Let a = x1, b = x9, and (t) = (t) as in Lemma 3.2.25. Then, by
Lemma 3.2.23(i), for u = 0 and v = b = x5, we have: 11 B z9 = (0P z3) + 21 =
T+ To.

1>2 294, 4o =1+ (22+.. . +1) =21B(22D...Bx) =x1D...Dx;. O

Lemma 3.2.27. Foreveryxy,..., 2, Y1, Ym € H, ifv1+.. .42, =11+ . .+ Ym,

thenz1 ® ... Q=11 B ... D Yn.

Proof. Assume 1 + ...+ 2, = y1 + ... + Ym, T;,y; € H. We want to show
1D ...0x =1y D... Dy, Clearly, by convexity of H, for any subset o of

{1,..,0}, >, T € H, and therefore .. 7 € H. Similarly, for any subset

1€0 Im
Tof {1,....m}, 3. - € Hand .. ¢~ € H. By Lemma 3.2.26, on the one
hand we have ;- @ ... @ 7t = 2 + ...+ 7L =24 i = JLg @
Ym Ty Ti Yj Yi
¢z and, on the other, — @ ... ® — = x; and — @ ... ® = = y;, for every
Im Im, Im Im,
lm—;irmes lm—;irmes
i,j. Thus, 21 @ ... Dz = P (ﬂ@...@ﬁ> = P Be..ol) =
’ ’ 1<i<l \lm lTnJ Im-times fm m
lm—;irmes

Y1 Ym |\ __ Yi y7’>i

= D... D)= (—@...69— =1 D... D Yn. O
lm—etgnes (lm lm) 1§Gi2m \lm lTn’,

Im-times
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Lemma 3.2.28. Let H, := %H = {%x :x € H}. Then Hy is generic.

Proof. We show that finitely many @-translates of H; cover H. By Lemma 3.2.26,
it suffices to find finitely many a, € H, such that H = (J,(a; + Hy). Let H =
{Mti . F Mty s —e <ty <e}. Then Hy = { Mty +...+ Mty 0 =5 < t; < §}
It is a routine to check that H = J>, (a; + Hy), where the a;’s are the corners of

H. U

Lemma 3.2.29. There is = € N, such that G=H & ... ® H.
—_———

S—times
Proof. Let Hy as in Lemma 3.2.28. Assume that for = € N, {a; ® H;}<i<z)
covers G. Since G is t-connected (and H; is t-open), for any = € G, one can
find 0 = xg,21,...,4y = € G, | < Z, such that Vi € {1,...,1 — 1}, after
perhaps reordering {a; ® Hi } 1<i<=y, 25 € (a; ® Hy) N (a1 @ Hy), 0 € ay @ Hy, and
x € aqy®H,. Then, for h; == x;6x;,_1 € H,1 <i <[, wehave: v = hi®...®h;. [

Definition 3.2.30. Let U denote the subgroup Uy < M" generated by H as in
Section 2.4; that is,

U=<H>=|JH"

k<w

where H* :== H + ...+ H. By Lemma 3.2.27, the following function ¢ : U — G

k—times

is well-defined. For all x € U, if t =21+ ... + x, x; € H, then
() =11 D ... D g

U = (U, +v,0) is a \/-definable group. Easily, convexity of H implies convex-

ity of U. Moreover:
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Proposition 3.2.31. ¢ is a t-continuous group homomorphism from U onto G.

Proof. ¢ is a group homomorphism, because if r = z1+. . .+x; and y = y1+. . .+Yum,
with z;,y; € H, then ¢(x +y) =o(v1+ ...+ +yi+. .+ Yn) =01D ... ;&
YLD ... DYy = () ®P(y). It is onto, by Lemma 3.2.29. Since @ is t-continuous,
S0 is ¢. Il

Thus, if we let L := ker(¢), we know that U/L = G as abstract groups.

STEP III. L is a lattice of rank n. We show that L is a lattice generated
by n Z-independent elements of M™, namely, by some Z-linear combinations of
jump vectors for G. Recall that (Remark 3.2.17(i)) w € M™ is a jump vector if
and only if there are distinct a,b € bd(V') such that a ~¢ b and w = b — a. The

following is a consequence of the local analysis from Step I.
Lemma 3.2.32. There are only finitely many jump vectors.

Proof. Since the set of all jump vectors is definable, if there were infinitely many
jump vectors, by o-minimality, one of the following should be true:

(A) there exists a non-constant path v on bd(V'), such that all points in Im(~)
are ~g-equivalent,

(B) there exist two disjoint non-constant paths v and ¢ on bd(V'), such that
every element a in Im(7) is ~g-equivalent with a unique element b, in Im(d), and
vice versa, and all jump vectors w, = b, — a, a € Im(~), are distinct.

Assume (A) holds. By o-minimality again, we may assume that v(t) = a+¢(t) :
[0,p] — M™, for some path £(¢) in H with €(0) = 0 and ¢ := ¢(p) # 0. Moreover,
we may assume that there is a path p(s) : [0,q] — M™, with p(0) = 0, such that

Vs > 0, a+ p(s) and a + ¢ + p(s) are in G, and a + p(s) + &(¢) : [0,p] — G is
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a t-path, with no jumps, from a + p(s) to a + p(s) + €. By Lemma 3.2.23(i), we

have that for all s € (0, p],

(a+p(s)+e)o (at+p(s) =e

Thus, lim,_o [(a + p(s) +¢) © (a+ p(s))] = € # 0, contradicting the fact that
a~qga-+E.

Now assume (B) holds and, without loss of generality, let v(t) = a + ¢(t) :
[0,p,] — M™, for some path £(¢) in H with €(0) = 0 and € := ¢(p,) # 0. Let
also 6(t) = b+ ((t) : [0,ps] — M", for b ~¢ a and some path ((¢) in H with
¢(0) = 0 and ¢ := ((ps) # 0. As before, we may assume that there is a path
p(s) : [0,q] — M™, with p(0) = 0, such that Vs > 0, a + p(s) and a + € + p(s) are
in G, and a + p(s) +(t) : [0,p,] — G is a t-path, with no jumps, from a + p(s)
to a+ p(s) + e. Similarly, we may assume that there is a path o(s) : [0,q] — M™,
with o(s) = 0, such that Vs > 0, b+ o(s) and b+ ( + o(s) are in G, and
b+o(s)+((t) : [0,ps] — G is a t-path, with no jumps, from b+o(s) to b+o(s)+C.
We show that if a + ¢ ~g b+ (, then ¢ = (, which contradicts the fact that all

jump vectors from Im(7y) to Im(d) are distinct. As before, we have that for any

ERS (Oap’\/] N (Oap(S]a
(a+p(s)+e)o (a+p(s)) =cand (b+o(s)+ () & (b+0a(s)) =C.
On the other hand, since a ~g b and a +¢ ~g b+ (,

lim [(a+ p(s)) © (b+ o(s))] =0 and lim [(a+e+p(s)©(b+C+oa(s)] =0.

s—0
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Since in a t-neighborhood of 0 the M- and t¢- topologies coincide,
ii_l)%t[(a +p(s)) © (b+a(s))] =0 and Li_rgﬂ(a +e+p(s) O (b+C+o(s))] =0,
and, thus,

eo(=lm'(e&()
=lim'[(a+c+p(s)) © (a+p(s) & (b+(+a(s) & (b+a(s))]

s—0

=lim'[(a + 2+ p(s)) © (b+ C+o(s))] ©lim"[(a+ p(s)) © (b+0(s))]

s—0
=0,
hence € = (. O]
Let {w1,...,w;} be the set of all jump vectors for G.
Lemma 3.2.33. ker(¢) C Zw; + ... + Zuwy.

Proof. Let x = x1 + ...+ x,, € ker(¢) C U, with x; € H. For alli € {1,...,m},

let x;(t) be a path in H from 0 to x;. By Proposition 3.2.24,
¢($):$1@@xm:x1++xm+J’y’

where v is the t-loop (xl(t)) vV (331 &) wg(t)) V...V (:C1 D...OTH1 D xm(t))
from 0 to 1 & ... Bz, = P(x1 + ... + 2,) = () = 0. We have: x = —J, €

ZU}1++ZU}[ ]

A subgroup of the torsion-free group M" is torsion-free. Thus, Zw, +. ..+ Zw,
is a finitely generated torsion-free abelian subgroup of M™, and therefore it is free.

Since ker(¢) < Zw; +. ..+ Zuwy, it follows that ker(¢) is a free abelian subgroup of
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U generated by k Z-independent elements, for some k < [. (The reader is referred
to [Lang, Chapter I] for any of the above assertions.) In Claims 3.2.36 and 3.2.37
below we show that k = n.

Recall that, since H is generic in G, it must have dimension n, and therefore
we can obtain a standard part map U — R™ as in Section 2.4. We let st := sty.

We define

Ve e U, ||| := [st(z)lg,

where |- |g is the Euclidean norm in R™. It is easy to check that ||-|| is a ‘seminorm
on U over QQ’, that is:

(i) Vo,y € U, |lz +yll < |[z]] + |lyl], and (ii) Vg € Q,Vz € U, ||qz|| = |q| ||]].

Lemma 3.2.34. For all x € U and m € N,

r € H™ & ||z]| < my/n.

Proof. With the notation of equations (2.1) and (2.2) from Section 2.4, we have
r € H™ & Vi, —me; < X' < me; & st(z) € [-m,m|" C R" & |st(z)]gr <

vnm? = my/n. O
Let us also gather together two easy but helpful facts about ker(¢):

Lemma 3.2.35. (i) ker(¢) N H = {0}.
(ii) Let Z be as in Lemma 8.2.29. ThenVx € U,Jy € H=, y — x € ker(9).

Proof. (i) For all x € H, ¢(z) = x.
(ii) For = € U, since ¢(z) € G, there are z1,...,2=z € H, such that ¢(z) =

T @ ... ®z=. Clearly, if y =21 + ...+ 2= € H=, then ¢(z) = ¢(y). O
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We are now ready to compute the rank of L = ker(¢). Fix a set {vy,..., v}

of generators for L.
Claim 3.2.36. k£ > n.

Proof. Assume, towards a contradiction, that £ < n. For any a € U, let S, :=

a+ Zvy + ...+ Zvg. Let = be as in Lemma 3.2.29.
Subclaim. There is a € U, such that S, N H= = ().
Proof of Subclaim. By Lemma 3.2.34, it suffices to show that there is a € U, such
that Viy, ..., Ik € N, ||a+ vy + ... + ]| > Zy/n. But,
lla+ Loy + ...+ Lol = |st(a) + list(vr) + ...+ st (vg) g
and, since k < n, there is @ € R" such that Vi;,... [ € N,

@+ list(v1) + ...+ lpst(vg)|g > EvVn.

(This is true for any number =,/n.) We can take a to be any element in st~*(a).
[l
This contradicts Lemma 3.2.35(ii). O

Claim 3.2.37. k£ <n.

Proof. Notice that st(L) is a lattice in R™ contained in Zst(vy) + ... + Zst(vy).
By Lemmas 3.2.35(1) and 2.4.5, st(L) has rank k. Lemma 3.2.35(i) also gives
us that st(L) is discrete: the interior of st(H) is an open neighborhood of 0 that

contains no other elements from st(L). But it is a classical fact that every discrete
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subgroup of R™ is generated by < n elements (see [BD, Chapter I, Lemma 3.8],

for example). Thus, k < n. O

Proof of Theorem 3.1.2. For convenience, we recall the main definitions and facts.
In Step II, Definition 3.2.30, we defined the convex \/-definable subgroup U =
(U, +v,0) of M™, generated by a generic, t-open, open n-parallelogram H C G
centered at 0. We also let ¢ : U — G be such that (Vk € N)(Vo = z1+. . .4y, h; €
H)¢p(x) = 1 @ ... ® zg). In Proposition 3.2.31, we proved that ¢ is an onto
homomorphism, and in Step I1I, Claims 3.2.36 and 3.2.37, that L := ker(¢) < U
is a lattice of rank n. We have U/L = G as abstract groups. Notice, ¢ restricted
to a definable subset of U is a definable map.

Let ¥ := HZ, where Z is as in Lemma 3.2.29. Clearly, ¥ is definable, and,
thus, ¢, is definable. Moreover, EF is definable, since, for all z,y € X, we
have E7y & x —y € L & ¢1.(7) = ¢1.(y). By Lemma 3.2.35(ii), ¥ contains
a complete set S of representatives for EY, and, by definable choice, there is a
definable such set S. By Claim 2.2.4(ii), U/L = (S, +g) is a definable quotient
group. The restriction of ¢ on S is a definable group isomorphism between (S, +5)

and G. By Remark 2.1.2(ii), we are done. O
The following is immediate.

Corollary 3.2.38. For every k € N, the k-torsion subgroup of G is isomorphic

to (Z/kZ)".

3.3 On Pillay’s Conjecture

In this section we show Pillay’s Conjecture in the present context, that is, for

M asaturated ordered vector space over an ordered division ring. The terminology
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was introduced in Chapter 1, but the reader is referred to [Pi2] for further details.

Theorem 3.3.1 (Pillay’s Conjecture). There is a smallest type-definable sub-
group G of G of bounded index, and G /G equipped with the logic topology is a

compact Lie group of dimension n.

Proof. Recall that H is an open n-parallelogram with center 0. For ¢ < w, we
define H; inductively as follows: Hy = H, and H;,, = %Hl-. By Lemma 3.2.26,
B =\, H; is then a type-definable subgroup of G. As in the proof of Lemma
3.2.28, one can show that for all ¢, finitely many é-translates of H;,, cover H;,
and, thus, inductively, finitely many @-translates of H;.; cover G. It follows
that B has bounded index in GG. Note also that B is torsion-free: if m € N and

x € B\ {0}, then z € H,,, and, thus, by Lemma 3.2.26, z & ... & z = mx # 0.
———
m—times

By [BOPP], there is a smallest type-definable subgroup G® of bounded in-
dex, which is divisible, and G/G® with the logic topology is a connected com-
pact abelian Lie group. By [BOPP, Corollary 1.2], a torsion-free type-definable
subgroup of G of bounded index is equal to G%, hence B = G*. Since G% is
torsion-free and divisible, it follows that for all k, the k-torsion subgroup of G /G
is isomorphic to the k-torsion subgroup of G, which is isomorphic to (Z/kZ)", by
Corollary 3.2.38. Thus, G/G® is isomorphic to the real n-torus and has dimension

n. O

3.4 O-minimal fundamental group

The o-minimal fundamental group is defined as in the classical case (see [Hat],
for example) except that all paths and homotopies are definable. The following
is a restatement of the definition given in [BO2|, where M expanded an ordered

field. A different definition of the o-minimal fundamental group 7(G) was given
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in [Ed2] for a \/-definable group in any o-minimal structure M, namely, 7(G) is
the kernel of the ‘o-minimal universal covering homomorphism’ p : G — G of G.
In [EdEI2] it is shown that the two o-minimal fundamental groups coincide, for
M any o-minimal expansion of an ordered group.

The next two definitions run in parallel with respect to the product topology
of M™ and the t-topology on G. Notice that until Lemma 3.4.8, M can be any

o-minimal expansion of an ordered group and G any group definable in M.

Definition 3.4.1 ([vdD], Chapter 8, (3.1)). Let f,g: M™ D> X — M" (G)
be two definable (¢-)continuous maps in M™ (in G). A (t-)homotopy between f
and g is a definable (¢-)continuous map F(t,s) : X x [0,q] — M™ (G), for some
g > 0in M, such that f = Fy and g = F,, where Vs € [0,¢|, Fy := F(-,s). We

call f and g (t-)homotopic, denoted by f ~ g (f ~¢ g).

Definition 3.4.2. Two (t-)paths v : [0,p] — M"™ (G), 0 : [0,q] — M™ (G),
with v(0) = §(0) and v(p) = d(q), are called (t-)homotopic if there is some
to € [0, min{p, ¢}], and a (¢-)homotopy F'(t,s) : [0, max{p,q}] x [0,r] = M"™ (G),

for some r > 0 in M, between

Yiosto] V €V Viio,p) and 9 (if p < @), or

Oifote] V AV Oyfze,q and 7 (if ¢ < p),
where ¢(t) = y(ty) and d(t) = d(to) are the constant paths with domain [0, |p—q|].

If L(G) denotes the set of all t-loops that start and end at 0, then the restriction
~¢L(@)xL(c) Is an equivalence relation on L(G). Let m(G) := L(G)/ ~; and [7] :=
the class of v € L(G).
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It is clear that any two constant (¢-)loops with image {0} (but perhaps different
domains) are (t-)homotopic. We can thus write 0 for the constant (t-)loop at 0

without specifying its domain.
Proposition 3.4.3. (m,(G),-,[0]) is a group, with [y] - [0] := [y V ¢].

Proof. Definition 3.4.2 provides that for all t-paths v,~', 6,0, if v ~; 7,0 ~; &,
then (7 V 9) ~; (v vV ¢'), and therefore - is well-defined. Associativity is trivial
since for all t-paths v,d,0, (yVI) Vo =~V (5 Vo). Clearly, [0] is a left and right
unit element. Finally, for v : [0,p] — G a t-path, the class of v*(¢) := y(p — t)
is the left and right inverse [y]™' of [y]. Indeed, (v V ~*) ~; O : [0,2p] — {0} is
witnessed by the t-homotopy F(t,s) : [0,2p] x [0,p] — G, F; = v V 7, where

~Ye(u) : [0,p] — G is a t-path with

y(u) if0<u<t,
Ve(u) =
y(t) ift<u<p.

Replacing v by v*, we get also (v* V) ~; 0. O

Definition 3.4.4 ([BO2]). We call m(G) = (m(G), -, [0]) the o-minimal funda-

mental group of G.

Note: We could instead define m(G,v) := L(G,v)/ ~4, for every v € G, where
L(G,v) is the set of all t-loops that start and end at v. As it turns out, this is
not necessary, since G is t-connected and (G, v) is, up to definable isomorphism,
independent of the choice of v (by identically applying the classical proof of the

same fact, as in [Hat, Proposition 1.5], for example).
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Definition 3.4.5 ([vdD], Chapter 8, (3.1)). Let A C X C M™. We say that
X deformation retracts to A if there is a homotopy F(t,s) : X x [0,7] — X such

that F'(X,0) = A, F; =1x, and Vs € [0,7], F(+,8) [a= 1a.

Lemma 3.4.6. For every r € M, the n-box By (r) = (—r,r)" C M™ deformation

retracts to {0}.

Proof. Let B, := By*(r) = (—r,r)™ C M™, m > 0, and By = {0}. By induction,
it suffices to show that for m > 0, B,, deformation retracts to B,,_1. But this is

witnessed by the following homotopy in M™: F(t,s) : B,, x [0,r] — B,,, with

(th Ce ,tm) if ‘tm| S S,
F((tlv”'7tm)78) = (tl,...,tm_l,S) iftm>8,

(tl,...,tm_l,—5> if ty, < —S.

O

Corollary 3.4.7. Let v : [0,p] — M™ be a loop with v(0) = 0. Then v ~ 0 :

[0,p] = {0}

Proof. Since [0,p] C M is closed and bounded, Im() is (closed and) bounded by
[PeS, Corollary 2.4], and, thus, Im(y) C By(r) C M™, for some r € M. By Lemma
3.4.6, there is a deformation retraction F'(t,s) : Bo(r) x [0,q] — M™ of By(r) to
{0}. It is then not hard to check that G(t,s) := F(y(t),s) : [0,p] x [0,q] — M"

is a homotopy between v and 0 : [0, p] — {0}. O

We now proceed to show that 7 (G) = L = ker(¢). Let us first prove a useful

lemma about paths and t-paths.
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Lemma 3.4.8. (i) Let § : [0,p] — U be a path. Then there are some hy, ..., hy, €
H with definable slopes (Definition 2.3.2) and, Yi € {1,...,m}, linear paths
hi(t) € H from 0 to h;, such that

6(t) = (0(0) + ha(t)) V (8(0) + hy + ho(t)) V...V (8(0) + by + ... 4 Byt + hun (1))

(ii) Let v : [0,p] — G be a t-path starting at ¢ € G. Then there are some
hi,..., hy € H with definable slopes and, Vi € {1,...,m}, linear paths h;(t) € H

from 0 to h;, such that
Yt) = (c®@m@)V(cBhi @ ha(t)) V...V (cBh & ... B hy1 ® hin(t)).

Proof. (i) By Remark 2.3.3(ii), it suffices to show the statement for ¢ being linear.
Let 6(p) € H* for some k € N. Then, easily, @ € H, and ¢ is the concatenation
of k linear paths ¢ | [0, 2].

(ii) Let »(¢) : [0,p] — G with v(0) = ¢ € G and H; := JH. By Lemma
3.2.28, finitely many @-translates, {a; ® Hi}pi<i<m}, m € N, of Hy cover Im(7).
By o-minimality, and since H; is t-open, we may assume that there are 0 =

to,tl, PN ,tm S [O,p], such that Vi € {]_, ce ,m—l}, ’y(tz) S (ai@Hl)ﬂ(aiH@Hl),

v(to) = ¢ € a1 ® Hy, v(p) € a,,, ® Hy, and that for each i € {0,...,m — 1},

(a) v [t t002] lies in a; © Hy,
(b) ¥ I(t,,10) 18 linear, and
(¢) v does not jump at any t € (¢;,t;41).

By (b), for alli € {0, ...,m—1}, there exists some linear path h; 1 : [t;, ti11] — M"
such that Vt € (t;,ti1), Y1 t) = v(t;) + hip1(t). We denote by := hiq(tig1) €
M™.
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We work by induction on i. Suppose that for some i € {1,...,m—1}, v(t;) =
c®h ®...5h; and hy,...,h; € H. We show that Vi € (¢;,ti1], Y(t) = c®
hi & ...®h; ® hiy1(t) and hiy1 € H. Let us assume that +**! does not jump at
t;. The other case can be handled similarly. By (c), "' does not jump at any
t € [t tivr).

By (a), Vt € (t;,tiv1), 7(t;) + hiy1(t) € a; ® Hy. Since also v(t;) € a; ® Hy, we
have (v(t;) + hiy1(t)) © () € (a; ® Hy) © (a; ® Hy) € H. By Lemma 3.2.23(ii),
we have Vt € (ti,ti1), (7(t:) +hia () ©7(t:) = (v(t) ©7(t:)) +higa () = hip (2).

This shows that

Vt € [ti,tiv1), 7() = Y(t) + hia () = v(t:) @ iz (D).

We thus have:

Y(tivr) = lim *y(t) = lim “[y(t;) @ hiyr(£)] = y(t:) © Piga(tiga).

=ty =t

That h;. 1 € H is then also clear, since

hivi(tiv1) = y(tiv1) ©9(t:) € (a; ® Hy) © (a; & Hy) C H.

Lemma 3.4.9. ker(¢) = {J, : v is a t-loop}.

Proof. C. This is just Lemma 3.2.33. For x € ker(¢) and ~ as in that proof, we
have v = —J, = J,-.
D. Let 4(t) be a t-loop starting and ending at ¢ € G, and hy, ..., h, € H as

in Lemma 3.4.8(ii). Since 7 is a t-loop, we have c® hy @ ... @ h,, = ¢ and, thus,
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h1&...® h, = 0. On the other hand, by Proposition 3.2.24, c®& h1 & ... D hy, =
c+> " hi+ Jy and, thus, J, = — 3" h;. Therefore, ¢(J,) = Cb( — 2o hz) =
@qb(Z?iohi) = ®...® hy) =0. -

For a t-path v : [0,p] — G starting at ¢, we fix some h; and [t;_1,t;] 2 t —

hi(t) € H,i € {1,...,m}, to be as in Lemma 3.4.8(ii).

Definition 3.4.10. Let 7 : [0,p] — G be a t-path starting at ¢ € G. Let d € U

such that ¢(d) = c¢. The lifting of v at d is the following path 4, : [0,p] — U,
Ja(t) = (d+hi () V (d+h+ho() V...V (d+ b+ .o 4 hypot + B (2)).

Let v as above be in addition a t-loop. By Proposition 3.2.24, ¢ = c® hy &

i@ hy =c+hi+ ...+ hy + J,. It follows that
Jy=0&h +...4+hyp =049y is aloop in U.

Lemma 3.4.11. (i) For any t-path ~y : [0,p] — G starting at ¢, and d € U such
that ¢(d) = ¢, we have ¢p o5 = 7.
(it) For any path 6 : [0,p] — U, Jses = ¢(6(p)) — ¢#(8(0)) — (6(p) — 6(0)). In

particular, for any loop § in U, Jyos5 = 0.

Proof. (i) This is clear, since ¢(d+hi+. ..+ hi_1+hi(t)) = c®hi®. .. Bhi_1Bhy(1).

(ii) By Lemma 3.4.8(i), let hy,...,h, € H have definable slopes and, Vi €
{1,...,m}, let h;(t) € H be a linear path from 0 to h;, such that §(t) = (6(0) +
hi(t)) V (8(0) + hy + ho(t)) V...V (8(0) 4+ Ay + ... + By + hun(t)). Tt is then
6 = As0), where ¥(t) = (c® hi(t)) V (c®h D ha(t)) V...V (c®h & ... D
Pun—1 ® h(t)), with ¢ = ¢(6(0)). By (i), ¢ 0 6 = 7, and then Proposition 3.2.24
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gives c® hy @ ... & hy, = ¢+ > oo hi + Jpos. Therefore, Jyos = (cBh1 & ... &
hm) — ¢ = Y10 hi = ¢(6(p)) — ¢(6(0)) — (5(p) — 6(0)). O
Lemma 3.4.12. For every v € L(G), v~ 0 < J, = 0.

Proof. («=). Let v € L(G) with J, = 0. Then 4y is a loop in U, homotopic to 0
by Corollary 3.4.7. Since ¢ is t-continuous, the image of the homotopy under ¢ is
a t-homotopy between v and 0.

(=). Assume now v ~; 0, witnessed by F(t,s) : [0,p] x [0,7] — G, say
~(t) = F.(t) = F(t,r). Since F(0,s) =0 = F(p,s) for all s, the paths PTO,\S)O,

F(p,s), should equal 0. This means that for all s, (F/S\)O is a loop in U. By

Lemma 3.4.11(i), J, = J4o5, and by Lemma 3.4.11(ii), J = 0. It follows,

¢°(777)0
Jy = Jpoy = J¢0(77:)0 =0. Il

Theorem 3.4.13. m(G) = ker(¢) = L.

Proof. By Lemma 3.4.9, we have to show that the map j : m(G) 3 [y] — J, €
{J, : vis a t-loop} is a group isomorphism. Note: Vv,d € L(G), Jyvs = Jy + Js
and J,- = —J,. Now, j is well-defined and one-to-one, since for all v : [0,p] = G

and 0 : [0,q] — G in L(G),
WM=0Bleh-0=0e[yVviT=0s Jys =0&J,=J,
where the third equivalence is by Lemma 3.4.12. Trivially, 5 is onto, and it is a

group homomorphism by the note above. O]

Remark 3.4.14. The pair (U, ¢) can be considered as a universal covering space
for G, in the sense that (i) there is a definable t-open covering {G;} of G such that
every ¢~ (G;) is a disjoint union of open sets in U, each of which is mapped by ¢

homeomorphically onto G;, and (ii) U is ‘definably’ simply-connected. Indeed:
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(i) Let {a; @ H} be a finite t-open covering of G by @-translates of H. We
show that for all i, ¢~ (a; ® H) = Llg(z)=a(z + H) is a disjoint union of open sets
in U. Let z # y with ¢(z) = ¢(y). We show (z + H) N (y+ H) = 0. If there
were hy, hy € H with © 4+ hy = y + h, then ¢(hy — hy) = ¢(y — x) = 0, and, thus,
¢(h1) = ¢(hg). Since ¢ restricted to H is the identity, we have hy = hy. Thus,
x =y, a contradiction. It is also not hard to see that ¢ restricted to x + H is a
homeomorphism onto ¢(x) & H.

(ii) U is easily definably path-connected. To see that it is also simply-connected,
first notice that for every k € N, H* deformation retracts to {0}, with a proof
similar to the proof of Lemma 3.4.6. Then observe that for every loop v in U,
there is a homotopy in U between v and 0, with the same proof as Corollary
3.4.7, after replacing By(r) by some H* such that Im(y) C H*. It follows that U

is simply-connected.
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CHAPTER 4

THE GENERAL CASE

4.1 Introduction

In this chapter we generalize the work from Chapter 3 and prove Theorems 1, 2
and 4 from Chapter 1 in full. In Section 4.2, we extend our proofs to the case where
G is not necessarily definably compact (Theorems 4.1.5, 4.2.25 and 4.2.28), and
in Section 4.3 to the case where, moreover, M is any linear o-minimal expansion
of an ordered group (Theorems 4.3.8, 4.3.6 and 4.3.11).

Theorem 1 is suggested as a structure theorem analogous to the following

classical theorem (see, for example, [Bour]).

Fact 4.1.1. Every connected abelian real Lie group is isomorphic to a direct sum
of copies of the additive group (R,+) of the reals and the circle topological group
St

In addition to the remarks following Fact 3.1.1, the following observations
explain why a model theoretic analogue of Fact 4.1.1 takes the form of Theorem
4.1.5 below.

Let G = (G, @, ec) be a definable group equipped with the t-topology.

Fact 4.1.2 ([PeS]). If G is not definably compact, then it has an 1-dimensional

torsion-free M-definable subgroup.

73



By induction on the dimension of G, we obtain:

Fact 4.1.3. Assume G is abelian. Then there are M-definable subgroups {ec} =
Go <Gy <...< G, <G, such that G/G, is definably compact and G;11/G; is a

1-dimensional torsion-free group, fort=20,...,r — 1.

Until Section 4.3, we fix M = (M, +,<,0,{A},cp) to be a big saturated

ordered vector space over an ordered division ring D = (D, +,-,<,0,1).

Fact 4.1.4 ([EdEIL1]). Let G be a definable group. Then the torsion-free subgroup

G, of G from Fact 4.1.3 is definably isomorphic to (M", +,0).

Let G = (G, @, es) be a definable group of dimension n. We identify (G, ®, es)
with M" = (M",+,0). Moreover, we fix a definable complete set of representatives
K C G for G/M" that contains e;. We also identify K with G/M", and we let
K = (K,®k,eq) be the topological group with the structure induced by the
canonical surjection g : G — G/M". We call K the compact part of G. We have

G={ad®u:ae M ue K}. The following is a short exact sequence:

0-=M —-GLK 0.

As we know by examples in [PeS] and [Str], we cannot always expect G to be
definably isomorphic to the direct sum of M" and K; that is, the above short
exact sequence does not always definably split (see [PeSt] for more on definable

splitting). We show:

Theorem 4.1.5. Let G be an n-dimensional definable group which is t-connected.
Assume that the compact part of G has dimension s. Then G is definably iso-
morphic to a definable quotient group U/L, for some convex \/-definable subgroup
U< (M™ +,0), and a lattice L of rank s.
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We obtain the following two corollaries.

Theorem 4.2.25. Let G be as in Theorem 4.1.5. Then there is a smallest type-

definable subgroup G* of G of bounded index, and G /G equipped with the logic

topology is a compact Lie group of dimension s.

Theorem 4.2.28. Let G be as in Theorem 4.1.5. Then the o-minimal fundamen-

tal group of G is isomorphic to L.

The structure of this chapter is as follows. Section 4.2 handles the case where
G is not necessarily definably compact. The proofs are generalizations of the
corresponding ones from Chapter 3. Several arguments run in complete analogy
and we are then brief. We outline the main differences with Chapter 3 at the
beginning of Section 4.2.1.

Section 4.3 handles the case where M is any linear o-minimal expansion of an

ordered group.

4.2 G not necessarily definably compact

In Section 4.2, we fix a (-definable group G = (G,®,e;) which is
t-connected and has dimension n. We fix a definable complete set of
representatives K C G for G/M" as above. Let s:=dim(K)=n —r.

By Corollary 3.2.5, G is abelian.

4.2.1 The Structure Theorem

Outline. The proof of Theorem 4.1.5 is a generalization of the proof of Theorem
3.1.2, presented in Section 3.2. We keep the same structure; namely, the proof

runs in three steps, as follows. Step I contains the main tools arising from a local
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analysis of G and a comparison of the two group operations @& and +. In Step II,
we define the \/-definable subgroup U < M", and a group homomorphism ¢ from
U onto G. In Step III, we show that L := ker(¢) is a lattice of rank s and finish
the proof.

The main idea of the generalization is described next. In Section 3.2, in Step
II, the existence of a generic open n-parallelogram H C WY in G was proved,
and the subgroup U < M"™ was generated by H. Here, in Step II, the existence
of a suitable generic open s-parallelogram H in K is proved, and the subgroup
U < M™ is generated by HY := M" x H. Many of the definitions and arguments
following in Steps II and III are then identical with the corresponding ones from
Section 3.2, after replacing H by H®.

The main differences from Section 3.2 are described next. Since G is not
necessarily definably compact, it may not be bounded, and therefore we cannot
always assume that all \;’s in Lemma 4.2.3 below are equal to I,, (which was the
case in Lemma 3.2.11. The consequences are: (i) the main tools from Step I need
to be restated, (ii) the lattice L = ker(¢) no longer consists of elements of the
form J,, for v t-loop, but rather, of the form W, for ~ t-loop, and W., defined in
Step III.

Before we start with the main body of our proof, we include some introductory

lemmas that will be used throughout without mentioning. Recall that

G={a®u:ae M, ue K},

where M"™ = (M", +,0) is the torsion-free subgroup of G, such that K = (K, ®x,0) =

G/M" is a definably compact group.
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Lemma 4.2.1. For all x1,29 € K, there is a € M", such that

1 Br X2 =21 D 22 D a.

Proof. Since q(x1®x2) = 21®x T2 = q(v1 Dg x2), we have (11 Dg 2) O (11D w2) €
ker(q) = M". O

Lemma 4.2.2. M"N K = {0}.

Proof. This is because K is a complete set of representatives for G/M". Indeed,
let v € M"N K. Then ©x € M" and x ©x =0 € K. Thus, x is in the same class

with 0 and must be equal to 0. O]

It follows that G is definably bijective to M" x K. By Lemma 2.3.7, K may

be assumed to be a subset of M?*. Therefore, we may assume that

G=M x KCM".

Moreover, we identify an element a € M" with the tuple (a,0) € G, and an

element u € K with the tuple (0,u) € G.

STEP I. Comparing & with +. Let us start with several facts that were
shown in Section 3.2 without (using) the assumption that G is definably compact.
First of all, V := V¢ is large in G. By cell decomposition, V is the disjoint union
of finitely many open (Z-)connected components Vg, ..., Vy, that is, V = | |,.; Vi,

for a fixed index set I :={0,..., N}. Also, it may be assumed that e, = 0 € Vj,

using the translation

f:Gox— (z®c)—ce f(G) T M", (4.1)
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as in Lemma 3.2.9. Since V is large in G, we may also assume that G C V.

(Lemma 3.2.15). We have G = | J,., G;, where G; := GNV;. Finally, it was shown

iel
in Lemma 3.2.8:
Lemma 4.2.3. There are invertible Ao, ..., An € M(n, D) such that for any i, j €

I ={0,...,N}, u € V; and v € Vj, there is r > 0 in M, such that for all

e € (—r,r)", we have u+ \ie,v + \je € G, and

(u+ Xig) ©u = (v+ Nje) ©v.

In particular, A\g = 1,,.

Assuming G is definably compact, we can suitably ‘scale’ the G;’s so that all
Ai’s in Lemma 4.2.3 may be assumed to be equal to I, (Proposition 3.2.11). Since
we do not assume definable compactness here, we need to carry all \;’s along our
proof. For example, the next corollary follows from Lemma 4.2.3 in an analogous

way to the one that Corollary 3.2.13 follows from Lemma 3.2.8.

Corollary 4.2.4. For alluw € V;, v € G, such that u®v € Vi, i,k € I, there is

r >0 1in M, such that for all e € (—r,r)",

(u+Xeg) v = (uBv) + M\e. (4.2)

Moreover, it is a straightforward exercise to check that analogous versions of
the statements in Section 3.2 from Lemma 3.2.18 up to Proposition 3.2.24 go
through here. We thus obtain our two final statements of this first step, regarding
the validity of the equation (4.2) for u, v and u @ v in G, and ¢ arbitrary in M™.

First, Lemma 3.2.23 generalizes to the following:
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Lemma 4.2.5. Let u,v € G, such that u € G; and u ®v € Gy, i,k € I. Let also
v(t) =u+ Ne(t) : [0,p] — G, €(0) =0, be a t-path with no jumps, such that
(1) (u®v) + \ee(t) is a t-path in Gy,
or
(it) (u+ Xe(t)) ® v is a t-path in Gy with no jumps.
Then:

(u+ Xie(p)) ® v = (udv) + \e(p).

Given a t-path y(t) = u + N\e(t) : [0,p] — Gy, £(0) = 0, with no jumps, and
vEG welet 0 =ty <t < ... <t = p be such that if v == 7 [, 4,
1 < j </, then every 7; ® v lies entirely in some Gy ;) and has no jumps. Denote

gj = ¢(t;)—e(tj—1), 1 <j <. Under this notation, Proposition 3.2.24 generalizes

to the following:

Proposition 4.2.6. Let u,v € G, such thatu € G; and u® v € Gy, i,k € 1. Let

also y(t) = u+ Ne(t) : [0,p] — G, €(0) =0, be a t-path with no jumps. Then:

(u + )\18(]))) Dv= (U D U) + /\k(1)61 +...+ )\k(l)gl + ny@v.

STEP II. A generic open s-parallelogram of K. In what follows, if X
is a definable group and Y C X, by the X-topology on Y we mean the subspace
topology on A induced by the t-topology on X. A subset of Y is then called
X -open if it is open in the X-topology of Y.

In particular, we distinguish between the following two subspace topologies on
K C M?: the G-topology, induced by the t-topology of GG, and the M-topology,
induced by the product topology of M?®. Moreover, K has its own tg-topology as

a definable group.

79



Observe that the tx-topology is the same as the quotient topology induced by
the canonical surjection ¢ : G — G/M", by Fact 2.1.1. In particular, it is clear

that a subset A C K is tx-open if and only if M" x A C G is t-open.

Lemma 4.2.7. On a large subset W of K the M-, the G- and the ty- topologies

coincide.

Proof. This is because all these three topologies on K are definable manifold
topologies. Clearly the M- and the tx- topologies are definable, and it is easy to
see that the G-topology is definable as well. We provide the details.

We show that for every dim-generic element a of K, there is a G-open neigh-
borhood of a on which all three topologies coincide. Assuming the notation of
the t-topology on G from Section 2.1, let ¥; := S; N K and U; := ¢;(%;). By
cell decomposition, and since dim(K) = s, we may assume that all U;’s are open
subsets of M*®. That is, {(¥;,¢; |x,) : ¢ € J} is a definable atlas on K for the
G-topology. By o-minimality, if a € Y; is a dim-generic element of K, then ¢;
must be a homeomorphism with respect to all of the M-, the G- and the -
topologies on some G-open subset A of K that contains a, and, thus, on A all

these three topologies coincide. O

We fix W C M? as in Lemma 4.2.7. Since on W the M- and G- topologies
coincide, every path is a t-path and vice versa. Since on W the M- and tg-
topologies coincide, every open subset of W is tx-open and vice versa.

Since W is large in K, it is also generic, by Fact 2.3.9(i). By the Linear Cell
Decomposition Theorem, W is a finite union of linear cells, and by Lemma 2.3.10,
one of them, call it Y, must be generic. By Fact 2.3.9(ii), Y has dimension s, and
by Lemma 2.3.7, it is bounded. Therefore, by Lemma 2.3.6, Y is a finite union

of closed s-parallelograms, say Wy, ..., W,. Fori € {1,...)l}, let Y; =Y NW,.
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Then Y =Y, U...UY,. By Lemma 2.3.10 again, one of the Y;’s must be generic,
say Y1. Let H := Int(Y}). Since on W the M- and tx- topologies coincide, H =
Int(Y7)'%. By Fact 2.3.9(iii), H is generic. Since W; is a closed s-parallelogram
and Int(Wy) = Int(W; NY) = Int(Wy; NY) = Int(Y;) = H, we have that H is an
open s-parallelogram.

Our next goal is to show that H may be assumed to have center 0 = es. Let

¢ be the center of H. Consider the following two definable bijections:

fe:Gox— (xdc)—ce fo(G) T M",

fk: K3>x— (x®gc)—ce fr(K)C M".

Without loss of generality, we may assume that the translation f used in (4.1)
from Step I was f = fo (and, thus, the set V remains unaltered).

Now, let G’ := fo(G), R = fc(M"), K’ := fx(K), H := fx(HSkc) = H—c.
Let G’ = (G, 4+¢,0) and K' = (K’,+k+,0) be the induced topological group
structures induced by fo and fg, respectively. By Remark 2.1.2, fg and fx are

definable isomorphisms, for all z,y € G’,

ttay=[r+c)ocd(y+ol-c¢

for all x,y € K’,

T+ y=|[x+c) Ok cdk (y+0)] —c,

and it suffices to show the following.
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Lemma 4.2.8. (i)a) R is a definable torsion-free subgroup of G' definably iso-
morphic to M", such that G'/R' is a definably compact group, b) K' C G’ is a
definable complete set of representatives for G'/R', and ¢) +x+ coincides with the
operation induced by the canonical surjection q : G' — G'/R'.

(i) H C K’ is a G'-open, tx:-open, open s-parallelogram, with center 0 = ey,

generic in K', and on which the M-, G'- and tg/ - topologies coincide.

Proof. (i)a) holds because fg : G — G’ is a definable isomorphism.

For (i)b), we first show that K’ C G'. Let g € K. Let g1 = (¢ ®x ¢) ©c. Then
(9@rc)—c=(1®c)—ced

Next we show that K’ is a definable set of representatives for G'/R’. Let
g = falg) = (g®c)—ce G, for some g € G. Since G = M" @ K, there are
a € M" and k € K such that g c=a® (k@ ¢) € G. Then fg(a) +¢ fx(k) =
[(a®c)—cl+a (k—c) = [aBcOcd (kBkc)|—c = [a®(kBkc)—c=gdec)—c =7 .

Finally, K’ is complete: assume fx (k1) = fo(a)+o fx(ke), for some ky, ko € K
and a € M". We show ky = ko and, thus, fx (k1) = fx(k2). We have, fx (k1) =
ki —cand fo(r)+a fr(ke) = [(a®c) =+ [(ka®rc) —c] = [a® (k2 Bk )] —c.
Thus, k1 @k ¢ = a ® (ks @k ¢). Since K is a complete set of representatives for
G/M", k1 @k ¢ = ky @k ¢ and, thus, k; = ko.

For (i)c), we show that for every x,y € K’, there is r € R such that x +x y =
T4+ey+er. Wehave v+ y =[(z+¢)Sxc®r (y+c¢)] —c=[(z+c) O
c@®(y+c)®m]—c, for some m € M". Let r :== (m@c)—c = fag(m) € R.
Then we have z +¢ y +o +r = ([(z+ ) O c® (y+ )] —¢) +a [(m®c) — ] =

(z+c)0cd(y+c)ocdmdc —c=x+gy.
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(ii) It is clear that H' = H — ¢ is an open s-parallelogram with center 0. Since
H is generic in K, H ©k c is generic in K, and, thus, H' = fx(H Sk ¢) is generic

in K’. For the rest, consider the definable automorphism

fk:M*>x—x—ceM"

To see that H' is G’-open, and that on H' the M- and G’- topologies coincide,

notice that fx [¢ is in fact a homeomorphism from G to G’, since for all z € G,

fr(x) = fa(x o).
To see that H' is tg-open, and that on H' the M- and t /- topologies coincide,

notice that fx [k is also a homeomorphism from K to K’, since for all z € K,

fr(@) = fx(z Ok c). O
Summarizing, we may assume that:

e H is a generic in K, G-open, tx-open, open s-parallelogram, with center 0,

on which the M-, G- and tx- topologies coincide.

The next three lemmas are the same as Lemmas 3.2.25-3.2.27, respectively, and
we omit their proofs. For Lemmas 4.2.9 and 4.2.11, in particular, the convexity

of H is essential.

Lemma 4.2.9. Let a,b € H, such that a+b € H. There is a path £(t) in H from

0 to a, such that the path £(t) + b lies entirely in H, as well.

Since on H on which the M- and G- topologies coincide, the paths £(¢) and

b+ &(t) from Lemma 4.2.9 are also t-paths.

Lemma 4.2.10. Let xq,...,2; € H be such that for any subset o of {1,...,1},

ZjengGH. Thenxi+ ...+ =21D... D .
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Proof. The proof is the same as for Lemma 3.2.26, using Lemma 4.2.5(i) in place

of Lemma 3.2.23(i), for \; = Ay = \g = L,.. O

Lemma 4.2.11. Foreveryxy,...,x,Y1,---,Ym € H, if v14+. . .+x; =91+ . .+ Ym,

thenx1 @ ... Qi =y1 D ... D Y.

We let
HY ={a®u:ac M ,uc H = M" x H.

Since H is generic in K, it is easy to see that H® is generic in G.

Lemma 4.2.12. Let (H%), := $H® = {1z :x € HY}. Then (H); is generic in

G.
Proof. Let Hy := %H. By Lemma 3.2.28, H; is generic in K. Since (HY), =

M" x Hjy, it is easy to see that (H%); is generic in G. ]

Lemma 4.2.13. There is = € N, such that G = ﬁG B...8 H(i.

vV
=—times

Proof. Since H is tx-open, (H); is t-open. The proof is then the same with the

proof of Lemma 3.2.29, after replacing H, by (H%);. O

Definition 4.2.14. Let Uy be the subgroup of M* generated by H as in Section
2.4; that is, Uy =< H >= J,__, H*. Let U denote the subgroup Uyc of M"

generated by HY; that is,

U=<H>=]#H"

k<w
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Equivalently, U := M" x Uy. By Lemma 4.2.11, the following function ¢ : U — G
is well-defined. For all z; = (a1, uy),...,2, = (ag,ux) € HY = M" x H, if

r=x1+...+ x,, then

gf)(x):xl@...@xk:(al—i—...—i—ak)@ul@...@uk,

where the second equation is obtained using the identifications we assumed in the

discussion before Step I.

Since M" and Uy = (Ugy,+v,,0) are subgroups of M", so is their direct
product U = M" x Uy. Easily, U is a \/-definable group, and convexity of H
implies convexity of U. Moreover, the proof of Proposition 3.2.31, after replacing

H by H, shows the following.
Proposition 4.2.15. ¢ is a t-continuous group homomorphism from U onto G.

Thus, if we let L := ker(¢), we know that U/L = G as abstract groups.

STEP III. L is a lattice of rank s. Let {\;};c; be as in Step I. For ¢,j € I,
let >\ij = )\J)\;l

Lemma 4.2.16. The set

{W =b)=Nj(d —a):i,j€l,a,d €G; bt €Gy,an~gbd ~qb'}

is finite.

Proof. Suppose not. Since ~¢ is definable, by o-minimality it is not very hard to
see that the following must be true:

(A) there are ¢,j € I and two non-constant paths «, § with Im(y) C bd(V;)
and Im(J) € bd(V;), such that:
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e cvery element in Im(7) is ~g-equivalent with an element in Im(J), and vice

versa, and

e for all a,a’ € Im(7), b,b' € Im(6) such that a ~g b and o’ ~¢g V',

b/ —b 7é )\i]’(CLI — &).

By o-minimality again, we may assume that v(t) = a+¢(¢) : [0,p,] — M"™ and
d(t) = b+ ((t) : [0,ps] — M", for some paths €(t) and ((¢) in H with (0) = 0,
e:=¢(py) #0, ((0) =0, ¢ :=C((ps) #0, and a ~¢ b. Moreover, we may assume
that there is a path p(s) : [0,q] — M", with p(0) = 0, such that Vs > 0, a + p(s)
and a + ¢ + p(s) are in G, and a + p(s) +(t) : [0,p,] — G is a t-path, with no
jumps, from a+ p(s) to a+p(s)+e. Similarly, we may assume that there is a path
o(s) : [0,p] — M", with o(s) = 0, such that Vs > 0, b+ o(s) and b+ ( + o(s) are
in G, and b+ o(s) + ((t) : [0,ps] — G is a t-path, with no jumps, from b + o(s)
to b+ o(s) + ¢. We show that if a + ¢ ~¢ b+ (, then \;;e = (, which contradicts
(A). By Lemma 4.2.5(i), we have that for any s € (0,p,] N (0, ps],

(a+p(s)+e) O (a+p(s)) =A"eand (b+o(s)+¢) O (b+0(s)) = "¢

J

On the other hand, since a ~g b and a +¢& ~g b+ (,
iin% [(a+p(s)) © (b+0o(s))] =0 and }gl_I)I(l) [(a+e+p(s) e (b+C+o(s))] =0.
Since in a t-neighborhood of 0 the M- and - topologies coincide,

limt[(a + p(s)) S (b + 0(3))} =0 and limt[(a +e+ p(s)) S) (b+ ¢+ a(s))} =0,

s—0 s—0
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and, thus,

(A e) © (\Q) = 1m'[(Ae) © (A7 ¢)]
= ii_r}%t[(a +e+p(s) O (a+tp(s) o (b+(+a(s) @ (b+a(s))]

=lim'[(a + 2+ p(s)) © (0 +C+o(s))] & lm'[(a+ p(s)) & (b+0(s))]

=0.

It follows \; 'e = )\j_lC, hence \;;e = C. n

Let v : [0,p] — G be a t-path starting at ¢ € G. Recall, HY = M" x H. Then
there are zy,...,2; € HY of definable slopes and, Vj € {1,...,l}, linear paths

z;(t) € HY from 0 to z;, such that
Y(t) = (c®z1(D) V(c® a1 Daa(t)) V...V (cBa1 @ ... D x Dxy(t)). (4.3)

This is just Lemma 3.4.8(ii), with the identical proof, after replacing H by H“, and
Lemma 3.2.23(ii) by Lemma 4.2.5(ii). Moreover, by that proof, we may assume
that there are 0 =ty < ... < t; = p such that Vj € {1,...,1}, if 4/ denotes the
t-path
Vo [tj,t] Dt c@T @ ... DT D a4(t),
then v [(,_, 4, lies entirely in some Gy;) and has no jumps (where z¢ := c). We
refer to the form of equation (4.3) as a decomposition of 7. By Proposition 4.2.6,
l

Jj=1
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We let

l

j=1
It is not hard to verify the following.
Remark 4.2.17. (i) W, does not depend on the choice of z; and x;(t).

(ii) For any two t-paths vy and v, W, ve, = W, + Wo,.

(iii) Let v : [0,p] — G and +' : [0,p'] — G be two t-paths that pass through
the same components of G, in the same order, and have the same jumps. More
precisely, assume that 0 =ty < ... <ty =pand 0 =) < ... < tj) = p are as

above for v and 7/, respectively, and that the following hold for all j € {1,...,1}:

e 77 and (7')7 lie in the same component Gy ;, and

e (t;) =9/(t)), limt_,t; ~y(t) = limt_%;_f v (t), and
limt_)t; () = limt_,t;_+ v (t).
Then W, = W.,.
(iv) If v*(t) = v(p — t) then W.. = —W.,.
For all 4,5 € {1,..., N}, fix some a; € G; and b; € G; such that a; ~¢g b;.

Then Lemma 4.2.16 says that the set
Ui]‘ = {b/ — bj — )\ij(a' — ai) . a = (I, ~a b/ S ?J},

is finite.
Denote u;; := b; — a;. Fix one element ¢; in each G;, and for every 4,5 € I, a
t-path ¢;; starting at ¢; and ending at ¢; which has a unique jump equal to wu;;.

Denote by W the subgroup of M™ generated by the finite set

(W, + X ww e Ui j e 1),
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Lemma 4.2.18. Let v : [0,p] — G be a t-path starting at c € G. Then W, € W.

Proof. Assume that 7 passes through Gy, ..., Grq). Consider
0= 5k(1)k(2) V...V 6k(l—1)k(l)'

By Remark 4.2.17(iii), we may assume that vy passes through all ¢y, 1 < j <[
Let s; € [0,p] be such that y(s;) = ck). According to Remark 4.2.17(ii), it

suffices to show that Vj € {2,...,1}, Wor = Ws.iooey T )\I;(lj)w, for some

85j=1:%5]

w € Upj—1)k)- We may thus assume that [ = 2. Then § = 612. To simplify
notation, let us also assume, without loss of generality, that v starts at ¢ € Gy, it

has only one jump, which is equal to u, and that v ends at v(p) € Gs. Let
Y(t) = (c®a1(1)) V (c ® 21 D 35(t))

be a decomposition of 7. On the other hand, consider a decomposition of § :
[0.q] = G,

t)=(coun)V (c®y ®yal(t)),

i, yi(t) € HY, with a unique jump equal to 1. We show:
W, = Wiy, + Ay w,
for some w € Ujy. We have
Wy =M —L)z1+ (A —L,) 22 + u,
Wi, = (M =) g1 + (A2 — L) y2 + waa.
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Assume that the unique jump w2 of 0 occurs at t5. Then

a; = lim §(t) = lim (¢ @ y1(t)) = lim (c+ y1(2)) = ¢+ My,

t—ty t—ty t—ty

where the third equality is by Lemma 4.2.5. Also,

bg = hIIJlr 5(t) =c+ /\1y1 + Uq2.
t—ts
Similarly, if we assume that the unique jump u of v occurs at ¢,, then
a = lim y(t) = c+ My

t—ty

and

b = lim () = ¢+ \izy + .

t—td

Let w € Uy be as follows:

w="0— by — /\12(a’ - Gl) =Mz +u— ()\lyl + U12) - /\12()\1$1 - >\1?J1).

We have:

Mz 4+ u— (Ayr + uiz) = A2(Mzr — \yr) +w = de(z1 — 11) + w, (4.5)

that is,

u—1up = (A — A\)(x1 —y1) +w. (4.6)
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On the other hand, since v(p) = d(¢q), we know, using Proposition 4.2.6, that

c+HMr1+Faro+tu=c®r;®ra=cDy Dy2 = c+ My1 + Aayo + U2,

and, thus,

Mz1 +u— (AMyr + ur2) = Aoy — x2). (4.7)

By (4.5) and (4.7),

-1
To— Yo=Y — T — Ay W.

Using also (4.6),

W, —Ws, = ()\1 — Hn) (1‘1 - y1) + ()\2 — Hn) (1‘2 — yz) +u—ujpp =

()\1 — ]In) (.%'1 — yl) + (/\2 — Hn) (yl — X1 — )\Q_IUJ) + ()\1 — Ag)(yl — fL’l> +w = )\2_111)
O
Lemma 4.2.19. ker(¢) C W.

Proof. For an element x € U, fix xq,...,x; € H with definable slopes, so that
v = +...+x; € H®. Furthermore, for all j € {1,...,1}, fix a linear path x;(¢)

in H from 0 to z;, and let 7, : [0, p] — G be the following t-path:

(.Tl(t)) \% (.Tl @D LUQ(f)) V...V (1:1 D...0x-1D xl(t))

We may assume that z; and x;(t) are so that the above is a decomposition of ~,
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essentially by Remark 4.2.17(ii). By Proposition 4.4,

¢($):I1€B@$l:$1++$l—|—wz

Thus, if z € ker(¢), then

r=x1+... .ty =1+ o =W,

By Lemma 4.2.18, z € W. O]

It follows that ker(¢) is a free abelian subgroup of U generated by some k
elements. In Claims 4.2.22 and 4.2.23 below we show that k = s.

The following lemma is Lemma 3.2.35 after replacing H by H¢.

Lemma 4.2.20. (i) ker(¢) N HY = {0}.
(ii) Let = be as in Lemma 4.2.13. Then Vx € U,Jy € (HY)=, y — x € ker(¢).

Recall now that, since H is generic in K it must have dimension s, and therefore
we can obtain a standard part map sty : Uy — R® as in Section 2.4. We define
another group homomorphism st : U — R* as follows. For every z = (a,u) =
M" x Uy, let

st9(x) = sty (u).

Moreover, we let

]| = |5t (2) e,

where | - | is the Euclidean norm in R". As in Lemma 3.2.34, we can show the

following.
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Lemma 4.2.21. For all x = (a,u) € M" x Uy and m € N,

e (H" & ||ul] < my/s.

Fix a set {vy,..., v} of generators for L. Then the reader can check that the
following two claims have identical proofs with the ones of Claims 3.2.36, 3.2.37,

respectively, after replacing H be H, st by st“, and n by s.
Claim 4.2.22. k > s.
Claim 4.2.23. k < s.

Proof of Theorem 4.1.5. In Definition 4.2.14, we defined a convex \/-definable
subgroup U < M™, and an onto group homomorphism ¢ : U — G (Proposi-
tion 4.2.15). In Claims 4.2.22 and 4.2.23, we showed that L := ker(¢) < U is a
lattice of rank s.

Let ¥ := (HY)~, where = is as in Lemma 4.2.13. Then ¥ and ¢,,, are definable.
Moreover, EY is definable, since, for all x,y € ¥, we have zETYy < v —y €
L & ¢,.(r) = ¢),(y). By Lemma 4.2.20(ii), ¥ contains a complete set S of
representatives for EY | and, by definable choice, there is a definable such set S.
By Claim 2.2.4, U/L = (S, +g) is a definable quotient group. The restriction of
¢ on S is a definable group isomorphism between (S,+g) and G. By Remark

2.1.2(ii), we are done. O
The following is immediate.

Corollary 4.2.24. For every k € N, the k-torsion subgroup of G is isomorphic
to (Z/KZ)".
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4.2.2  On Pillay’s Conjecture

In [BOPP], the existence of G was established for a group G definable in any
o-minimal structure. Here, we compute the dimension of the compact Lie group
G /G, for our fixed G and M. The special case where G is definably compact

constitutes Pillay’s Conjecture for M, proved in Theorem 3.3.1.

Theorem 4.2.25. There is a smallest type-definable subgroup G*° of G of bounded
index, and G /G equipped with the logic topology is a compact Lie group of di-

MENSION S.

Proof. For 1 < w, we define H; inductively as follows: Hy = H, and H;,, = 5 H;.

1
2

Let also for every i < w, (HY), :== M" x H;. Denote

B=()(H®),=()(M" xH)=M x (ﬂH)

i<w i<w i<w
By Lemma 4.2.10, it is easy to see that B is a subgroup of G. As in Theorem
3.3.1, one can show that for all i < w, the set (H%); is generic in G, and, thus,
B has bounded index in G. Moreover, it is not hard to see that B is torsion-free,
and, thus, by [BOPP], it must be the smallest type-definable subgroup G of G of
bounded index, and G /G with the logic topology is a connected compact abelian
Lie group. Since G is torsion free and divisible ([BOPP]), it follows that for all
k, the k-torsion subgroup of G/G" is isomorphic to the k-torsion subgroup of G,
which is isomorphic to (Z/kZ)*, by Corollary 4.2.24. Thus, G/G® is isomorphic

to the real s-torus and has dimension s. OJ
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4.2.3 O-minimal fundamental group

The entire Section 3.4 goes through word-by-word here, after replacing H by
H®, and J by W., whenever v is a t-path. In particular, with notation from that

section, the following are true.

Lemma 4.2.26. ker(¢) = {W, : v is a t-loop}.

Lemma 4.2.27. For every v € L(G), vy~ 0 & W, =0.
Theorem 4.2.28. m(G) = ker(¢) = L.

Proof. By Lemma 4.2.27, the map j : m(G) 3 [y] — W, € {WW, : v is a t-loop} is

a group isomorphism. O

Remark 4.2.29. The pair (U, ¢) can be considered as a universal covering space

for GG.

4.3 M any linear o-minimal expansion of an ordered group

Here we show that Theorems 4.1.5, 4.2.25 and 4.2.28 hold for a group G defin-
able in a saturated linear o-minimal expansion of an ordered group (see Theorems

4.3.8, 4.3.6 and 4.3.11, respectively). We recall the following definition from [LP].

Definition 4.3.1 ([LP]). An o-minimal expansion M = (M,+,<,...) of an
ordered group is called linear if for every M-definable function f: A C M"™ — M,
there is a partition of A into finitely many definable A;, such that for each i, if

x,y,r+t,y+te A, then

flx+t)— f(z) = fly+1t) = f(y)
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Fact 4.3.2 ([LP]). Let M = (M,+,<,0,...) be a linear o-minimal expansion
of an ordered group. Then M can be elementarily embedded into a reduct of an

ordered vector space N = (N, +,<,0,{\}rep) over an ordered division ring D.

Let M and N be as above, saturated, and G a t-connected, M-definable group
of dimension n. We may assume that M is a reduct of A/, and, thus, G is also
N-definable. Then Theorems 4.1.5 and 4.2.25 are true but with all definability
stated with respect to . Namely, since H is N-definable, U =< M" x H >

is \/-definable over N/, and G = (.__ (M" x H;) is type-definable over N'. We

<w (
show however in Theorem 4.3.6 below that G is ‘absolute’.

For a group G definable in a saturated o-minimal structure M, we denote by
G%, the smallest type-definable over M subgroup of G of bounded index (which
exists by [BOPP, Theorem 1.1]). The following fact was pointed out by Pillay.

(See [HPP] for any terminology.)

Fact 4.3.3 ([HPP]). Let T' be an o-minimal theory, M a saturated model of T,
and G a group definable in M. Assume:

(1) For all definable X C G, either X or G\ X is generic.

(2) There is a left-invariant Keisler measure on G.

Then (G exists and) G® s torsion-free.

The following fact has already been used in the proofs of Theorems 3.3.1 and
4.2.25.

Fact 4.3.4 ([BOPP], Corollary 1.2). Let G be a group definable in some sat-
urated o-minimal structure M. Assume that X is a torsion-free, type-definable

over M, subgroup of G of bounded index. Then X = GY}.
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Corollary 4.3.5. Let K be an abelian, definably compact group, definable in a
saturated o-minimal expansion M of an ordered group. Let N be a saturated

o-minimal expansion of M. Then K% = K§.

Proof. We first verify that the assumptions of Fact 4.3.3 hold for K: (1) holds
by Lemma 2.3.10, and (2) holds because K is abelian. It follows that K%j is

torsion-free. By Fact 4.3.4, K§) = K}. O

For the rest of Section 4.3, let M = (M, +,<,0,...) be a big saturated
linear o-minimal expansion of an ordered group, G a t-connected, M-
definable group of dimension n, and N a big saturated ordered vector

space over an ordered division ring expanding M as in Fact 4.3.2.

By Fact 4.1.3, there is a torsion-free M-definable subgroup G, of G such that

K = G/@G, is a definably compact M-definable group of dimension s.

Theorem 4.3.6. G = G%. Therefore G/G%) equipped with the logic topology

is a compact Lie group of dimension s.

Proof. Since G and K are also N-definable, by Fact 4.1.4, G = M" x K. Moreover,
we can find H C K as in Step II of Section 2, which is N -definable. By Theorem

331, KY = H;, and by the proof of Theorem 4.2.25, G%} = M" x K}?. Since

i<w
K is abelian, K% is torsion-free, as in the proof of Corollary 4.3.5. Therefore,
M" x K% is torsion-free. Since K}y has bounded index in K, easily M" x K} has
bounded index in G. By Fact 4.3.4, GY} = M" x K&. But, by Corollary 4.3.5,
K% = K%. Tt follows that G{ = M" x K = M" x K3 = G%.

The rest follows by Theorem 4.2.25. [

In case GG is definably compact, we obtain Pillay’s Conjecture.
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Corollary 4.3.7 (Pillay’s Conjecture). Assume G is a t-connected, defin-
ably compact, M-definable group of dimension s. Then there is a smallest type-
definable over M subgroup G of G of bounded indez, and G /G equipped with

the logic topology is a compact Lie group of dimension s.

Theorem 4.3.8. U =< M" x H > is \/-definable over M. Therefore, G is
definably isomorphic to a definable quotient group U/L, where U is a \/-definable

over M subgroup of M"™ and L s a lattice of rank s.

Proof. Since K% is type-definable over M and it is contained in the A -definable
H, by compactness, there exists some M-definable subset X of H that contains
K. On the other hand, since K = (), Hy is contained in X, by compact-
ness again, there exists some Hj contained in X. We have H, C X C H, and
therefore Uy =< X > is a \/-definable over M subgroup of M?*. We have that
U=< M"x X > is a \/-definable over M subgroup of M".

The rest follows from Theorem 4.1.5. OJ

We finally turn to Theorem 4.2.28 in the linear setting. Lemmas 4.2.26 and
4.2.27 are still true with definability taken in /. By ~ we denote a t-homotopy
between two M-definable paths, where the definability of the homotopy is taken
in M. If LM(G) denotes the set of all M-definable t-loops that start and end at

0, then let 7 (G) := LM(G)/ ~M and [y]™ := the class of v € LM(G).
Lemma 4.3.9. ker(¢) = {W, : v is an M-definable t-loop}.

Proof. C. Let X be as in the proof of Theorem 4.3.8. We may assume that X is
t-connected. It is then not hard to see that the path 7, in the proof of Lemma
4.2.19 can be chosen to be M-definable.

D. By Lemma 4.2.26. O
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Lemma 4.3.10. For every v € LM(G), v ~M 0 & W, = 0.

Proof. («<). For G definably compact, the proof boils down to the observation that
the homotopy in Corollary 3.4.7 is M-definable. The non-compact case follows
after replacing H by HY, and J, by W, whenever v is a t-path.

(=). By Lemma 4.2.27. O

Theorem 4.3.11. mM(G) 2 ker(¢) = L.

Proof. By Lemma 4.3.10, the map

j:m(G) > M — W, € {W, : v is an M-definable t-loop}

is a group isomorphism. Il
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CHAPTER 5

COMPACT DOMINATION

5.1 Introduction

The notion of compact domination arose in [HPP] in connection with the
solution of Pillay’s Conjecture for groups definable in o-minimal expansions of real
closed fields ([Pi2]). The intuition behind the Compact Domination Conjecture
is that the canonical homomorphism 7 : G — G/G from Pillay’s Conjecture is
a kind of intrinsic ‘standard part map’. Recall, by definition, a set A C G/G® is
closed in the logic topology if and only if 771(A) C G is type-definable ([LaPi]).

When working over a saturated o-minimal expansion M of an ordered field,
standard part maps have already appeared, among others, in the following two
occasions. In [BO3, Definition 4.1], a standard part map is defined from the
“finite part’ Fin(M™) of M™ onto R", for n € N;. In [PePi, Section 4], if G(R)
is a compact group of dimension n definable in an o-minimal expansion M, of
R, and G is the realization of G(R) in a saturated elementary extension M of
My, then a standard part map is defined from G onto G(R). In both cases, the
standard part map st has the desired properties so that a notion of measure can
be defined for the definable subsets of Fin(M™) and G, respectively. Namely, if A
denotes the Lebesque measure on R”, or the Haar measure on G(R), respectively,
then a definable set X C Fin(M™), or X C G, respectively, is given measure
A(st(X)).
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The main idea of this chapter is to observe the correspondence between our
standard part map st : U — R” defined in Chapter 3 and the standard part map
st : Fin(M™) — R™ from [BO3] above.

We next recall some terminology from [HPP] and give the definition of compact
domination. The context is more general than the one of definable groups that
we consider here. So, for the purposes of Definition 5.1.1 and Fact 5.1.2 below,
let A be any saturated structure, and let ‘definable’ mean ‘definable in A/ (with
parameters)’. By a small set or a set of bounded cardinality we mean a set of
cardinality less than |N|. By a type-definable set we mean an intersection of
a small collection of definable sets. For a type-definable set X, by Def(X) we
denote the set of all subsets of X which are definable in N.

Let X be a type-definable over A set, and C' a compact Hausdorff space of
bounded cardinality. A map f : X — C is called A-definable if for every closed
set C; C C, f71(C}) C X is type-definable over A.

A Keisler measure on X is a finitely additive probability measure on Def(X),
that is, a map p : Def(X) — [0,1] such that u(@) = 0, u(X) = 1, and for
Y,Z € Def(X), w(Y UZ) = p(Y) + p(Z) — p(Y N 2Z).

Definition 5.1.1 ([HPP]). Suppose X is a type-definable over ) set, C'is a com-
pact Hausdorff space of bounded cardinality equipped with a probability measure

u, and o : X — C is a (-definable surjective map. We say that X is compactly
dominated by (C, p, o) if for all Y € Def(X),

p({ceC:o()nY £Dand o ()N (X \Y) #£0}) =0.

Let G be a type-definable over () group. We say that G is compactly dominated

(as a group) if G is compactly dominated by (H,m, o), where H is a compact
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Hausdorff group, m is the unique normalized (m(H ) = 1) Haar measure on H,
and o is a group homomorphism.
When we work with a type-definable group, we always refer to compact dom-

ination in the group sense.

Fact 5.1.2 ([HPP], Proposition 9.3, Theorem 9.5). Let G be a type-definable
over ) group which is compactly dominated by (H,m, o). Then
(i) G exists and equals ker(o).

it) G has a unique left (and right) invariant Keisler measure u', given by: for
I

all X € Def(G), ¢/ (X) = m(co(X)).

From now on M = (M, <,+,0,...) again denotes a saturated o-minimal ex-
pansion of an ordered group, and ‘definable’ means ‘definable in M with param-

eters’.

For the rest of Chapter 5, if G is a definable group, we assume
that the language contains constants for the parameters that are used
to define G, that m denotes the unique normalized Haar measure on
G /G, and that 7 denotes the (-definable group homomorphism from
G onto G/G®. (The fact that G always exists and that G/G" is a compact

Lie group is by [BOPP].)

Compact Domination Conjecture ([HPP]). Assume that G is a definably

compact definable group that satisfies Pillay’s Conjecture. Then G is compactly
dominated by (G/G* m, ).
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Fact 5.1.3 ([HPP], Lemma 10.5). Suppose G is a definably compact definable

group of dimension n, such that, for all X € Def(G),
dim(X) <n = m(x(X)) =0. (5.1)

Then G is compactly dominated by (G/G*, m, ).

It is not hard to see that the converse of Fact 5.1.3 is also true, and, thus, the
Compact Domination Conjecture stated above is equivalent to its restatement in
Chapter 1.

Let us note that (5.1) was a crucial property that implicitly held for st in place
of m in both accounts [BO3] and [PePi] mentioned above, for A a ‘Q-bounded’
definable subset of Fin(M™) in [BO3], and A € Def(G) in [PePi], respectively.
Additionally, st resembled 7 in that a bounded set A C R", or A C G, respectively,
is closed if and only if st7!(A) is type-definable. In fact, the combination of
these two properties for the group example in [PePi| imply that G is compactly
dominated. This same idea was generalized in [HPP] to show Fact 5.1.4(ii)(a)
below.

By Fact 5.1.2(ii), Facts 5.1.4(i) and (ii)(a) below can be seen as a generalization

of the existence of a measure from [BO3] and [PePi], respectively.

Fact 5.1.4. (i) [HPP, Theorem 10.4] The unit n-cube I C M" is compactly
dominated by (I"(R),\, st), where I"(R) := st(I"). (I" and st are defined after
a copy of R in M s fized; see [HPP, Section 10/).

(i1) [HPP, Theorem 10.7] Let G be a definably compact definable group. Then

G is compactly dominated in either of the cases:

103



(a) G has a ‘very good reduction’.

(b) dim(G) = 1.

In this chapter, we give a positive answer to the Compact Domination Con-
jecture in case G is defined in a saturated linear o-minimal expansion M of an
ordered group. Since M is essentially a reduct of a saturated ordered vector space
N over an ordered division ring, and GY} = G% (see Section 4.3), we may assume
that M is an ordered vector space over an ordered division ring.

In fact, our proof shows the following stronger version of compact domination.

Theorem 5.1.5. Let M be a saturated ordered vector space over an ordered divi-
sion ring, and G a definably compact group definable in M. Then for all definable
sets X C G defined in any o-minimal expansion of M, property (5.1) holds; that
18,

dim(X) <n = m(x(X)) = 0.

The strategy of our proof is to use the standard part map st : U — R" defined
in Chapter 3 in order to define a standard part map stg : G — (S')", n = dim(G),
from G onto the real n-torus (S*)" that has the following two properties. First,
stg ‘resembles’ m : G — G/G® in that: ker(stg) = G® and, for all A C (S1)",
A is closed if and only if st;'(A) is type-definable. Second, st¢ satisfies property
(5.1). We can then conclude that = satisfies (5.1), and, thus, G is compactly
dominated by (G/GY, m, ).

For the rest of Chapter 5, we fix M = (M,+,<,0,{\},\cp) to be a
big saturated ordered vector space over an ordered division ring D =
(D,+,-,<,0,1), and G = (G,®,e;) a t-connected, definably compact, (-

definable group of dimension n.
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It is easy to see that the assumption of definable connectedness is at no loss

of generality, by [Pil].

We also fix our notation regarding the following objects from the

proof of Theorem 3.1.2 in Chapter 3:

° H:{)\lt1++)\ntn_€z<tz<ez}

e U=<H>=J,_, H"
e 0:U—G

o L = ker(¢)

o X =H=

o st: U —R"

Moreover, it follows from the proof of Theorem 3.1.2 that we may assume up

to definable isomorphism that
ec.,=0€cHCGCXCU

This assumption does not affect our proof of compact domination for GG, since, eas-
ily, property (5.1), that we are aiming to show, remains invariant under definable
isomorphisms.

Finally, G was defined in the proof of Theorem 3.3.1. We observe the follow-

ing.
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Lemma 5.1.6. ker(st) = G.

Proof. For all x € G,

=My +... 4+ )" for some ' with Vg € Q, —ge; < X' < qe;,

& st(x) = 0.

5.2 G is compactly dominated

We start with defining a standard part map for G. Recall L = ker(¢) has rank
n. By Lemma 2.4.5, st(L) C R" is a lattice of rank n. Therefore, R"/st(L) is
isomorphic to the real n-torus (S*)".

Let ¢ denote the canonical homomorphism from R™ onto R"/st(L).

We define a standard part map stg : G — R"/st(L) as follows. For all z € G,

let

sta(x) = q(st(x)) = [st(@)]0).

Since st is a group homomorphism, so is stg. Indeed, for all z,y € G, we have

r@y=¢(x+y)€x+y+ L, and

(x®y) —(x+y) € L= stlxdy) — (st(x) + st(y)) € st(L)
& [st(e ®y)] ) = [st0) + st0)] ) = [580)] )+ sy [590)] g

& stz @ y) = stg(x) + sta(y).

Also, ker(stg) = G™. Indeed, for all @ € G, sta(r) = [0]5 ) & st(z) € st(L) &
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re (G +L)NG =GP, since G C G.
Lemma 5.2.1. The following diagram commutes,

st

U R"

namely, q o st = stg o ¢. Thus, in particular, for all A C R™/st(L),

st (71 (A) = 67 (st (4).

Proof. First, notice that for all z,y € U, if [z]¥ = [y]Y, then [st(a:)]]ft?m =

[st(y)]s(z)- This is because st is a group homomorphism:

r—y€L=stlx—y)est(l) < st(x) — st(y) € st(L).

Now, let € U. On the one hand, we have ¢(st(z)) = [st(m)]gzm. On the

other, ¢(x) € G with [¢]f = [6(@)]7, and, thus, [st(@)]%[,) = [st(6(2))] ) =

sta(¢(z)). Hence, q(st(z)) = ste(o(x)). O
Lemma 5.2.2. & = st(X) C R™ contains a set of representatives for By
Thus, for all A C R"/st(L), A is closed (in the quotient topology) if and only if
TN g '(A) CR"™ is closed.
Proof. Let y € R". Pick x € U such that st(z) = y. Let g € G such that
g—ax € L. Then st(g) —y = st(g — x) € st(L). But st(g) € st(G) C D

For the second claim, if A is closed, then ¢7!'(A) C R™ is closed, and, thus,

TN q '(A) is closed. Conversely, if TN q '(A) is closed, then (SR Ng(A4)) +
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st(L) is closed. But since " contains a set S of representatives for E;R;ZL), we

have
¢"H(A) = (SN g A) +st(L) C (ENg  (A) +st(L) C g H(A),

that is, ¢ }(A4) = (ER Ng ' (A)) + st(L) is closed, and, thus, A is closed. O

By Pillay’s Conjecture, G/G" (equipped with the logic topology) is a con-
nected, compact, abelian Lie group of dimension n and, therefore, it is isomorphic
to R"™/st(L). The following lemma implies that the alleged isomorphism is indeed

witnessed by the map
[:G/G" 3230 G" — stg(x) € R"/st(L).

(As a side remark, f is not an isomorphism if seen as the induced quotient map
where G/G has the quotient topology; that would be the case if f were open.
In any case, such an f would not be what we need here, since the logic topology
on G/G" is different from the quotient one, [Pi2, Remark 3.3].) We denote by
7 : G — G/G® the canonical surjective homomorphism; then f is by definition
the unique map that makes the following diagram commute:

G 6. R"/st(L)

A

G/GOO

Lemma 5.2.3. For all A C R"/st(L), A is closed if and only if st;'(A) is type-

definable.
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Proof. By Lemma 2.4.9(v), a bounded set A C R" is closed if and only if st~!(A)
is type-definable. Now, let A C R"/st(L). Then, A is closed

if and only if (Lemma 5.2.2) & N ¢ '(A) C R" is closed

if and only if st* (ER Ng'(A)) is type-definable

if and only if st™! (ER) Nst! (qil(A)) is type-definable

if and only if (X 4+ G%) N st~ (¢7*(A)) is type-definable

if and only if gb( (Z+G")Nst! (q_l(A))> is type-definable,
where the last equivalence is because ¢xqoo is type-definable. Indeed, the ‘only
if” part is clear, whereas for the ‘if” part, let B := (X 4+ G%) nst~! (g7 (A)). We

show that if ¢(B) is type-definable, then B is as well. To this aim, we show that
B={yeX+G": disicn(y) € disico(B)}.
To see this, let y € ¥ + G% such that ¢(y) = ¢(b), for some b € B. Then
q(st(y)) = sta(o(y)) = sta(e(b)) = a(st(b)) € A,

by Lemma 5.2.1, showing that y € st=*(¢7'(A)), and, thus, y € B. This completes
the proof of the last ‘if and only if’.

Therefore, we will be done if we show that
¢( (S +G®) st (qfl(A))) = st5(A). (5.2)

First, we observe that

o( (Z+6™) nst™ (q7'(4)) = o (st (a7(4))),
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Indeed, for the non-trivial inclusion (D), let ¢(z) € ¢<st*1(q*1(A))>, for some
z € U with g(st(z)) € A. Then we find y € ¥ + G with ¢(z) = ¢(y) and
q(st(y)) € A, as follows. Let y € X such that x —y € L. Then, on the one
hand, ¢(z) = ¢(y), and on the other, st(z) — st(y) € st(L) and, thus, ¢(st(y)) =
q(st(z)) € A.

Now, by Lemma 5.2.1, st~ (¢7'(A)) = ¢~ (st5'(A)). Since ¢ is onto,

o5t (a7(4))) = 607 (st (4)) ) = st (A).

This proves (5.2). O

Corollary 5.2.4. The map f : G/G® > z & G® — stg(z) = [st(x)]]gzm €

R™/st(L) is an isomorphism between topological groups.

Proof. f is well-defined and it is injective, since for z,y € G,
100G =yaG” ©20yecG” & stg(roy) =0 & sta(r) = sta(y).

Easily, f is a group homomorphism, since st is. That it is surjective, is essentially
Lemma 5.2.2: given st(z) € R™, we can find g € G, such that st(g) —st(z) € st(L).

It remains to show that f is a homeomorphism. We note that this can also
be obtained by [HPP, Remark 2.3(i)] and Lemma 5.2.3; we provide a direct proof
here (still using Lemma 5.2.3). Let A C G/G%. We show that A is closed (in the
logic topology) if and only if f(A) = st¢(7'(A)) is closed. By definition of the
logic topology, we have that A is closed if and only if 771(A) is type-definable.

By Lemma 5.2.3, it remains to show that stg' (stG (7?‘1(14))> = 7~ !(A). For the
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non-trivial inclusion (C), let

z € sty <5tG (W’l(A))) =

{zeG:3Jyedq, n(y) € A&sta(z) =sta(y)}.
But then z — y € ker(stg) = G, thus, 7(z) = 7(y) € A, and z € 77 1(A). O

The compact Lie group G/G® has a unique normalized Haar measure m.
Thus, if m’ is a Haar measure on R™/st(L), then there is a positive r € R, such
that for all A C G/G%, A is m-measurable if and only if f(A) is m’-measurable,

and, if they are, then
m(A) = rm’(f(A)). (5.3)

Since for all X C G, f(7(X)) = ste(X), in order to show property (5.1) for it

is thus equivalent to show it for stqg, that is, to show, for all definable X C G,
dim(X) < n = m'(ste(X)) = 0. (5.4)

On the other hand, a Haar measure m’ on R"/st(L) can be defined using the

Lebesque measure A on R", as follows. Let S C R™ be the fundamental domain
for E5;. Then, for X CR"/st(L), let

m'(X) == A(SNg L (X)),

assuming that S N ¢ !'(X) is a Lebesque measurable subset of R". It is an easy

classical fact that, if A C R™ is Lebesque measurable, then for all B C S with
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q(B) = q(A), B is Lebesque measurable and A\(B) < A(A). Therefore, for every
X C G, such that st(X) is Lebesque measurable, S N ¢~* (stg(X )) is Lebesque

measurable and
m’(stq(X)) < M(st(X)). (5.5)
Indeed, it is not hard to see by Lemma 5.2.1 that

a(SNg7 (stalX))) = a(st(X)).

Namely, for C, if y € SNq~ (stG X) then ¢q(y) = stg(zr) = q(st(m)), for
some x € X, and, thus, ¢(y) € q(st (X) ) For D, if 2 = q(st( )), x € X, then
let y € S such that q(y) = ¢(st(z)) = ste(x). Thus, y € ¢ *(ste(z)), and
z=q(y) € q<5 n q‘l(stG(X)))

It follows that in order to show (5.4), it suffices to show that for all definable
X C U, if dim(X) < n, then (st(X) is Lebesque measurable and) A(st(X)) = 0.

We prove the following stronger statement.

Lemma 5.2.5. Let N be any saturated o-minimal expansion of M. Then for all
N-definable X C U, if dim(X) < n, then )\(st(X)) =0.

Proof. Here we imitate the proof of Fact 5.1.4(i). The compact domination of the
unit n-cube I"™ was already known by [BO3] if the ambient o-minimal structure
expanded an ordered field. In [HPP, Theorem 10.4] a different proof was given, in-

cluding the case that the ambient structure expanded an ordered divisible abelian

group.
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To succeed in better analogy with the account from [HPP], we make the fol-

lowing convention. Let I = {1,...,n}. We assume:

U=U;x...xU, CN",

where for each d € I,

Uy={x e N:3q€Z, —qeq < x < qeq},

and st : U — R™ is defined as follows: for all u = (uy,...,u,) € U,

st(u) = (sti(w), ..., stp(un)).

This convention is at no loss of generality, since by the construction of st in Section

2.4, the following function is a definable bijection

g:Us N ug+ ...+ My — (ug,...,u,) € g(U) C N™

Recall that a weakly o-minimal structure is a totally ordered structure such
that every definable subset of the universe is a finite union of convex sets. We are

going to make use of the following fact.

Fact 5.2.6 ([BP]). If the saturated o-minimal structure N is expanded by any

number of convex subsets of N then the resulting structure is weakly o-minimal.

Let N = (N, {Ug}aer, {ker(stq) }aer) be the structure N equipped with unary

predicates for Uy and ker(sty), for all d € I. By Fact 5.2.6, NV is weakly o-minimal.
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Each quotient Uy/ ker(stq) is interpretable in A/, and each sty induces a canonical
bijection iy : Uy/ ker(sty) — R.

By R;,q we then mean the structure whose universe is R and whose relations
are exactly the images under iy of subsets of U/ ker(sty) which are definable in

N, for all d € I. As in [HPP, Lemma 10.2], one can see the following.
Claim 1. R;,4 is an o-minimal expansion of (R, <, +).

Proof of Claim 1. Clearly, < and the graph of 4+ are among the basic relations of
R;nq. Now let X C R be definable in R;,,;. Then X = X; U...UX,, for some
X, C R, d € I, such that each st~1(X,) C Uy is definable in A and, therefore,
is a finite union of convex sets. It follows that X has finitely many connected

components. Thus, R;,4 is o-minimal. ]

Easily, if X is an N-definable subset of U, then st(X) is definable in R;,4. As

in [HPP, Lemma 10.3], we can see the following:
Claim 2. Let X C U be N-definable with dim(X) < n. Then dim (st(X)) < n.

Proof of Claim 2. By induction on n. If n = 1, then X and st(X) are finite.
Let n > 1. We may assume that dim(X) = n — 1. By cell decomposition,
Lemma 2.4.9(i), and additivity of A, we may assume that X is the graph of
some continuous N-definable function f : C' — U, where C is a definable open
subset of Uy x ... x U,_1, after perhaps rearranging coordinates. Assume, towards
a contradiction, that dim (st(X)) = n. By Claim 1, st(X) must contain the
closure of a subset B X (q1, ¢2), for an open rectangular box B C R"™! of rational
coordinates, and ¢, ¢z € Q. We may assume that B(N) is contained in C'.
Consider now an arbitrary € B(N) and a rational number 7 in (¢1, ¢2). By

assumptions, there exist y, 2 € B(N) such that foreveryd = 1,...,n—1, sty(yq) =
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sta(zq) = st(zq), and st,, (f(y)) = @1 = stu(qien) and st,(f(2)) = g2 = stu(geey).
By continuity, there exists 2’ € B(N), such that for every d = 1,...,n — 1,
sta(z}) = st(zq) and f(z') = re,. It follows that st({z € B(N) : f(z) =re,}) =
B, which by induction implies that the set {x € B(N) : f(z) = re,} has a non-
empty interior in N"~!. This can be done for any rational 7 in (g1, ¢2), deriving a

contradiction. O

We are done, since every definable in R;,4 subset of R" of dimension less than

n has Lebesque measure 0. Il

Proof of Theorem 5.1.5. For every N-definable X C G C U, by (5.3) and (5.5)

we have:

m(7(X)) = rm’(f(w(X))) =rm’ (ste(X)) < A(st(X)).

Therefore, by Lemma 5.2.5, we obtain (5.1). O

Corollary 5.2.7. (i) G has a unique left (and right) invariant Keisler measure
1, given by: for all X € Def(G), W/ (X) = m(7(X)).
(ii) For all X € Def(G), /' (X) > 0 if and only if X is generic.

(111) Every definable generic subset of G contains a torsion point.

Proof. (i) is by Fact 5.1.2(ii). For (ii) see Claim 3 in the proof of [HPP, Proposition
9.3], and for (iii) see [HPP, Proposition 10.6]. O
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CHAPTER 6

RESTRICTIONS ON L

6.1 Introduction

In Chapter 6, we fix M = (M, +,<,0,{\} cp) to be an ordered vector

space over an ordered division ring D = (D, +,-,<,0,1).

The Structure Theorem can be seen as a procedure for recovering a lattice L,
given the definable group G. In this chapter we investigate a partial ‘converse’ to

this procedure, namely we address the following question.

Question. Given a lattice L = Zay + . ..+ Za, < M™ of rank n, is there a convex
\/-definable subgroup U of M™ such that U/L is a t-connected definably compact

definable quotient group of dimension n?

As it was pointed out in [PeS, Example 5.2], for M = D = R the answer is
positive. In general, the answer is negative, and we provide here a counterexample
(Example 6.2.5). Moreover, we give necessary and sufficient conditions that a
lattice L must satisfy so that the answer is positive. The conditions are stated in

terms of the archimedean pre-order defined next.

Definition 6.1.1. (i) Let a,b € M. We define

a<xb<s 3dIneN, |a| <nlb|.
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Welet a ~b < a<b&a < b. Then ~ is an equivalence relation on M. We let

a <bif a < bbut not b < a. It follows that

a<bsVneN, nla| < b

In this chapter we fix an indexed set [ :={1,...,n}. If L = Zay +...+Za, <
M™ is a lattice of rank n, then for all 5,7 € I, a§- denotes the ¢-th coordinate of
the j-th generator a; of L.

By a linear transformation of M™ we mean a definable map

M"™> x+— Bxr e M",

where B is an invertible matrix with entries from D.

We show the following (see also Theorem 6.2.4 below):

Theorem 6.1.2. Let L = Zay + ...+ Za, < M" be a lattice of rank n. Then the
following are equivalent:

(a) There is a conver \/-definable subgroup U < M™ containing L such that
U/L is a t-connected definably compact definable quotient group of dimension n.

(b) There are positive ey, ..., e, € M, such that, up to a linear transformation
of M™ (applied to the generators of L), the following hold:

(i) for all x = (x',... 2™) € L\ {0}, there is i € I, such that e; < |z°|, and

(i) for all j,i € I, a < e;.

In the rest of this section we fix our notation coming from the proof of Theorem
3.1.2 in Chapter 3. Let G = (G, ®, e¢) be an n-dimensional definable group which
is t-connected and definably compact. By Step II of Section 3.2, there is a generic,

open n-parallelogram H C M™ with center 0, and some 2% € G such that 2% + H
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is generic in G. Fix such an H. Using the definable bijection

fa:Goz— (z@a%) — 2% e f(G)C M™,

we may assume that

ec = 0 is the center of H C G. (6.1)

For such an H, let UY := Uy be as in Section 2.4, and LY := ker(¢), where

¢ : U% — G is as in Definition 3.2.30. By Lemma 3.2.35(i),

LY N H = {0}. (6.2)

6.2 The criteria

We begin with a useful lemma:

Lemma 6.2.1. Let L < U < M™, with L a lattice of rank n. Assume that U/L
1S a t-connected definably compact definable quotient group of dimension n, with
a definable complete set of representatives S for EY. Let G = (S,+s) = U/L.
Then U =UY and L = L©.

Proof. We may assume that (6.1) holds for G. Indeed, denote G’ := f5(G), and
let G' = (G',+¢,0) be the topological group structure on G’ induced by fg.
Observe that G’ is a complete set of representatives for EY, since every x € S
is equivalent with fo(z) = (v +g52%) — 2% = (x + 2%+ 2) — 2% = x + 2, for
some z € Lj; it is also straightforward to see that G’ is complete. It suffices then
to show that + coincides with the group operation induced by the canonical

surjection ¢ : U — G'. We show that for all x,y € G’, there is z € L such that
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T+e y=x+y+ z We have

ttoy=fo(fa' (@) +s f5'(y))
= (@ +2%) =529 +5 [(y + 1) =5 29 +52) — ¢
= (@ +2%) =52 +s [y + 2°]) — 2
= (z+2%—2%+y+a29+2)—2¢

= T+y+te

for some z € L.

It follows that U C U. Indeed, on the one hand, U =< H >, and on the
other, by the proof of Claim 2.2.4(i), U =< S 4+ L; >. Hence, since by (6.1)
H C G =S5, we are done.

Thus, if ¢ denotes the canonical surjection from U onto S, then ¢ is also defined

on UC.
Claim 1. QrUG = QerG.

Proof of Claim 1. Clearly, q,yc = ¢yc = idyc. Now, let x € U%. By convexity

of HY, there is m € N such that prolS H®. We have,

q@ﬁ—?(%)@.”@q<%>—¢<%>@.”@¢<%>—¢@)

J/

Vo w
m—times m—times

In particular, the kernel of ¢ agrees with the kernel of ¢ on U%, that is,

LY = ker(¢) = LNUC. (6.3)
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It follows that L = L'. Indeed, let L = Za,+. . .+Za, and L¢ = Za§'+. . .+ZaC
(since, by Theorem 3.1.2, LY has rank n). By (6.3), there are I/ € Z, i,j =

1,...,n, such that

o =lay+ ...+ "a,

al =la +... +1"a,

G G

Since ay’, ..., a, ¢

are Z-independent, we can solve for aj, . . ., a, in terms of a’, . . ., a&

over Q. Since UY is convex, this implies that a4, ...,a, € U. That is, L C U,
and by (6.3), L = L.

Now let ¥ = HE be as in the proof of Theorem 3.1.2.
Claim 2. Vx e U, dJy e X, x —y € L.

Proof of Claim 2. Consider ¢(x) € S = G. By Lemma 3.2.29, there are x1, ..., 2= €

H such that ¢(z) =21 @ ... ®a=. Let y =121+ ...+ 2z € . Then

where the second equation is by Claim 1. O

It follows that U C U%. Indeed, by the proof of Claim 2.2.4(i), UY = ¥+ LY =
>+ L. Then apply Claim 2. ]

Corollary 6.2.2. The set U is independent of the choice of the generic subset
2% + H of G in Section 6.1.

The key lemma of this chapter is the following.

120



Lemma 6.2.3. Let L = Zay + ... + Za, < M" be a lattice of rank n. Then the
following are equivalent:

(a) There is a convex \/-definable subgroup U < M™ containing L such that
U/L is a t-connected definably compact definable quotient group of dimension n.
(b) There is an open n-parallelogram H C M™ of dimension n, such that

(i) LN H = {0}, and

(ii) ay,...,a, € H* for some k € N.

Proof. (a) = (b). Let G = U/L = (S,+5). By Lemma 6.2.1, L = LY and
U =U% Soif H is as in (6.1), then by (6.2), we are done.

(b) = (a). Let H = {\it1 + ...+ \utn 0 —e; < t; < e;} have dimension n, and
let U denote the convex \/-definable subgroup Uy =< H >< M". We show that
(A) L CU and (B) U/L is a definable quotient. Note that since dim(H) = n, all
notation and facts from Section 2.4 apply.

(A) By (b)(ii) and equation (2.2) from Section 2.4, it follows that, for all

j,i € I, there are o € (—ke;, ke;), such that
a; = )\106;- + ...+ /\nOé?

Thus, Vi, ..., 1, € Z, we have liay + ... + ly,a, € HO+Fk [,
(B) Claim 1. Vk € N, H* N L is finite.

Proof of Claim 1. Consider sty : U 5 x — sty(x) € R" as in Section 2.4. Prop-
erty (b)(i) guarantees that Va,y € L, x # y = sty(z) # stu(y). It follows that
the set H* N L is bijective with stz(H* N L) C R™. By property (b)(i) again,
sty (H* N L) is discrete, and as a subset of the compact set [—k, k]", it is finite.

Thus, H* N L is finite. O]
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Claim 2. Vk € N, EZ" is definable.

Proof of Claim 2. Let k € N. By Claim 1, H?* N L is finite. Let 2,y € H*. Then

r—yeH*® and 2By o2 —ye H*N L. O

Now fix = € N, such that a4, ...,a, € H=. To find a definable complete set of

representatives for EY | by definable choice, it suffices to show:
Claim 3. Vx € U,y € H"=,2 —y € L.
Proof of Claim 3. Recall that for all j,i € I,
a; = )\1@]1' + ...+ /\nOé?,
where —Ze; < o < Ee;, and that sty (a;) = (st1(e]), ..., sty(al)). Assume also

r=Mx'+...+\x" €Uy,

for some X' € U;. Then sty(z) = (sti(x'), ..., sta(x™)).
Since, by Lemma 2.4.5, sty (L) is a lattice of rank n, we can find [y, ... 1, € Z
and real numbers r,...,7, € [0,1) such that sty(x) = (I; + r1)sty(a) + ... +

(I + ry)sty(ay). It follows that for all i € I,
|sti(Xi) — (llsti(o/i) + ...+ lnsti(a;))’ < |sti(a@)| + ...+ |sti(a’)].

Since st; is a group homomorphism, as well as since for all ¢,s € U;, |st;(t)| =

sti(|t]), and st;(t) < st;(s) = t < s, it follows easily that:

X' — (ha + ...+ 1,al)| < |ad|+ ...+ ]| < nZe;,
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that is, * — (liay + ... + l,a,) € H™. O

We have shown (A) and (B). Now, by Claim 2.2.4(ii), U/L is a definable quo-
tient group. Let S be a definable complete set of representatives for EY contained
in H"=, by Claim 3.

We may assume that %H C S, and therefore U/L has dimension n.

Note that, by Claim 2.2.4(iii), the quotient topology on S coincides with the
t-topology on S. That is, the canonical surjection q : U — S is a t-continuous
map.

Now, to see that U/L is t-connected, consider two points in S, and take a
definable path v between them. Then ¢(7) is a t-path between the two points.

To see that U/L is definably compact, first observe that the closure H"E of
H™ is a closed and bounded subset of M™ containing S. Thus, if v : (0,p) — S
is a definable t-continuous map, then it has a limit @ := lim, - y(¢) inside H"=.

It follows that lim; - ~(t) = ¢(x) € S. O

For uy = (p',...,u") € D", and z = (2',...,2") € M", we denote ur :=

plat 4+ .+ pran

Theorem 6.2.4. Let L = Zay + ...+ Za, < M™ be a lattice of rank n. Then the
following are equivalent:

(a) There is a convex \/-definable subgroup U < M™ containing L such that
U/L is a t-connected definably compact definable quotient group of dimension n.

(b) There is an n x n invertible matriz B = “1 with entries from D, and
positive ey, ...,e, € M, such that: "

(1) for all x € L\ {0}, there is i € I, such that e; < ||, and

(i1) for all j,i € I, pia; <X e;.
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Proof. (a) = (b). Let H = {\t1 + ...+ \tn © —e; < t; < e;} be the open

n-parallelogram of dimension n as in Lemma 6.2.3(b). By Corollary 2.4.3, the

matrix A = (,\1 )\n) is invertible. Let
1 n
M1 Hioo--- M
fin flo oo p

Then for every z = Ax' + ... + X\, x" € M", we have, for i € I, X' = u;x.
By equation (2.2), (i) corresponds to Lemma 6.2.3(b)(i), and (ii) corresponds to
Lemma 6.2.3(b)(ii).

(b) = (a). We assume (b) and show Lemma 6.2.3(b). Let

AL AL

AT

n

Let H = {\t1+ ...+ Aty o t; € —e; < t; < e;}. Note that every z € M"
can be written as © = A\ x* + ... + A\, x" € M", where for every i € I, ' = ;.

By equation (2.2), (i) corresponds to Lemma 6.2.3(b)(i), and (ii) corresponds to
Lemma 6.2.3(b)(ii). O

We conclude with an example of a lattice L for which the above criterion is

not satisfied.

Example 6.2.5. Let M be a big saturated ordered vector space over Q. Let a; =
(aj,a?), ay = (a},0) € M?, such that 0 < aj < a? < aj. We show that condition

(b) of Theorem 6.2.4 is not satisfied. Assume, towards a contradiction, that it is.
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Following the notation from that theorem, let for i = 1,2, u; = (ul, 1?) € Q. We
g 1 1

have, for i =1, 2,

11, 2 11, 22
Hilz = [1; Gy < Q] S f;ay + f5a7 = piag,

that is, p;as < p;a;. Therefore, if (b)(ii) is satisfied for j = 1, then (b)(i) cannot

hold for x = a9, a contradiction.
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