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1 Introduction

In 1927 and 1928 Alfred Tarski was in charge of the seminar on problems in logic at the Uni-
versity of Warsaw. He used this seminar to pursue a development of the method of quantifier
elimination. A theory is said to admit quantifier elimination if every formula is equivalent, in all
models of the theory, to a formula without any quantifiers. The term itself is due to Tarski as
well as the following statement about it:

“It seems to us that the elimination of quantifiers, whenever it is applicable to a
theory, provides us with direct and clear insight into both the syntactical structure
and the semantical content of that theory—indeed, o more direct and clearer insight
than the modern more powerful methods /... [.” |DoMoTa|

Indeed, quantifier elimination is a powerful method for a model theoretic investigation of
algebraic structures. It helps not only in the questions of completeness and decidability but also
for a better understanding of definable sets and the algebraic structure itself, since these studies
are often made rather complicated by quantifiers.

Under his guidance, Tarski and his students at the Warsaw seminar achieved significant re-
sults. Tarski suggested to one of his students—his name was Mojzesz Presburger—to develop an
elimination-of-quantifiers procedure for the additive theory of the integer numbers. The student
succeded and submitted the result as his thesis for a master’s degree. The theory became known
as Presburger Arithmetic and will be subject in this present thesis as well.

Tarksi was able to apply the method of quantifier elimination to the ordered field of real
numbers. In both of these cases, the method yielded a decision algorithm, that is an algorithm
which decides whether a given sentence is true or false.

There are some equivalent formulations of quantifier elimination as well as many sufficient
conditions that imply quantifier elimination. Such conditions are called quantifier elimination
tests. One of the two general aims of this thesis at hand is to prove a few well-known tests and
apply them afterwards to some theories. The second aim is to provide a proof of a particular
quantifier elimination test that was introduced in 1985 by Lou van den Dries, but so far, no clear
proof has been published. Lou van den Dries is a Dutch mathematician who has successfully
been applying model theoretical methods to the field of real numbers, highly improving the
understanding of the reals. He also laid the foundation to the concept of o-minimality which has
since become a recognized branch within model theory. Information concerning his work can be
found in [Uol]. We will meet the concept of o-minimality again in Theorem 7.10. In most of the
tests that we are going to discuss in this thesis, one needs to show the existence of some specified
element. The quantifier elimination test that van den Dries gave in [vdD] differs from other tests



2 Introduction

as one is rather free in the choice of a particular element. This will become clear once we apply
the test to the theory of the field of reals with a predicate for the powers of two.

This shall be enough of history and on the significance of quantifier elimination. Let us give
a brief outline of the present thesis.

In the following Chapter 2 we will review some bagic notation from mathematical logic and
recall some fundamental model theory which is going to be used in later chapters. At the end of
Chapter 2 we will give a formal definition of quantifier elimination.

In Chapter 3 we will provide a simple, yet useful quantifier elimination test which we will then
apply to the theory of algebraically closed fields and to the theory of real closed fields. For the
latter we first develop some theory on real closed fields, whereas for algebraically closed fields we
assume the reader to be already familiar with the topic.

Chapter 4 starts with the notion of algebraically prime models and simple closedness. The
quantifier elimination test in this chapter follows very quickly. As already promised, we will then
deal with Presburger Arithmetic. All results on this theory given here are due to Presburger,
although the specific proof of quantifier elimination given in Section 4.2 is due to van den Dries.

In Chapter 5 we introduce types and saturated models. This is a large realm of model theory
itself. We only provide the theory that we need for another quantifier elimination test. It follows
some background on differential fields. Differential algebra is the study of algebraic structures
equipped with a derivation. Model theory has proven quite useful in this area as the definition of
differential closure is surprisingly more complex than the analogous notions of algebraic closure
or real closure, see [Sac72a]. Once we have set the necessary background, we will prove quantifier
elimination for differentially closed fields.

The main work for this thesis was Chapter 6. This is based on van den Dries’ paper |[vdD], in
which the author only stated the quantifier elimination test without giving a proof. By finding
some useful properties of extensions of partial embeddings, we succeded in proving the test. In
the subsequent section we present a detailed proof of quantifier elimination for the ordered field
of real numbers with a predicate for the powers of two.

Finally, in Chapter 7 we conclude this thesis by giving some applications of quantifier elim-
ination. We hereby focus on completeness and decidability as well as on the understanding of
definable sets. We will give one geometric consequence, namely the Differential Nullstellensatz,
which is the analogue of Hilbert’s Nullstellensatz for algebraically closed fields in differential
algebra.



2 Model Theoretical Background

This chapter will give a brief introduction to model theoretic preliminaries which are necessary
for the following chapters. It pursues the goal of explaining terminology and repeating some
theory that we are going to use several times throughout this thesis. We will assume that the
reader is already familiar with basic notions of mathematical logic. We follow the introductory
chapters of [Mar(02|, [Pre86] and [Pre98|.

Because in mathematical logic the formal language itself becomes an object of our investigation,
one always needs to deal with two languages: On the one hand there is the formal language which
is the object of our study, and on the other hand we have the metalanguage in which we talk
about this formal language. The latter is the mathematical colloquial language. The former,
however, the object language, depends on the subject being considered at the time and needs to
be carefully defined.

Let I, J and K be arbitrary (possibly empty) index sets and o : I — Nand A\ : J — N
two functions. For every i € I let f; be a p(i)-ary function symbol, for every j € J let R; be
a A(j)-ary relation symbol, and for every k € K let ¢, be a constant symbol. The function
p assigns to each ¢ € I the “arity” (i.e. number of arguments) p(i) of the function symbol f;,
whereas the function A assigns to each j € J the arity A(j) of the relation symbol R;. Then,

L= {(fidier; (Ry)jes; (ck)kek)
is called a language. For a fixed language £, an L-structure
M = (M (fM)ier; (R jers (e rex)

consists of a nonempty set M, called the universe of M, a u(i)-ary function fM : MM — M
for each i € I, a A(j)-ary relation R;Vl C M9 and a fixed element cévl € M for each k € K.
The superscript “M?” denotes the interpretation of the symbols in M. We will usually name
structures by calligraphic letters and their universe by the corresponding Latin letters, i.e. if
M, N, A, B are L-strucutres, then we will refer to their underlying universes by M, N, A, and B,
respectively.

Additionally to the symbols in a language £ we use the following symbols: variable symbols
v, W, V1,3, ..., the Boolean connectives A,V, and -, the quantifiers 3 and V, parentheses (,
), and the equality symbol = . This list of variables is non-exhaustive, but the context will
make the identification of variables clear. To distinguish the formal object language from the
metalanguage, we will usually use = as an equality symbol in the formal language, whereas
we write the usual equality sign = in the metalanguage. If a language contains the function
symbols +, -, or < we usually write a4+ b, a-b, and a < b instead of +(a,b), -(a,b), and < (a,b),
respectively, for the sake of a better reading. Let for the rest of this introductory chapter £ be
a fixed language.
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The set of L-terms is the smallest set which contains all variables and all constant symbols,

and for each 7 € I, it contains f;(t1,...,t,(;) whenever it contains t1,...,t,().

We say that ¢ is an atomic L-formula if it is either of the form ¢; = to for two L-terms t;
and tg, or it is of the form R;(tq,... ,t)\(j)), where R; is a relation symbol and t1,...,ty(;) are
L-terms.

The set of L-formulas is the smallest set consisting of all atomic £-formulas, and that contains
=, (pANY), (6 V1)), Tv ¢, and Vv ¢ for any variable v, whenever it contains ¢ and . There are
two abbreviating notations that we will use: ¢ — v stands for =(¢ V ¢) and ¢ <> 1 is short for
(¢ = ¥) A (¥ — ¢). We will also use the abbreviations A", ¢; and \/I_; ¢; for ¢1 A ... A dp
and ¢1 V...V ¢, respectively. The two quantifiers can be defined in terms of each other: Vv ¢
holds if and only if =3v —¢ is fulfilled. Hence, in arguments on the complexity of L-formulas it
is unnecessary to consider both.

We often write ¢(v1,...,v,) to make explicit the free variables in ¢. Whenever we write
“a € A7, we mean that we take a tuple (aq,...,a,) with components ay,...,a, from A. Since
in most cases the number n of components does not play an important role and is only meant to
suit the corresponding amount of free variables in some L-formula, we avoid naming the number
and just write “@” instead. Another natural abuse of notation is that, given an L-formula
d(v1,...,vp), a tuple @ € A, and some function f : A — B, instead of “¢(f(a1),..., f(an))”
we simply write “¢(f(a))”. And lastly, if @ = (a1,...,a,), then by cz we mean the tuple
(Cays---sCay)-

If an L-formula has no free variables, we call it an L-sentence. A quantifier-free L-formula is
an L-formula without quantifiers. An L-formula ¢ of the form

N n; N n;
AVei o VAo
i=1j=1 i=1j=1

where each ¢;; is an atomic L-formula or the negation of one, is said to be in conjunctive normal
form or in disjunctive normal form, respectively. Using the distributive law and De Morgan’s
laws, every quantifier-free L-formula ¢ can be written in both disjunctive normal form and in
conjunctive normal form, with the same free variables.

Next we will define what it means for a formula of a formal language to be satisfied or to
hold in a certain structure and what it means for a structure to be a model of a particular
set of sentences, so that we can, for instance, state that a structure in the language of rings

is in fact a ring. For an L-formula ¢(v,...,v,) with free variables from v = (vy,...,v,) and
a=(ay,...,an) € M™ we define recursively M = ¢(a) as follows:

If ¢ is t; = to, then M = ¢(a), iff () = t5" (a);

if ¢ is Rj(t1,...tr;)), then M = ¢(a), iff (1%(@), ..., t30(@) € R},

if ¢ is =), then M |= ¢(a), ifft M = (@) does not hold,;

if ¢ is (¢ A 0), then M = ¢(a), iff M = ¢(a) and M = 0(a);

if ¢is (¢ vV 0), then M = ¢(a), iff M | ¢(a) or M = 6(a);

if ¢ is Jw P (v, w), then M [ ¢(a), iff there is b € M such that M = ¢(a,b);

if ¢ is Vw ¥ (v, w), then M E ¢(a), it M E(a,b) for all b € M.



An L-theory T is a set of L-sentences, that means a set of L-formulas without any free variables.
We say that M is a model of T and write M |= T if M |= ¢ for all L-sentences ¢ € T. Moreover,
we write T = ¢ if for every model M |= T it holds M | ¢. An L-theory that satisfies T = ¢ or
T | —¢ for each L-sentence ¢ is called complete. Occasionally it may be useful to consider the
full theory Th(M) of an L-structure M which consists of all L-sentences ¢ such that M = ¢.
The full theory Th(M) is in fact a complete L-theory.

Sometimes it is possible to give a set of L-sentences that form axioms for a theory. We will
call a set of L-sentences X an aziom system for an L-theory T if

{¢: ¢ is an L-sentence and T = ¢} = {¢: ¢ is an L-sentence and ¥ = ¢}.

The L-sentences in X are then called arioms. If T already contains each L-sentence ¢ with
T E ¢, we say that T is deductively closed. In this case the L-theory consists exactly of the
L-sentences that can be deduced from the axioms and no more. We will later on see a couple of
examples for such axiom systems.

Of course, as usual in mathematics, we will also consider maps between L-structures. Here we
wish that those maps preserve the interpretation of the symbols in the language £. Hence, we
define:

2.1 Definition. Let M and N be two L-structures with universes M and N, respectively. An
L-embedding v : M — N is an injective map between the universes ¢ : M — N which preserves
the interpretation of all function, relation, and constant symbols of £. To be more precise, this
means:

i) «(fM(@)) = f(u(@)) for all function symbols f and @ € M.
(ii) @ € RM if and only if «(a) € RV for all relation symbols R and @ € M.
(iii) +(cM) = ¢V for all constant symbols c.

If there exists an L-embedding from M into N, we say that M is a substructure of N'. A
bijective L-embedding is called an L-isomorphism. Sometimes, however, ¢(M) is identified with
M, hence if M is a substructure of N' we write M C N.

The following lemma indicates that L-embeddings preserve quantifier-free formulas that only
use parameters from the universe of the substructure. It is therefore known as the Substructure
Lemma.

2.2 Lemma (Substructure Lemma). Let M be a substructure of N, @ € M, and let ¢(v) be a
quantifier-free formula. Then, M = ¢(a) if and only if N = ¢(a).

Proof. For the proof see for example [Mar(02, Proposition 1.1.8]. O

There are maps that preserve quantifier-free formulas with parameters from a subset of the
domain. They will become very useful later on in Chapter 5.

2.3 Definition. Let M and N be two £L-structures and A a subset of M, where M is the universe
of M. Then the map n: A — N is called a partial embedding if it preserves all quantifier-free
formulas. That means, for all quantifier-free ¢(v) and @ € A it holds that

ME¢@ < NEon@).
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Note that we write a partial embedding 7 : A — N technically from a subset into a structure,
to point out that the interpretation of the specified formulas is being preserved. However A is
only a subset, thus denoted by a Latin letter.

2.4 Definition. We say that a collection 3(v) of L-formulas in n free variables is satisfiable if
there exists an L-structure A with universe A and a tuple @ € A, such that A = ¢(a) for every
¢(v) € ¥(v). In particular, an L-theory is called satisfiable if it has a model.

By his Completeness Theorem (see [Pre86, Theorem 1.5.2]), Kurt Godel showed that the
syntactic notion of provability completely coincides with what we semantically call true. The
Completeness Theorem says that a proposition is true in every model of a theory if and only if
it is provable from the theory. A very important consequence of the Completeness Theorem is
the so called Compactness Theorem. It is the cornerstone of model theory. Until about 50 years
ago, all applications of model theory to algebra were corollaries of the Compactness Theorem,
cf. [Sac72a]. Throughout this thesis we will use it several times.

2.5 Theorem (Compactness Theorem). Let T be an L-theory. Then T is satisfiable if and only
if every finite subset of T is satisfiable.

Proof. This follows from Gdédel’s Completeness Theorem and the fact that any formal proof only
requires finitely many assumptions from the theory 7. The proof can for example be found in
|Mar02, Theorem 2.1.4]. O

2.6 Definition. An L-embedding n: M — N is called an elementary embedding if
ME¢@ < NEomn@)

for all L-formulas ¢(v) and all @ € M. In this case we say that M is an elementary substructure
of N and write M < N.

For a subset B C M, we say that n : B — N is a partial elementary map if

MEb) < NEonD)
for all L-formulas ¢(v) and all b € B.
Two models M, N =T of an L-theory T are called elementarily equivalent if

ME¢ & NEO

for every L-sentence ¢.

FElementary equivalence is strongly related to completeness:

2.7 Proposition. An L-theory T is complete if and only if any two models M,N = T are
elementarily equivalent.

Proof. Let T be a complete L-theory with M =T and M = ¢ for some L-sentence ¢. Assume
that T | —¢. Then M |= —¢, a contradiction. By completeness, T = ¢ and, hence, N |= ¢ for
any other model N = T.

Suppose otherwise that any two models of T are elementarily equivalent. Let ¢ be some L-
sentence. If M |= ¢, then for every model N |= T we obtain N |= ¢. Hence T = ¢. If on the
other hand M = ¢, then M |= —¢, and therefore, T = —¢. O



2.8 Definition. Let M be an L-structure. By Lj; we denote the language which consists of
the symbols in £ and, additionally, a constant symbol ¢, for each element m € M. Then M
expands in a natural way to an Ljys-structure by interpreting the new symbols in the obvious
way ¢ = m. The atomic diagram of M is the set

Diag(M) := {¢(cm) : m € M, ¢(v) is an atomic L-formula or
the negation of one, and M = ¢(cm)},

where ¢z stands for (¢, .- -, Cm, ) Whenever m = (my,...,my). In a similar way we define the
elementary diagram of M to be

Diagg, (M) == {¢(cm) : m € M, ¢(v) is an L-formula and M = ¢(cm)}.

The atomic and the elementary diagram are an effective instrument to prove the existence of
L-embeddings. The reason is the next lemma:

2.9 Lemma. Let M be an L-structure and N an L-structure.

(a) If N = Diag(M), then, viewing N as an L-structure, there is an L-embedding of M into N
(b) If N |= Diagy (M), then there is an elementary embedding of M into N .

Proof. (a) Let j be the interpretation of the constant symbols of Lp; in NV, ie. j: M — N
with j(m) = . Tf my and my are two distinct elements in M, then =¢,,, = ¢, is a formula in
Diag(M), and hence, since N |= Diag(M), we obtain j(m1) # j(msz). Thus, j is an embedding
of sets, i.e. injective. It remains to show that j is an L-embedding:

Let f be a function symbol of £, and fM(my,...,mu) = muy1. Then f(cmy,..-)Cm,) = Crmpst
is a formula in Diag(M) and fV(j(m1),...,j(mn)) = j(Mni1).

For a relation symbol R of £ and m € R™ we obtain R(cy,,. .., cm,) € Diag(M) and, thus,
(j(m1),...,j(my)) € RN. Hence, j is an L-embedding.

(b)  We will show that if N = Diag, (M), then the map j from above is elementary. Note
that Diag, (M) is a complete theory: either a sentence is in the set or its negation is. Suppose
M E ¢(cg) for some @ € M, i.e. ¢(cg) € Diagy(M). Since Diag,(M) is complete, this is
equivalent to the fact that N |= ¢(j(a)). Thus, j is an elementary L-embedding. O

For the sake of simplicity, we will often write ¢(a) where ¢ is an L-formula and @ € A a tuple,
even if ay,...,a, are not constant symbols in the language, whenever this does not result in
ambiguity. We then mean ¢(cz) after adding a1, ..., a, to the constant symbols and interpreting
them in the natural way, as in L£4.

In general, the union of models of a certain theory is not even necessarily a well-defined
structure. But for elementary extensions we have a very useful property:

2.10 Definition. We say that (M; : i € I) is a chain of L-structures, if each M; is an L-
structure and M; C M; for every i < j. If additionally M; < M; for every i < j, we say that
(M; : i€l)is an elementary chain.

As mentioned before, we will, in particular here, identify a structure with its image under
the embedding. This is, however, not a restriction in any sence, but rather a simplification of
notation. The union M = J;c; M; of a chain of structures is defined as follows: The universe
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of M is M := |J;c; M;. For a constant c of the language we have Mi = Mi for all i and

j. We set ¢M := ¢Mi, If fis a function symbol of the language, then fMi(a) = fMi(a@) for
any @ € M; N M;. Since every @ € M is already contained in some M;, fM = Uier fMi g
well-defined. For a relation symbol R, we have @ € RM: if and only if @ € RMi. Thus, we set
RM = Uier RMi_ This implies that each M; is a substructure of M.

2.11 Proposition. Let (M; : i € I) be an elementary chain of L-structures, i.e. M; < M for
t < j. Then its limit
M:=JM;
el
is an elementary extension of each M;.

Proof. This proposition is due to Alfred Tarski and Robert Vaught and a proof can be found in
[Mar02, Proposition 2.3.11]. O

2.12 Definition. An L-formula of the form Yw;Vws . .. Vw, ¢(v,w), where ¢(v,w) is quantifier-
free, is called a universal L-formula. Similarly, an £-formula of the form Jw; 3w, ... Jw, ¢(v, )
with ¢(v,w) quantifier-free is called ezistential. For a theory T we denote by Ty the set of all
the universal L-sentences ¢ such that 7 |= ¢ and call 7y the universal theory of T.

It requires only a little thought to see that universal statements are preserved downwards in
inclusion, whereas existential formulas are preserved upwards in inclusion. The next lemma will
be very useful in section 6.1.

2.13 Lemma. For an L-theory T the following are equivalent:

(i) ATy
(it) There is a model M =T with A C M.

Proof. Universal statements are preserved downwards in inclusion. Therefore we only need to
deal with the implication (i) = (ii): Let A &= Ty. Consider the theory 7’ := 7 UDiag(.A) in the
language £4. We will show by contradiction that 7~ is satisfiable, which implies that there is a
model M =T, i.e. M ET and M = Diag(A). With the latter we obtain by Lemma 2.9 an
L-embedding of A into M.

Hence, let us suppose that 7' is not satisfiable. Then, by the Compactness Theorem, already
some finite subset A C 7 is not satisfiable. By forming conjunctions we may assume that the
part of A coming from Diag(.A) consists only of one formula ¢(a) for some @ € A, where ¢(a)
is a conjunction of atomic formulas and the negation of atomic formulas. Thus, we will assume
that 7 U {¢(@)} is not satisfiable. In particular, ¢(a) is quantifier-free and, as Diag(.A) | ¢(a),
we obtain A = ¢(a).

On the other hand, viewing 7 as an Lz-theory, and because 7 U {¢(a)} is not satisfiable, we
obtain 7 = —¢(a). We will show that this implies 7 | Vo —¢(v): Let C be an L-structure
with C = T. Let n be the number of components in @ and ¢y, ...,¢, € C be any tuple. Let C’
be the Lg-structure which expands C by the constant symbols ay,...,a,, that we interpret as
C1,...,Cn, respectively. Then C’' = T and, hence C' |= ¢(¢). As this follows for any tuple in C,
we get C = V0 —¢(v) and, thus, T | Vo —¢(7) as claimed.

Since Ty consists exactly of the universal formulas which hold in all models of 7, we obtain
Tv = Vo —¢(x). Hence, also A = Vax —¢(z), which is a contradiction because we also had

A ¢(a).



Therefore, as desired, 7~ is indeed satisfiable. O

After this short introduction to mathematical logic and model theory, we can finally give a
proper definition of quantifier elimination and hereby start discussing the main purposes of this
thesis.

2.14 Definition. An L-theory T is said to admit elimination of quantifiers if for any L-formula
¢(v) there is a quantifier-free L-formula v (?) such that the following holds:

T = v (9(0) < ¢ ().

A weaker concept than quantifier elimination is the property of model completeness. The
following theorem is called Robinson’s Test. We call an L-theory T model complete if one of the
following equivalent conditions holds:

2.15 Theorem (Robinson’s Test). For an L-theory T the following are equivalent:

(i) All L-embeddings of models of T are elementary.
(1i) Let M, N = T be two models, where M C N'. For every existential L-formula ¢(v) and
a € M with N |= ¢(a) it follows M |= ¢(a).
(i1i) For every L-formula ¢(V) there exists a universal L-formula (V) such that it holds
T =V (9(0) < ¢ ().

Proof. See [Pre98, Lemma 3.3.1 and Theorem 3.3.3]. O

By condition (iii) of Robinson’s Test, a theory is obviously model complete whenever it admits
quantifier elimination.

A language £ without constant symbols does not produce any quantifier-free L-sentences.
Hence, to make sense of the expression “quantifier-free L-sentence”, we will always assume that
our languages contain at least one constant symbol.

It is important to remark that quantifier elimination is a matter of language. We will see that
some theories only admit quantifier elimination after adding some predicates to the language.

Having defined what it means for an L-theory to eliminate quantifiers, we may now end this
introductory chapter and start the next one with the first quantifier elimination test.






3 Basic Quantifier Elimination Criteria

3.1 First Approach to Quantifier Elimination

This section is based on [Mar02, Section 3.1|. The proofs, however, will be presented in more de-
tail than in the source. We will prove two lemmas in order to obtain a first quantifier elimination
test from the combination of both.

3.1 Lemma. Let L be a language that contains at least one constant symbol ¢, T an L-theory,
and ¢(v) an L-formula. Then the following are equivalent:

(1) If M and N are models of T, and A is a common substructure, then for any tuple @ € A
we have M = ¢(a) if and only if N = ¢(a).
(11) There is a quantifier-free L-formula 1(T) such that T = Yo (¢(v) <> ¢ (0)).

Proof. (i) = (ii): If T = Vv ¢(v), then T = Vv (¢(v) <+ c¢=c) and we have found the
corresponding quantifier-free formula: ¢ = c. If, on the other hand, 7 |= Vo =¢(7), then we have
T = VU (¢(v) > —c = ¢) and we are also done. So we may assume that we are in the third case
where none of the above is true, i.e., there exists a model M of T that does not model Vv ¢(7)
and there is a model My of T that does not model Vo —¢(v). This means that M; = 30 —¢(v)
and My |= 30 ¢(v), and, thus, both T U {=¢(v)} and T U {¢(v)} are satisfiable.

Define the set T'(7) = {¢(v) : ¢ is quantifier-free and T = Vv (¢(v) — ¢¥(v))}. Let c1,...,¢m
be new constant symbols. We will view T now as an Lz-theory where Lz is the language £
extended by the constant symbols c1, ..., cp. We will show that 7 UI'(¢) = ¢(c).

Assume that this is not the case. Then there is a model M = TUT'(¢)U{—¢(c)}. Let A be the
substructure of M generated by €, i.e. the smallest substructure of M that contains ¢y, ..., ¢p.

Let ¥ = 7 UDiag(A) U {¢(¢)}. Let us assume that 3 were not satisfiable. So, for any model
B = T U Diag(.A), one obtains B = —¢(¢). Thus 7 U Diag(A) &= —¢(¢). By the Compactness
Theorem there are finitely many 11 (¢), ..., 1, (¢) € Diag(A) which are quantifier-free £-formulas
such that

TU{(@), ..., (@)}  —0(0).

Let C = T, and suppose that C = {1(¢),...,¢¥n(6)}, ie. C = ¥1(¢) A ... Ap(€). Then,
C E —¢(¢). Hence

T E N\ i@ = =¢(©. (3.1)
1=1

11
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Viewing T as an L-theory again, this yields
TEW </\ ¥i(v) — ﬂcfﬁ(v))
i=1

as in Lemma 2.13: Let D be an L-structure such that D |=T. Let dy,...,d,, € D be any tuple
of the size of @. Let D’ be the Lz-structure which expands D by the constant symbols ¢, ..., ¢y,
that we interpret as di, ..., dy,, respectively. Then, D' =T and, by (3.1), we obtain

D = A\ vi(d) = —¢(d).
i=1
Since this does not depend on the choice of the tuple d, we obtain

Do ( N\ (@) — ﬁ¢<v>) and thus T = Vo ( A (@) = ﬁ¢<v>> ,
=1

i=1

—; (U)> :
i=1

—;(v) € T'(0).

as claimed. Forming the contrapositive we obtain
T Vo <¢(v) —

By the definition of I', this means

-

=1

Since M [=T'(¢) and because —);(¢) is quantifier-free, this also yields
AE \/ —1);(€)
i=1

by Lemma 2.2, since A is the substructure of M which is generated by ¢. This is a contradiction
to ¥1(C), ..., ¥, (¢) € Diag(A) and A = Diag(A).

Thus, we may conclude that our assumption “X is not satisfiable” was wrong and ¥ is indeed
satisfiable. Let N' = X. Then N | ¢(¢), and N | Diag(A). By Lemma 2.9, this means that
there is an L-embedding from A into N, i.e. A is a substructure of A/. Recall that M is a model
of TUT(¢) U {=¢(T)}, so M | —¢(¢). Since both M and N are models of 7, we may apply
(ii) and conclude that also N' = —¢(¢). This is a contradiction. Hence, also the assumption that
T UT(¢) £ ¢(¢) was wrong and, thus, we obtain 7 UT'(¢) & ¢(¢).

By the Compactness Theorem, this means that there are finitely many quantifier-free £-
formulas x1(¢), ..., xm(¢) € I'(¢) such that

TU{xai(@), ... xm(@)} k= ¢(0).

Again by the same argumentation as before we may conclude

T v (/\ xi(®) = ¢<v>> .
=1
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Since x1,-..,xm € I, this yields

Tvo (/\ (@) o ¢><v>> ,

where A\;"_; xi(7) is quantifier-free. Thus, we have completed the first—and the more interesting—
implication of the proof.

(ii) = (i): Suppose that T = Vo (¢(v) + ¢(v)) for a quantifier-free formula ¢(v). Let M
and N be two models of T, A a common substructure of M and N/, and @ € A. By Lemma 2.2,
quantifier-free formulas are preserved under substructure and extension. Hence, we obtain

MEo¢@ < MEy@a) since M = T , by assumption of (ii)
& AEyY@) since A C M
& N Ey(a) since A C N
& N E ¢(a) since N' =T , by assumption of (ii).

O

The following lemia states that if one existential quantifier can be eliminated at a time, we
already obtain quantifier elimination.

3.2 Lemma. Let T be an L-theory. Suppose that for every quantifier-free L-formula 6(w,v)
there is a quantifier-free formula ¥(v) such that T = Vv ((3w 0(w,v)) <> ¥(V)). Then T has
quantifier elimination.

Proof. Let ¢(v) be any L-formula. We want to show that there is some quantifier-free £-formula
¥ (T) such that T | Vo (¢(T) < 1(v)). We will prove this by induction on the complexity of
¢ (V).

If ¢(v) is quantifier-free, we are already done. So, as induction hypothesis, suppose that
for ¢1(v) and ¢2(7) there already exist quantifier-free L-formulas ;(7) and 2(7) such that
T EVU (p1(0) < ¢1(0)) and T | VU (¢2(T) > 12(V)). In the case that ¢(v) = —¢1(v), we have
T =V (¢(v) & ~1(v)). And if ¢(V) = ¢1(V) A ¢2(v), then T = Vv (¢(v) < (¢1(v) A 2(0))).

In either case, ¢ is equivalent to a quantifier-free formula.

Now suppose ¢(v) = Iz ¢1(x,v). By induction hypothesis there is a quantifier-free £-formula
Y1 (z,v) such that T | VoV (¢1(x,v) <> ¢1(2,v)). Then we obtain

T =Vo (3x ¢1(x,v) < Fz Y1 (2,0)) (3.2)

as follows: Let M =T and @ € M. Suppose that M = ¢1(b,a) for some b € M. Then since
M E Vovx (¢1(x,v) < ¥1(x,)), also M = 1(b,a). So, M = Jz ¢1(z,a) — Jz 1 (z,a).
Similarly we obtain the other implication. Hence, M |= 3z ¢1(z,a) <> 3z ¢1(z,a). This shows
(3.2) as claimed.

Now by assumption there is ¥ (7) quantifier-free such that
T |= Vo (3 ¢ (2,7) © (D)), (3.3)

Hence from (3.2) and (3.3) we obtain

T =Y 3z ¢1(2,7) < ¥(T)),

which was to be shown. O
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The previous two lemmas set a decent foundation and both of them combined, they yield a
simple, yet useful, quantifier elimination test.
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3.3 Theorem. Let T be an L-theory. The following are equivalent:

(i) Let M\N = T, A a common substructure of M and N, ¢(w,v) a quantifier-free L-
formula, and @ € A. If M = Jz ¢(x,a), then N = Tz ¢(z,a).

(1) T has quantifier elimination.

Proof. (i) = (ii): Considering Lemma 3.2, it suffices to show that for an L-formula 3z ¢(z, ),
where ¢(z,v) is quantifier-free, there is a quantifier-free L-formula 1 (v) such that it holds
T = Vo (3z ¢(z,v) < (V). So, suppose that there are two models M,N = T, a com-
mon substructure A of M and N, and a tuple @ € A. Suppose further that M = 3z ¢(z,a).
Then, by our assumption, it follows that N' = 3x ¢(z,a). Since M and N are interchangeable,
this is an equivalence. Therefore, we may apply Lemma 3.1 and conclude that 7 has quantifier
elimination.

(ii) = (i): Suppose that T eliminates quantifiers. Let M, N, and A be defined as above. Let
¢(w,7) be quantifier-free. By quantifier elimination there exists a quantifier-free formula (),
such that 7 = Vo (3z ¢(z,7) <> ¥ (v)). Let @ € A. We obtain

ME 3z o(z,a) & MEY(a) because M E T
& AEyY@) by Lemma 2.2
& N Eya) again by Lemma 2.2
& N E 3z ¢(z,a) because N = T.

O

In the following two sections we will apply this test to two well-known examples for theories
that allow quantifier elimination.

3.2 Algebraically Closed Fields

We will assume that the reader already knows enough about algebraically closed fields to follow
the proof of quantifier elimination for the theory of algebraically closed fields. Nevertheless, we
will prove one statement that will be the crucial point at the very end of the proof.

3.4 Lemma. Every algebraically closed field has infinitely many elements.

Proof. Assume that there was a finite algebraically closed field K = {a1,a2,...,a,} with n
elements. Let f € K[X] be the polynomial

which vanishes on every element of K. Now consider the polynomial g = f 4+ 1. One can easily
see that g does not have any root in K, which is a contradiction to the fact that K is algebraically
closed. O
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3.5 Definition. Let £ be the language of rings (+,—,-;0,1), where “—” will throughout the
thesis always denote the binary relation of substraction. The theory ACF of algebraically closed
fields is axiomatized by the following axioms:

e the field axioms:

Ki: -0=1

K2: VaVyVz (x+ (y+2)=(r+vy)+2)
K3: Vz(x+0=x)

K4: Vz(x+(—x)=0)

K5: VaVyVz (z-(y-2)=(z-y)-2)

K6: Vz(zx-1=zx)

K7: Vedy(zx=0Vz-y=1)

K8 VaVy(z-y=y-x)

K9: VavVyVz (z+vy)-z2=(z-2)+ (y-2))

e every monic polynomial has a zero:

AKn: VzoVer.. Ve, yy"H + oy + ...+ iy +20=0 for each n € N.

In axiom AKn we used a simplified notation: As it is generally kept in mathematics, we
usually relinquish the function symbol - of multiplication, and we write 2™ instead of z - ... x.
——
n times

We will now show by using Theorem 3.3 that ACF eliminates quantifiers.

3.6 Theorem. The theory ACF of algebraically closed fields admits quantifier elimination.

Proof. Let Fi,F, E ACF, A a common substructure of F; and F2. Then A is a model of the
universal theory ACFy. Let us investigate what that means for A: Since in the language £, there
is 4+ and -, it will be closed under addition and multiplication, and — guarantees the existence of
additive inverse elements. Hence, A is a ring. Since it is a subring of the fields F; and Fa, it is
even an integral domain. This allows us to form the field of fractions, Quot(A). Since Quot(A)
is the smallest field which contains A, we obtain Quot(A) C Fi, Fa. Let F be the algebraic
closure of Quot(A). Since F; and J3 are two algebraically closed fields, this directly yields that

F C Fi, Fa.

Let ¢(x,7) be a quantifier-free L-formula and @ € A. Assume that F; = 3z ¢(x,a). We wish
to show Fy = Jz ¢(x,a) in order to apply Theorem 3.3. Without loss of generality, we can

assume that
N n;

gf)(l‘,a) = \/ /\ qbij(xva) s

i=1 \j=1
:¢7(I,a)
where each ¢;j(x,a@) is of the form p;;(z) = 0 or ¢;;(x) # 0 for polynomials p;; and ¢;; in the
variable X whose coefficients are themselves polynomials in the constants @ occurring in ¢ with

integer coefficients. Note that thus p;;(X),¢;j(X) € A[X]. Further note that the cases m = 0
and n; = 0 are not excluded.

Since 3z ¢(x,a) is logically equivalent to 3z ¢1(x,a) V...V Iz ¢m(x,a) and because of our
assumption F; = Jr ¢(x,a), we may as well assume that F; | Iz ¢1(x,a). If we show that
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Fa = Jx ¢1(x,a), then it follows naturally that 7y = 3z ¢(x,@). We distinguish the following
two cases:

Case 1: Suppose that at least one of the p; ; is not the zero polynomial in A[X], say pi1 # 0.
Then there is b € F' such that F; = ¢1(b, @), in particular p;1(b) = 0. But any root of p;; is
already contained in F. Thus, b € F and hence, F = Jx ¢1(x,a). This yields F E dz ¢(z,a),
and therefore Fy = 3z ¢(z,a).

Case 2: If, on the other hand, all terms p; ; are equal to the zero polynomial or if there is no
term pq j(x) = 0in ¢1(x, @), then it suffices to find an element b € F that differs from all the zeros
of the polynomials g1 j. One such b does, indeed, exist, since there are only finitely many zeros
of the g1 ; and, as an algebraically closed field, by Theorem 3.4, F has infinitely many elements.
Therefore we obtain F |= 3z ¢1(z,a), i.e. F |= 3z ¢(z,a) and, hence, also Fy = Iz ¢(z,@). O

3.3 Real Closed Fields

Tarski gave an explicit algorithm for eliminating quantifiers in the theory of real closed fields.
This is the theory of the field of the reals, which is equipped with a natural order.

In this section we will review some of the necessary results on real closed fields which we will
later on use to prove quantifier elimination. We start with some basic notion:

3.7 Definition. An ordering on a field K is a total order relation < such that for all a,b,c € K
it holds that

a<b = a+c<b+c and
a<bANc>0 = ac<bc

An ordered field (K, <) is a field K, equipped with an ordering <. If the order is clear, however,
we just write K.

3.8 Definition. We say that a field K is real if it has an ordering <. For an ordered field (K, <),
the subset P = {z € K : x > 0} is called the positive cone of (K, <).

Equivalently we could say that a field K is called real, if —1 cannot be written as a sum of
squares in K. We are familiar with Q and R as real fields with their natural orderings. But also
the field of rational functions in one variable over Q is real. In fact, if R is any ordered field,
then R(t), the field of rational functions in one variable over R, also admits an ordering.

3.9 Definition. An ordered field R is real closed if R is real and does not admit any proper
algebraic extension which is real itself and whose ordering extends the ordering on R.

Usually real closed fields are denoted by the letter R. We will stick to this convention. There
are many equivalent formulations of a definition for real closed fields:

3.10 Lemma. Let R be a field. Then the following are equivalent:
(i) R is real closed.

(i) There is an ordering on R which cannot be extended to any proper algebraic extension of

R.
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(iii) There is an ordering of R whose positive cone is R?> = {a® : a € R}, and every polynomial
of R[X] of odd degree has a root in R.

(iv) R is real, for every a € R, either a or —a is a square in R, and every polynomial of R[X]
of odd degree has a root in R.

Proof. See |[KnSc, Section 1.5, Satz 1 and Bemerkung| for a proof. O

3.11 Lemma. If R is a real closed field, then R(~/—1) is algebraically closed.

Proof. A proof, which is due to Carl Friedrich Gauf, can be found in [KnSc, Section 1.5, Theo-
rem 2|. O

Lemma 3.10(iii) immediately yields that the ordered field of real numbers R is real closed.
From Lemma 3.11 we deduce the Intermediate Value Theorem for real closed fields:

3.12 Theorem (Intermediate Value Theorem). Let R be a real closed field, f € R[t], a,b € R
with a < b. If f(a)- f(b) <0, then the number of zeros in the interval Ja, b is odd. In particular,
there ezxists x € |a, b such that f(z) = 0.

Proof. Let a1 < ... < a, be the roots of f. By Lemma 3.11, the degree of the field extension
[R(v/—1) : R] is 2, i.e. the irreducible factors of f are either linear or quadratic polynomials.

Hence, f is of the form f=c-(t —a1)-...- (t —ay) - p1(t)-... - ps(t), where cis a unit in R and
P1,--.,Ps are irreducible monic quadratic polynomials. Since the pg only take positive values,
we obtain
(a) . a—a;
—1 =sign—/—+= = si .
0 13 S
Thus, the number of a; with a < a; < b is odd. O

3.13 Definition. A real closure of an ordered field K is a real closed field R O K, such that R
is algebraic over K and the order on R extends the order on K.

3.14 Lemma. Every ordered field K has a real closure. If R and R’ are two real closures of K,
there is one unique order-preserving K-isomorphism between R and R'. Thus, we speak of the
real closure of K.

Proof. We only sketch the proof of the first statement: For an ordered field (K, <) one needs to
apply Zorn’s lemma to the set

£={L D2 K : Lis an ordered field, L is algebraic over K, and extends the order on K}

and verify that the maximal element of £ is indeed real closed. The proof of the second part
needs some more machinery. The whole proof of the lemma can be found in detail, for example,
in [BoCoRo, Theorem 1.3.2]. O

3.15 Lemma. Lel R be a real closed field, K C R a subfield, and K the relative algebraic closure
of K in R, i.e. K ={x € R: z is algebraic over K}. Then K is real closed.
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Proof. We will verify version (iv) of Lemma 3.10. Since K is a subfield of R, we can restrict
the ordering on R to K. Hence, K is real. Now let a € K. We may assume that a > 0,
as otherwise we can consider —a instead. Since R is real closed, the quadratic polynomial
X? —a € K[X] C R[X] has a root b € R. As b is algebraic over K, it is also algebraic over K,

and thus contained in K. A similar argument can be applied to any polynomial in K [X] of odd
degree to show that it has a root in K. O

After giving an axiomatization of the theory of real closed fields, we are ready to prove quan-
tifier elimination.
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3.16 Definition. Let £ be the language of ordered rings (+,—,-;<;0,1). The theory of RCF
of real closed fields is axiomatized by the following axiom system:

e the field axioms K1 to K9,
e the order axioms:

O1l: Vz—-z<z

02: VaVyVz ((x <yAy<z)—z<2)
03: VaVy(r<yVaz=yVy<z)
O4: VaVyVz (e <y—z+z<y+2)
05: Vavy (0<zA0<y)—0<z-y)

e positive elements are squares:
RK1: Vz(0<z — Jyz=19°?)
e polynomials of odd degree have zeros: For each n € N we have:

RK2n: VaoVzi...Vzo, 3y 2" + 200y®" + 2on 1y L+ ...+ 21y + 20 = 0.

Note that in the language of ordered rings we use < for the order relation while in the definition
of ordered fields it is common to use <. This does not cause any difficulties though, as the two
symbols are interdefinable.

Using the criterion of Theorem 3.3 again, we will now show quantifier elimination for real
closed fields. The proof is very similar to the one of Theorem 3.6.

3.17 Theorem. The theory of real closed fields RCF admits quantifier elimination.

Proof. Let By,By = RCF and A a common substructure of both By and Bs. Let ¢(x,7) be a
quantifier-free £-formula and @ € A such that By = 3z ¢(x,a). By Theorem 3.3 we need to
show that this implies By = 3z ¢(x,a).

Without loss of generality, ¢(x,y) only uses the logical operators A,V, and — such that —
only occurs in front of atomic formulas. Atomic formulas have the form 0 = p(x) or 0 < ¢(x),
where p and ¢ are polynomials in the variable X whose coefficients are again polynomials in
the constants aq,...,a, with integer coefficients. Moreover, we can replace —p(z) =0 by the
expression (0 < p(z) V 0 < —p(z)) and =0 < g(x) by (0 =¢(z) vV 0 < —¢(z)). Therefore, we
can assume that ¢(z,a) only uses A and V as logical connectives. So we have

N n;

¢(z,a) = \/ ¢ij(x,a) |,
1

i=1 \j=

:¢1 (m,ﬁ)

where ¢;;(z, @) is of the form p(x) = 0 or 0 < ¢(x). The formula 3z ¢(x,a) is logically equivalent
to 3z ¢1(z,a) V...V Iz ¢p(z,a). Because By = Iz ¢(z,a), without loss of generality suppose
that By &= 3z ¢1(z,a). We now show that By = Jx ¢1(x,a), since this implies By = 3z ¢(x,a).

We know that ¢1(x,a) is of the form

/\ gr(x) >0 A /\ pr(z) = 0.
k=1

k=s+1
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In ordered fields, it holds that psyi(xz) = 0,...,pp,(z) = 0 if and only if the sum of all squares
vanishes, i.e. Y 72 | pp(x)? = 0. Therefore, ¢1(z,a) even has the form

/\ qr(z) >0 A p(x) =0,
k=1

where p(x) := )L, pr(2)?. That means
B = Jx (/\qk(:r)>0 A p(ac):()).
k=1

Since A is a substructure, it is, again, a subring of a field, hence, an integral domain. Let
Quot(A) be its field of fractions and let R and R be the relative algebraic closures of Quot(A)
in By and By, respectively. By Lemma 3.15, Ry and R are also real closed, i.e. Ry = RCF and
R2 E RCF. By Lemma 3.14, Ry and Rg are isomorphic, so we will identify them with each
other and just write R instead. Because B; = 3z ¢1(x, @), there exists o € B; such that

Bile \ ax(0) >0 A pla) =0.
k=1
We will show that there exists b € R such that
Ri= N a(d) >0 A p(b) =0,
k=1

because in this case it follows R |= 3z ¢1(x,a) and therefore also B = 3z ¢i(x,a), since
b € R C By. We distinguish the following two cases:

Case 1: p is not the zero-polynomial in R[X]. Since R is relatively algebraically closed in By,
it holds that o € R, so a € By and we are done.

Case 2: p is the zero-polynomial in R[X] or s = n; which means that there is no condition
p = 01in ¢1. If the q1,...,qs do not have any zeros in R, then they do not change sign and it
holds for all b € R that qx(b) > 0. Otherwise, let f; < ... < f; be the zeros of q1,...,qs in R.
We have one of the following situations:

(1) a< p,
(2) Bi < a < Bitq for some i € {1,...,t—1},
(3) B < a.

Note that « is not a zero of any gg. In situation (1) choose b = 1 — 1 € R. In (2) take
b= %(ﬁz + Bi+1) € R. And in the last situation (3), b= g, + 1 € R will do.

It follows from the Intermediate Value Theorem 3.12 for By that g (b) > 0forall k =1,...,s.
If not, there would be another zero between b and one §; in R, not included in {51,...,5:}, a
contradiction. Hence, b satisfies 3z ¢1(z, @) and this yields B = 3z ¢(z,a). O]






4 Quantifier Elimination by
Algebraically Prime Models

4.1 Algebraically Prime Models and Simple Closedness

For this section we use the terminology that David Marker uses in [Mar02]. The notion of
algebraically prime models and simple closedness is not common otherwise in the literature. For
the following quantifier elimination test there is nothing really new happening in this section. It
will, however, be handy to prove quantifier elimination of Presburger Arithmetic.

4.1 Definition. A theory T has algebraically prime models if for any A |= Ty there is A =T
and an L-embedding i : A — A such that for all V' = T and L-embeddings j : A — N there is
an L-embedding h : A — N such that j = hoi.

4.2 Definition. Let M,N | T, where M C N. We call M simply closed in N if for any
quantifier-free formula ¢(v,w) and any @ € M, if N |= 3z ¢(a, z) then M = Jz ¢(a, z).

The following quantifier elimination test can be found in [Mar02, Corollary 3.1.12] and the
proof is a modification of the proof of [Mar02, Theorem 3.1.9].

4.3 Theorem. Suppose that T is an L-theory such that

(i) T has algebraically prime models,
(1) whenever M C N are models of T, M is simply closed in N

Then T has quantifier elimination.

Proof. We are going to use the quantifier elimination test from Theorem 3.3: Let T be an L-
theory as above. Let ¢(v,x) be a quantifier-free formula, M, N = T, A a common substructure
of M and N, a € A, b € M such that M = ¢(a,b). We want to show that there is ¢ € N such
that N' = ¢(a,c). For simplicity reasons we suppose without loss of generality that A is not
only a substructure of M and N but also properly contained in both such that the substructure
embeddings are the identity map.

By Lemma 2.13 we know that A = 7y. Since T has algebraically prime models, there is
A = T and an L-embedding i : A — A such that for all B = 7 and L-embeddings j : A — B
there is an L-embedding h : A — B such that j = hoi. In particular, by setting B = N, we
obtain an L-embedding S : A — N such that B o1 =id. Similarly by setting B = M we get
o : A — M such that aoi = id.

AsAET, M= T and A C M, Ais simply closed in M. Moreover, we have i(@) € A and
a(i(a)) = a € M. By assumption we have M |= 3z ¢(@,x). Hence, by simple closedness, it

23
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follows A = 3z ¢(i(a), z). Now by applying 3 this yields A = 3z ¢(a, z). Thus, we have shown
that there exists an element, say ¢ € N, such that N | ¢(@, c).

So, by Theorem 3.3, 7 has quantifier elimination. O

4.2 Presburger Arithmetic

Presburger Arithmetic is formally defined as the theory of the natural numbers with addition.
It is due to Mojzesz Presburger and, therefore, named after him Presburger Arithmetic. As it
completely omits multiplication, it is much weaker than Peano Arithmetic, which includes both
addition and multiplication. It cannot define terms such as prime numbers or divisibility by a
variable, for instance. But, unlike Peano Arithmetic, it is a complete and decidable theory. We
will come back to this concept in Chapter 7.

Let £ be the language (+,—;<;0,1). Roughly speaking, Presburger Arithmetic is the theory
of the ordered group of integers. It does not have quantifier elimination in the language £. The
problem is formulas of the following type

p(x) =y (xz=y+...+y),

n times

which asserts that z is divisible by n. Once having defined properly what Pr, the theory of
Presburger Arithmetic, is, we will show that the above formula is not equivalent to a quantifier-
free L-formula.

If we add predicates for being divisible by some integer n to the language £, however, quantifier
elimination is admitted in the extended language. Thus, let P, be a unary predicate which we
interpret as “the element is divisible by n” and let £* = LU{P, : n =2,3,...} be the extended
language. Since we only add predicates for sets that one can already define in £, we do not
change the definable sets by extending the language.

There is another axiomatization of Pr than the one that we will give in the following, see for
instance [Poi, page 115]. We follow [Mar02, page 82]|.

4.4 Definition. The L*-theory Pr for Presburger Arithmetic is axiomatized by the following
axiom system:

e axioms for Abelian groups,

AGl: Vo2 (0+z=x+0=2x)

AG2: VaVyVz (z+ (y+2) =(x+y) + 2)
AG3: Vr(z—2z=0)

AG4: VaVy(x+y=y+2)

e the order axioms O1, O2, O3 and O4
¢ and additionally:

P1: 0<1

P2: Vz(zx<0V x>1)

P3n: Vx(Pn(x)HHy(xi y—i—...—i—y)) forn=2,3,...
—_—

n times
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n—1
Pin: Vi (Z_\_/O (Pn(x Hlrotl) /\j/;i—\Pn(l’-i- Lot 1))) forn=2,3,...
7 times 7 times
Without adding the predicates P, to the language, the above formula ¢(z) is not equivalent
in the theory to a quantifier-free formula. Let Pr’ be the £-theory which is defined by the same
axioms as Pr, except for P3n and P4n, since they require the predicates P,,, which are not in the
language £. The following proposition shows that the L-theory Pr’ does not admit elimination

of quantifiers in L:

4.5 Proposition. In Pr', the formula 3z (y = x + x) is not equivalent to a quantifier-free
L-formula.

Proof. Consider the group G := Z[w], which is generated by the integers and an infinite element
w, and H = Z[w/2], both equipped with the usual addition. Then G C H. Note that in H, there
is an element z such that w = = + x, namely w/2. In G, however, there is no such element.

Now let us suppose that there is a quantifier-free L-formula ¥ (v) such that it holds
Pr=Vy 3z y = 2+ 2 < ¥(y)). As one can quickly check with the axiomatization of
Presburger Arithmetic, G and H are both models of Pr. Hence, H =Vy 3z y = x + = <> ¢¥(y))
and G =Vy 3z y =2+ z <> ¢¥(y)). Now we are in one of the following two cases:

Case 1: H | ¢(w). Equivalently one has H = Jx w = 2+ 2. As G is a substructure of H and
¥ (w) is quantifier-free, we also obtain G |= 1(w), which holds if and only if G = 3z w = = + x.
But, as we have noted in the beginning, 3r w = x + « holds in H but not in G. Hence, we are
in the second case:

Case 2: H E (w), i.e. H | -3z w =z + x. Analogously it follows G = =t (w), and thus,
G E —3x w = x + x. Again, this leads to a contradiction. OJ

Hence, it makes sense that, in order to admit quantifier elimination, the language needs to be
extended by the predicates P,.

Even though multiplication is not part of the language, we will occasionally write something
like n - z, where n is an integer. For this we do not need the function of multiplication. It
is enough to apply addition a certain (integer, of course) number of times. Hence n - x means
nothing else than adding n copies of = together. Also, something like division is not defined in
Pr. But one can show that if an element is divisible by some integer, then the division is unique:

4.6 Lemma. Let G |= Pr be a model, m € Z an integer and y € G such that G = P, (y). Then
there is a unique x € G such that x + ...+ =y.
—_————

m times

Proof. Suppose there are two elements x and 2z’ such that m -2 = m - 2’. Then it also holds
2m - x = 2m - 2’. After an easy manipulation we obtain m - (z — ') = —m - (x — 2’). Since the
left hand side is the negative of the right hand side, this yields that m - (z —2’) = 0. As we work
in ordered groups, which are torsion free, it follows that = z’/. Hence, dividing by an integer
gives a unique solution. O

In Presburger Arithmetic, it is not as easy to see what the universal theory Pry looks like.
So we will first check how it can be defined. This will be used afterwards in the proof to show
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quantifier elimination for Pr. Let us define a theory 7 for which we show that it is, indeed,
Pry. Of course, the axioms AG1, AG2, AG3, AG4, 01, 02, 03, 04, D1, D2, and D4n are

universal.

4.7 Definition. Define the theory 7 by the following axioms:

e the axioms AG1, AG2, AG3, AG4, O1, 02, 03, 04, P1, P2, P4n
e together with:
T1:  VaVy ((Pu(z) A Pu(y)) — Pa(z +y)),
T2: VaVy (Po(z) A Pu(y)) — Pu(z —vy)),
T3: VaVy ((y +...+ty =2x)— Pn(.l‘)>,
—_—

n times

T4: for all n dividing m: Vz (Pp(z) — Py(z)),
T5: forall k,n=2,3,...: Va (Pn(x) — Pip(z+ ...+ x))
k times
The first two axioms ensure that the P, are closed under addition and subtraction. Together

with axiom T5 it follows that the P, are additive subgroups.

For the next 3 lemmas and proofs, we follow [Mar02, Lemma 3.1.9 and Lemma 3.1.20].

4.8 Lemma. The above defined theory T aziomatizes the universal theory Pry.

Proof. Tt is easy to see that T C Pry, i.e. that each model of Pry is also a model of 7. We need
to show the other implication. Let G be a model of 7. We will show that there is H O G, where
‘H |= Pr. Then, by Lemma 2.13, the claim follows. Hence, let

H = {3; z € G and (nzlorg):Pn(:L’))},
n
where ” is the equivalence class of (z,n) under the equivalence relation =, where (yi,m1) ~
(y2, m2) if and only if

yi+...+yi=y+...+y2.

mo times m1 times

For each n, let
Pt :=nH:={h+...+h: hec H}.
—_——

n

n times

Consider the L*-structure H = (H;+,—;<,PM;0,1). We first show that A is an ordered
Abelian group: Let z/m,y/n € H. If both m and n are equal to 1, we are already done. We only
show the case where neither m nor n is equal to 1, of which the other cases are simplifications.
Hence, we assume m,n # 1. Then G E P, (z) and G = P,(y). By axiom T5 we obtain
G | Pun(nz) and G = Pyn(my). In H, rules as in Q apply. Since P, is closed under addition
and subtraction, (nx £ my)/mn € H. Thus, also H is closed under addition and subtraction.
Because the P, are subgroups of G, they are Abelian. Hence, so is H. The existence of a neutral
element and of inverse elements as well as associativity and commutativity is inherited from G.
Thus, H is an Abelian group. For two elements z/m and y/n in H we have H = z/m < y/n if
and only if G = nz < my. Hence H is an ordered Abelian group.

Let us check the other axioms. Clearly, H satisfies P1. Suppose that there is /m € H with
0 < z/m <1, thus, 0 < z < m. Since z € G and G fulfills axiom P2, m # 1. This means that
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x is some integer from {1,2,...,m — 1}. But then, because obviously G = P,,(m), by axiom
P4m for G it follows that G = —P,,(x), which is a contradiction to x/m € H. Hence, axiom
P2 holds. By construction, P} fulfills P3n. It remains to check axiom P4n: Let x/m € H,
so G | Py(z). By axiom P4mn for x € G there is a unique ¢ with 0 < ¢ < mn such that
x+i€ PY,. By T4 it follows G = Py, (x +14). Since P, is a subgroup of G, also G |= Pp,,(i).
Thus, i = ¢m for some 0 < ¢ < n. In H, there is y such that

y+...+y=x+lm,
—

mn times

i.e. mn -y =z + ¢m. Dividing by m yields n -y = x/m + ¢, which is unique by Lemma 4.6. As i
was unique, also ¢ is unique.

Hence, H fulfills all axioms of Pr, i.e. # = Pr. We have now proven that every model of T
can be embedded into a model of Pr. This proves that 7 | Pry. O

4.9 Theorem. The theory Pr has algebraically prime models.

Proof. In order to verify the existence of algebraically prime models we need to show that for
any G = Pry there is H = Pr and an £*-embedding i : G — H such that for all H' = Pr and
L*-embeddings j : G — H’ there is an L*-embedding h : H — H' such that j = ho.

Let G | Pry and H | Pr be defined as in Lemma 4.8. Let ¢ : G — H be the canonical

L*-embedding. Suppose there is another model H' = Pr and an £L*-embedding j : G — H'. It
remains to show that H can be embedded over G into H'.

Let /m € H with G = P,,(x). Since G is a substructure of H' it follows that H' = P, (z).
This means, there exists some y € H' such that

Yy+...+y=ux,
N———

m times

which is unique by Lemma 4.6. Hence, by sending x/m to y we obtain a well-defined map h.
To see that it is injective, we check the kernel: If h(x/m) = 0, then m -0 = z, i.e. z = 0.
Thus, x/m = 0 and therefore h is injective. The homomorphic properties are easy to check. So,
without carrying them out, we may conclude that h is an £*-embedding of H into H’ that fixes

g. O

4.10 Theorem. If G,H |= Pr are two models with G C H, then G is simply closed in H.

Proof. Let ¢(v,w) be a quantifier-free L*-formula and @ € G. Suppose that there is b € H such
that H = ¢(b,a). What we need to show is that there exists ¢ € G such that G |= ¢(c,a).

Axiom P4n states that for fixed n and z, there is i € {0,...,n — 1} such that P,(x + ¢) and
for every j € {0,...,n — 1} with j # ¢ it holds —P,(z + 7). That means that the disjunction
in P4n is actually an exclusive disjunction, i.e. P4n holds if and only if for all z, exactly one
i € {0,...,n — 1} fulfills P,(z + i) and —P,(z + j) for every j € {0,...,n — 1} with j # 1.
Hence, by axiom P4n, P,(z) is in Pr equivalent to /\?:_11 —P,(z 4+ ). That means —P,(z) is
equivalent to \/?;f P,(xz+1). Hence, we may replace all negative occurrences of P, in ¢(v,a) by
a disjunction of positive occurrences. Let us assume that ¢(v, @) is already in disjunctive normal
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form. Thus, without loss of generality, we obtain

N
¢(U,a) = \/ ( ¢ij(v7a) >7
i=1 \j=1

—_—
=:¢;(v,a)

n;

where the ¢;;(v,a) are atomic formulas. Since we have H |= 3z ¢(z,a), we may assume that
H | Tz ¢1(x,a). All L*terms t are of the form ¢t =muv + g, where m € Z,g € G. Since all
models of Pr are discretely ordered, we can replace formulas like -v=1by v <1 V 1 < v.
Hence, considering the equivalence miv + g1 = mov + g2 > (my1 — m2)v = go — g1, atomic
L*-formulas are of the forms

muv = g, where m € Z, g € G,
muv < g, where m € Z,g € G, and
Pi(lv + g), where k, 0 € Z,g € G.

In the second formula we may replace mv < g by v < h, where h is the least element in G such
that mh > g. Before we explain, why we may make this replacement, we illustrate why such an
element h exists: If G = P,,(g), then set h := g/m. If on the contrary G &= —P,,(g), then by
axiom P4m there is i € {1,...,m — 1} such that G = P,,(g + 7). Hence, set h := (g +i)/m.
Now, to see that we may replace mv < g by v < h, assume that v < h. Further suppose that,
by choice of h, we have mh > g > m(h —1). Then v < h — 1, and therefore g > m(h — 1) > mo.
Suppose conversely that v > h. Then, mv > mh > g.

Hence, without loss of generality, we may assume that ¢;(v,a) is of the form

S t ni
/\ ij(ﬁjv + hj) A /\ m;v = g; N /\ d; <wv <ej,
Jj=1 Jj=s+1 J=t+1

where 0 < s <t < ny, kj,l;,m; € Z, and hj,g;,d;,e; € G for each 1 < j < nq. If there is a
part in ¢y of the form m;v = g;, i.e. if s < ¢t and m; # 0 for some j, then b = g;/m;. Hence,
H = Pn,(gj). Since G C H, we obtain G = P, (g;) and therefore b € G, which means that
we are done by setting ¢ := b. So, suppose there is no part in ¢; of this form, i.e. that s = ¢.
By setting d := max{d; : t+1 < j < ni} and e := min{e; : t+1 < j < n1} we obtain
dj <d<b<e<ejforeach je{t+1,...,n1}. Subtracting dyields 0 =d—-d<b—d<e—d.
If e — d is finite, i.e. bounded by some natural number, then so is b — d. Since d € G and G is
closed under “+” and “—7, it follows b € G. Therefore we will assume that e — d is not finite.

Note that b is a solution to the system of congruences

liv+h; = 0mod kg
lov+hy = 0mod ks
fsv+hs = 0mod k.

Let k := [];_{ ki. Axiom P4k assures that there exists z € {0,...,k — 1} such that G =
Py (b— z). Then also z is a solution to the system of congruences above. Again by P4k there is
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q € {k,...,2k — 1} such that G = Py(d+ ¢ — z). As e — d is infinite, this yields that d 4+ ¢ < e
and, thus, d < d+ ¢ < e. Since d+ q € G, by setting ¢ := d + ¢, we have found the desired

element: It hold G = Pi(c — z). Then c is also a solution to the above system. That means,
G E ¢1(c,a), and thus G = ¢(c,a), as desired. O

4.11 Corollary. The theory of Presburger Arithmetic admits elimination of quantifiers.

Proof. By Theorem 4.3, a theory T eliminates quantifiers if it has algebraically prime models
and if for two models M C N of T then M is simply closed in /. The two previous theorems
show these two conditions. O






5 Quantifier Elimination by Types and
Saturation

The next quantifier elimination test is about saturated models. We will develop some theory
about types and saturation. These notions were worked out in the 1950s, cf. [Poi, page 63].

5.1 Types and Saturated Models

For this section we follow [Mar02|, although we do not presuppose the theory to be complete
as it is done in the source. Consider a structure M with universe M in a language £. Recall
from Definition 2.8 that for a subset A C M, L4 is the language obtained from £ by adding
a constant symbol ¢, for each a € A to £. By Ths(M) we denote the set of all £4-sentences
which are true in M.

5.1 Definition. Let M be an L-structure and A C M a subset. For a set p of £4-formulas in n
free variables vy, ..., vy, we call p an n-type (over A) if pUTh (M) is satisfiable. We say that p
is a complete n-type if for all £4-formulas ¢(v) with free variables taken from vy,...,v,, either
(@) € p or (V) € p. By SM(A) we denote the set of all complete n-types.

Zorn’s Lemma assures that an incomplete theory can always be extended to a complete theory.
Thus, viewing each n-type as a theory in the language L ay(s, ... 2,}, also each n-type can be ex-
tended to a complete n-type p* € S2(A) with p* D p. This result is also known as Lindenbaum’s
Lemma, see [Man, Lemma 3.22].

5.2 Definition. Let M be an L-structure, A C M, and p an n-type over A. We say that p is
realized by @ € M" if M |= ¢(a) for each ¢(v) € p.
Having defined types we may now continue with saturated models.

5.3 Definition. Let x be an infinite cardinal. We say that M = T is k-saturated if, for all
AC M, if |A| < k and p € SM(A), then p is realized by some element in M. We call M simply
saturated if it is |M|-saturated.

Since every type is contained in some complete type, also every incomplete type is realized in
r-saturated models. It turns out that for a model M to be k-saturated it is even enough that
every l-type over A is realized in M:

5.4 Lemma. Let k be an infinite cardinal. Then the following are equivalent:

31



32 Quantifier Elimination by Types and Saturation

(i) M is k-saturated.
(i) If A C M with |A| < k and p is a 1-type over A, then p is realized in M.

Proof. (i) = (ii): Being s-saturated means that every complete n-type over any subset A C M
with cardinality less than & is realized in M. But every 1-type can be extended to a complete
1-type. Thus, this implication is clear.

(ii) = (i): We prove the other direction by induction on n. Since (ii) states the base case for
n = 1, we only need to deal with the induction step. Suppose that for a fixed n € Nand A C M
with |A| < k every complete n-type is realized in M. Let p € 531, (A). We need to show that p
is realized in M.

Let ¢ € SM(A) be the type {¢(v1,...,v,) : ¢ € p}. By the induction hypothesis ¢ is realized
in M by some @ € M. Let r be the type {¢(a,w) : ¢(v) € p}. Then r is a complete 1-type in
SM(AU{ay,...,a,}). By (ii), r is realized by some b € M. Hence, the tuple (a,b) realizes p.
This shows that M is k-saturated. O

The traditional examples of saturated structures are the rationals as a dense linear order
without endpoints, and the complex numbers as an algebraically closed field of characteristic 0,
see [SacT2a, Proposition 16.1 and Proposition 16.2].

Sometimes, it can be hard to determine for a concrete model whether it is xk-saturated or not.
However, it is not so hard to prove that there exists an extension that is saturated. We will
prove this in three steps. Lemma 5.5 shows that every type can be realized in some elementary
extension. Iterating this construction, we show in Lemma 5.6 that there is an elementary exten-
sion in which every type is realized. And finally we use this machinery to prove the existence of
saturated elementary extensions in Theorem 5.10.

5.5 Lemma. Let M be an L-structure, A C M o subset, and p an n-type over A. There exists
an elementary extension N' = M such that p is realized in N .

Proof. Let cq,...,c, be new constants not contained in £ 4. Define

D= {¢(c,a) : ¢(5.) € p} U Diagy(M).

Let A C T be a finite subset. We ought to show that A has a model, i.e. that A is satisfiable.
Without loss of generality we may assume that p is closed under conjunction. Thus, the part
of A coming from the first part of I' is one single sentence ¢(¢,a). On the other hand, since
Diag, (M) is a complete theory, we may further assume that also the part of A that comes from
Diag, (M) is one single sentence. Thus we obtain that A = {¢(¢, @), (a,b)}, where @ € A,
be M\ A, ¢(w,a) € p, and (a,b) € Diagy(M). The latter yields M |= (a,b). We have
M = T ¢(v,a), i.e. there is d € M such that M = ¢(d,a).

Let us consider the model Mg, where we interpret "¢ = d. Since Mg = ¢(¢, @), we obtain

Mz = A. Thus, there exists a model N |= T in which p is realized. Since N |= Diagg (M), there
is an elementary L-embedding M < A, which was to be shown. O

5.6 Lemma. Let k be some infinite cardinal. For an L-structure M there exists an elementary
extension N' = M such that for any subset A C M with cardinality less than k, each 1-type over
A is realized in N.



Types and Saturated Models 33

Proof. Let (po : a < ¢) be an enumeration of all 1-types in SM(A) for all subsets A C M with
|A| < k for some sufficiently large ordinal number (. We build an elementary chain of models
(Mo a<():

Let Mg := M. If M, is already constructed, then let My, be the elementary extension
of M, in which p, is realized. This elementary extension exists by Lemma 5.5. For a limit
ordinal A let M) := (J,.\ Ma- Proposition 2.11 assures that the union of an elementary chain
of models is an elementary extension of each member of the chain. Let

N = UMa-

a<(

Then every 1-type is realized in N. Again by Proposition 2.11, M, < M for each a < ¢ and,
hence, M < N. O

5.7 Corollary. In the situation of Lemma 5.6, also each n-type for n € N is realized in N
Proof. This follows immediately from Lemma 5.4. O

We will now show that for each regular infinite cardinal , every structure has an elementary
extension that is k-saturated. A reader that is not familiar with set theory and regular cardinals
may as well imagine any infinite successor cardinal instead, since every infinite successor cardinal
number is regular, see [Del, Theorem 3.8.6]. For the sake of completeness we give the definition
of regularity:

5.8 Definition. Let (B, <) be a totally ordered set. A subset A C B is called cofinal in B if
and only if for all b € B there exists a € A such that a > b. The cofinality of B, denoted by
cf(B), is the least cardinal x such that there exists a subset C' C B which has cardinality x and
is cofinal in B.

5.9 Definition. An infinite cardinal  is said to be regular if cf(k) = k.

5.10 Theorem. Let k be a regular infinite cardinal and M a model of a theory T. There exists
a rk-saturated N =T such that M <N

Proof. We build an elementary chain (N, : a < k), such that its limit will be the desired
k-saturated elementary extension N: Let Ay := M. Assuming that N, is already constructed,
let M1 be the elementary extension of A, such that for any subset A C M with cardinality
less than k, any 1-type over A is realized in NV,11. Such an extension exists by Lemma 5.6. For
a limit ordinal \, we set

Ny = | Mo

a<A
By Proposition 2.11, N, is an elementary extension of every N,. We finally set
N = U Ny
a<k
Again, by Proposition 2.11, A is an elementary extension of each N,.

It remains to show that N is x-saturated. Let A C N with |A| < &, and let p be an n-type
over A for some n € N. Since « is regular, its cofinality is equal to itself. Now the cardinality of
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A is smaller than . Hence, A cannot be cofinal in N, which implies that |A] is already contained
in some N. Since every 1-type is realized in NV, by Lemma 5.4 also every n-type for any n € N,
in particular p, is realized in N, . Since Ny < N, this shows that N is k-saturated. O

5.11 Lemma. Let k be an infinite cardinal, M and N two models of a theory T, where M is
k-saturated and |[N| < k, and let A C N be a subset. Then, any partial elementary embedding
[+ A— M extends to an elementary embedding of N into M.

Proof. Let ko := [N\ A| and (nq : @ < kg) be an enumeration of N\ A. Define A, := AU {ng:
B < a} for each a < kg. Then, Ag = A. We build a sequence of partial elementary embeddings
foC fic...C foa ©...for a < ko with fo : Ay — M.

]?:: U fa-

a<kQo

We want the desired map to be

By transfinite induction we show that for every o < kg, the map f, is partial elementary. We
set fo := f, which is by assumption partial elementary. If « is a limit ordinal, let f, := U,B<a fa-
Then, given that all f3 are partial elementary, also f, is partial elementary, since it is the union
of partial elementary functions.

For the successor ordinals let f, be already constructed and partial elementary. We need to
extend this to a map f,+1 that is also partial elementary. Since both f, and f,41 coincide on
Ag, it remains to define fo11(no). Define the set

L) :=A{p(v, falar), ..., falam)) : N = ¢(na,ai,...,an) where ay, ..., am € Ay}.

We will show that I'(v) is a 1-type. For this, we need to show that I'(v) UTh(M) is satisfiable.
By the Compactness Theorem it suffices to show that every finite subset of I'(v) U Th(M) is
satisfiable. Let A := {¢1(v, fa(@1)),- .., dn(v, fa(@n))} € I'(v) be an arbitrary finite subset. If
we show that there is an element m € M, such that M |= ¢;(m, fo(@;)) for each i = 1,... n,
ie. M= Vi, ¢i(z, fa(@i)), we are done. Since I'(v) is closed under conjunction, ¢(v, fo(a@)) :=
Vi, ¢i(v, fa(@;)) € T'(v). Then, N' = Jv ¢(v,a). Since f, is partial elementary this implies
that M = Jv ¢(v, fa(@)). Since M = Th(M), A UTh(M) is satisfiable. Hence, I'(v) U Th(M)
is satisfiable. Thus, we have shown that I'(v) is a 1-type.

By Lindebaum’s Theorem it can be extended to a complete type I'(v)* € SM(A,). Since M is
r-saturated, I'(v)* is realized in M by some b € M. Because I'(v) is fully contained in I'(v)*, also
the type I'(v) is realized by b. We set foy1(na) := b, i.e. fay1 = fa U{(na,b)}. By construction,
fa+1 is a partial elementary embedding. Thus, we obtain an elementary map f: N — M by

f:: Ufa~

a<k

We are now ready to state and proof another quantifier elimination criterion.

5.12 Theorem. Let L be a language containing at least one constant symbol and T an L-theory.
Then the following are equivalent:

(i) T has quantifier elimination.
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() FMET, ACM, N =T is |M|*-saturated, f: A — N is a partial embedding, then f
extends to an L-embedding M — N.

Proof. (i) = (ii): Let ¢ be an L-formula and @ € A such that M = ¢(a). By quantifier
elimination there is a quantifier-free formula ¢ such that M = «(a@). Since f is a partial
embedding and, thus, preserves quantifier-free formulas, we obtain N = v (@). Hence, N' = ¢(a).
This shows that f is partial elementary. By Lemma 5.11, f extends to an L-embedding from M

into V.

(ii) = (i): We will use the previous quantifier elimination criterion from Theorem 3.3. Suppose
M, N E T, Ais a common substructure of M and NV, and ¢ is a quantifier-free formula. Further
let b € M and @ € A such that M = ¢(b,a). We need to show that there is ¢ € N such that
N E olc,a).

Let N/ = T be an elementary extension of N which is |M|*-saturated. Such an extension
exists by Theorem 5.10. Let f: A — N’ be the identity map on A. By assumption f extends to
an L-embedding f : M — N’. This yields N7 |= ¢(f(b), f(a)) and also N' |= ¢(f(b),a), since
f(@) = @. Therefore, N' = Jv ¢(v,a). Since N is an elementary substructure of N, we obtain
N | Jv ¢(v,a), as desired. Now the quantifier elimination criterion from Theorem 3.3 yields
that 7 has quantifier elimination, which was to be shown. O

5.2 Differentially Closed Fields

Since ancient times mathematicians have investigated roots of polynomial equations. A long
amount of time later, they began to consider differential equations. It was an important contri-
bution of model theory to algebra to introduce the axiomatic notion of differentially closed fields.
They are to differential polynomial equations what algebraically closed fields are to polynomial
equations, cf. [Poi, page 71].

According to [Mar96, page 53|, the first work on the model theory of differentially closed
fields was done by Abraham Robinson, whose work was influenced by earlier work of Abraham
Seidenberg.

After giving a brief introduction to differential fields, we will axiomatize the theory of differ-
entially closed fields and use the above criterion from Theorem 5.12 to show that this theory
admits quantifier elimination. If not stated differently, we stick very closely to [Mar02, pages
148-151].

5.13 Definition. A derivation on a commutative ring R is a map 0 : R — R such that the
Leibniz rule holds:
5(z +y) = d(x) +4(y)

6(xy) = xd(y) + yo(x).
We will write a’,a”, ... instead of §(a),5(6(a)), ... and we denote the nth derivative of a by a(™.

The Leibniz rules yield a way to extend the derivation on a ring to its field of fraction: Namely

the quotient rule
TORRLERD
bl . )
Yy Yy
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5.14 Definition. A differential field (K,¢) is a field K equipped with a derivation § : K — K.
We define the ring of differential polynomials over K to be the following polynomial ring in
infinitely many variables:

K{X}=K[X,§(X),0*(X),...,0™(X),..].

If the corresponding derivation is clear, we will simply write K instead of (K, ). We can extend
§ to a derivation on K{X} by setting 6(6"(X)) := 6"+ (X). As above, we write 6"(X) = X ().

5.15 Definition. A differential field isomorphism 1) : K — K’ between two differential fields
(K,6) and (K',¢') is a field isomorphism that preserves the derivation. That means for every
k € K we have ¢(§(k)) = ¢'(¢(k)). Similarly a differential field embedding ¢ : K — K' is a field
embedding which preserves the derivation.

We will only consider fields of characteristic 0 with one single derivation. One could also
investigate the theory DCF,, of differentially closed fields of characteristic p > 0. This theory is
much less well-behaved [Sac72b|. In |Gra| however, the author shows that the theory m-DCF
of differentially closed fields of characteristic 0 which have m many commuting derivations has
very similar model theoretic properties to those of DCF: m-DCF admits quantifier elimination
|Gra, Theorem 3.1.7] and is complete [Gra, Theorem 3.1.9]. Henceforth, all fields in this section
will be of characteristic 0 and equipped with one single derivation.

5.16 Definition. Let (K,0) be a differential field. For f € K{X}\ K, the order of f is the
largest n such that 6" (X) occurs in f. If f is a constant, we say that f has order —oo.

In case f € K{X} has order n, we can write

flz) = igi (X, X7, x ) (X(”))i ,
=0

where g; € K[X,X',..., X" D] If g,, # 0, we say that f has degree m.

5.17 Definition. If k¥ C K are differential fields equipped with the same derivation §, and
a € K, we denote by k(a) the differential subfield of K generated by a over k.

5.18 Lemma. Let k C K be differential fields of characteristic 0 and f € k{X}\{0} be of order
n. Let a,b € K with f(a) = f(b) = 0 such that a,...,a"" Y are algebraically independent over
k, and b,...,b"=Y are algebraically independent over k, and g(a) # 0, g(b) # 0 for any g of
order n of lower degree in X ™. Then, there is a differential field isomorphism between k(a) and

k(b) that fizes k.

Proof. A brief sketch of this proof can be found in [Mar02, Proposition 4.3.30 i)], here we present
more detail.

The elements a, . ..,a” 1V and b, ..., 5"V are algebraically independent over k. This means,
by sending a(¥) to b for each i < n, k(a,...,a™ V) and k(b,...,b" ) are clearly isomorphic
over k as fields. Let us call this isomorphism 1.

Further, f(a) = f(b) = 0 and every differential polynomial g of order n and lower degree in

)f(”) vanishes neither in a nor in b. There is a polynomial f € k[X, ..., X,] such that f(a) =
f(a,...,a™). It holds f(a,...,a™ Y t) € k(a,...,a" V)[t] and by dividing it by a constant
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from k(a, ... ,a(”*l)), we may assume without loss of generality that it is a monic polynomial.
Hence, f(a,...,a™ Y t) is the minimal polynomial of a(™ over k(a,...,a™ V). Similarly,
fb,...,b=D t) € k(b, ..., b D)[t] is the minimal polynomial of b over k(b,...,b"=1). By
applying the isomorphism ¢ to the coefficients of the former minimal polynomial, one obtains
the latter. Hence, also k(a,...,a™) and k(b,...,b™) are isomorphic as fields. Since this
isomorphism extends 1, we will keep its name.

In order to see that 1 extends to an isomorphism from k(a) = k(a,...,a(™,...) into k(b) =
k(b,...,b™ . ..), we will show that 6(a(™) and §(b(™)) can be expressed only using terms of lower
order:

For all i < n we already have that §(a() = a1 and §(b) = b0+, Let

Differentiating yields
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where f? is the polynomial obtained by differentiating the coefﬁments of f and ; denotes
the nth partial derivative of f with respect to X (™). Since ax(ﬂ has lower degree in X(”) than

(a) # 0. Because f(a) =0, and also 6(f(a)) =0, it follows

= > @ia),

1=0

f, by assumption, it holds 8X<")

which is equivalent to
~f?(a) - Z iy (@)5(a)

5(a™y = ) 5.1
(a™) %() (5.1)

Similarly we get

—f2(b) - Z oy ()3 (b))
s(™) = . (5.2)

d

Since both (5.1) and (5.2) use only terms of lower order to express §(a(™) and §(b™), we
have shown that k(a,...,a™,...) and k(b,...,b",...) are isomorphic as fields. Again, this
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isomorphism will be called v». What remains to be shown is that under 1, the derivation is
preserved. For this we will first show that for each k& € N it holds ¥(5(a®)) = §(x(a®)).
Afterwards we will conclude that the equation also holds for every ¢ € k(a).

Let k € {0,...,n — 1}. Since ¥(a**t1)) = b+ it holds ¥(6(a®)) = (aF+D)) = pE+D =
S(b®) = §(1p(a™)). The case where k > n, reduces to the former by considering the equations
(5.1) and (5.2).

Now, let ¢ € k(a). Then there is f,g € k[Xo, ..., Xp] for some m such that

f(a,...,a™)
c= I\ B )
g(a,...,alm)

and for the derivation it holds

B 5(f(a,...,a"™Ng(a,...,a™) = f(a,...
g(a7"'7a(m))2
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Hence, by applying the isomorphism 1 we obtain
(8(f(a. . a™)gla,....a™) = f(a,...,a™)3(g(a, .. ,a™)))
v (g(a,....am)?)
(8(f (. a™))e(gla,...at™)) = v (f(a,...,a™))0(8(g(a, ..., at™)))
s .,a(m))>2 '

Since ¢ has the homomorphic property one can move 1 into the polynomials f and g, such that
it is only applied to the elements a, . .., a(™). But for those elements we already have shown that
1 commutes with the derivation. Thus, we obtain ¥ (d(c)) = d(¢(c)).

o(c)) =

Hence, we have shown that the v is indeed a differential field isomorphism. O

5.19 Definition. Let £ C K be differential fields. We say that a € K is differentially algebraic
over k if f(a) =0 for some nonzero f € k{X}. Otherwise a is differentially transcendental.

5.20 Lemma. Let k C K be differential fields. If a € K is differentially algebraic over k, then
there is a nonzero differential polynomial f such that f(a) = 0 and for all g € k{X} \ {0} of
lower order it holds that g(a) # 0. Moreover, one can choose f such that if there is b € K with
f(b) =0 and g(b) # 0 for any lower order g, then k{a) and k(b) are isomorphic over k.

Proof. See [Mar02, Proposition 4.3.30 ii)|. Let a € K be differentially algebraic over k. Let n be
minimal such that a, . ..,a(™ are algebraically dependent over k, and let f € E{X} be of order n
and of minimal degree in X (™ such that f(a,...,a™) = 0. Obviously, g(a) # 0 for any nonzero
g € k{X} of order less than n.

If f(b) = 0 and g(b) # 0 for any lower order polynomial g, then b,... b 1) are alge-
braically independent over k. So b(™ is zero of the irreducible polynomial f (b,... ,b("_l),Y) €
kb, ..., b(”*l))[Y]. Now, since all the assumptions of Lemma, 5.18 are fulfilled, we conclude that
k(a) and k(b) are isomorphic over k. O

5.21 Definition. A differential field K is differentially closed if, whenever f,g € K{X}, g is
nonzero and the order of f is greater than the order of g, there is a € K such that f(a) = 0 and

g(a) # 0.
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That means in particular, if f has order zero, i.e. f € K[X], there is a € K with f(a) = 0.
Hence, every differentially closed field is algebraically closed.

There are many examples of differential fields: the field of formal power series K ((X)) for some
field K with its usual derivation, or the field of meromorphic functions on an open connected
subset of C. These, and further examples can be found for instance in |Poi, page 71]. However,
there is no natural example of a differentially closed field.

In the following we will show that every differential field can be embedded into a differentially
closed field. This part will be based on [Mar96, Section 1]. For a long time it was not clear if
the differential closure is somehow unique like the algebraic or the real closure. Saharon Shelah
has shown that it is indeed unique up to isomorphism, cf. [Sac72a]
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5.22 Definition. An ideal I < K{X} is called a differential ideal if for every f € I it also
contains its derivative. By (f) we denote the differential ideal generated by f. A prime differential
ideal I C K{X} is a differential ideal which is also a prime ideal, i.e. if ab € I for some a,b € K,
then a € I or b € I. Moreover, for a differential polynomial f € K{X} we define

8m

I(f) = {he E{X}: Whe (f) for somemEN}.

Even if f is irreducible, (f) may not be prime. For example if f(X) = (X”)2 —2X’. Then
S(f(X)) =2X" - X" —2X" = 2X"(X" — 1) is in (f), but neither 2X” nor X" — 1 is in (f).
But, however, the following holds:

5.23 Lemma. If f is an irreducible differential polynomial, then I(f) is a differential prime
1deal.

Proof. This proof is not trivial and needs some additional theory. We refer to |Poi, Lemma 6.10]
or [Mar96, Corollary 1.7]. O

5.24 Theorem. Every differential field k has an extension K which is differentially closed.

Proof. [Mar96, Lemma 2.2| Let f € k{X} be of order n and g € k{X} of order less than n.
By taking an irreducible factor of f of order n, we may as well assume that f is irreducible. It
follows that g ¢ I(f), since g has order less than f.

By Lemma 5.23, I(f) is a differential prime ideal. Thus, let F' be the fraction field F' :=
Quot(k{X}/I(f)). To see that § is well-defined on F, let p,q € k{X} with p — ¢ € I(f). Then
also 0(a) — 6(b) = d(a—b) € I(f), as (f) is closed under differentiation. By the quotient rule, §
extends to F.

Hence, let a € F be the image of X mod I(f). Since f € I(f), f(a) =0 in F, while g ¢ I(f)
yields g(a) # 0.
Iterating this process we can build K D k a differentially closed field. O

We have now developed the theory of differential fields that is needed for the proof of quantifier
elimination of differentially closed fields. We will proceed by giving an axiomatization of DCF.
The theory of differential fields is given by the axioms for fields of characteristic 0 together with
the Leibniz rule. In order to formalize that a differential field is differentially closed we need
additionally a countable infinite family of axioms. It is difficult to write down a general axiom
as there are many varying parameters: the orders of the two polynomials and the degree of
them in every “variable” X (). We will not use any axioms, the important point for us is that
one is convinced that there exists an axiomatization. But this is not hard to see, since we can
easily formalize differential polynomials and the fact that there exists an element in which one
differential polynomial vanishes and the other one does not.

5.25 Definition. Let £ be the language (+,—,-,0;0,1), where ¢ is a unary function symbol
for the derivation. The theory DCF of differentially closed fields is axiomatized as follows:
e the field axioms K1 to K9,

e characteristic 0: For each n € N we have:
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KOon: Vz((z+...+2z =0)—2=0)
———
n times

e the Leibniz rule for differentiation:

D1: VaVyd(z+y) =6(x)+(y),
D2: VaVy i(z-y) = zd(y) + yd(z).

e and additionally differential closedness: For any non-constant differential polynomials f
and g where the order of g is less than the order of f, there exists an x such that f(z) =0
and g(x) # 0.

5.26 Theorem. The theory of differentially closed fields admits quantifier elimination.

Proof. See [Mar02, Theorem 4.3.32]. Suppose that £ = DCF is a differentially closed field,
R C K a subset, M | DCF |K|"-saturated. Let f : R — M be a partial embedding. As
we will see in Chapter 6, without loss of generality, by Lemma 6.2, we may assume that R is a
substructure of K, i.e. the substructure R C K that is generated by R, that means the smallest
substructure of C which contains R. Hence, R is a differential subring of K and f is a differential
ring embedding, that means a ring embedding which preserves the derivation. In order to apply
Theorem 5.12, we must show that f extends to a differential field embedding of K into M.

Surely, f extends to a differential field embedding of Quot(R) into M, since there is a unique
extension of the derivation from R to Quot(R). Therefore, we may assume that R is already a
field. If we show that for every a € K \ R, there is a differential field embedding of R(a) into
M, then by transfinite induction we are done. By identifying R with f(R) we may assume that
R C M and that f is the identity on R. Now, a is either differentially algebraic or transcendental
over R. We consider both cases:

Case 1: a is differentially algebraic over R. Let f € R{X} \ {0} be as in Lemma 5.20. Let n
be the order of f. Let p be the type {f(v) =0} U {g(v) # 0 : g is nonzero of order less than n}.
If g1,...,gm are nonzero differential polynomials of order less than n, then g;(a) # 0 for all i,
while f(a) = 0. Therefore, there exists s € M such that f(s) = 0 and []"; gi(s) # 0. Thus,
p is satisfiable, and since M is |K|T-saturated, p is realized by some b € M. Since g(b) # 0
for all nonzero differential polynomials g of order less than n, it follows that b, ¥, ..., 1) are
algebraically independent over R. Also a,d’,...,a™ 1 are algebraically independent over R, so
by Lemma 5.18, R{a) and R(b) are isomorphic over R. Thus, we can extend the differential field
embedding by sending a to b.

Case 2: a is differentially transcendental over R. Let p be the type {g(v) # 0: g € R{X}\{0}}.
Let g1,...,9n € R{X}\{0}. Let N := max{deg(g;) : i = 1,...,n} + 1 and let f(z) = =M.
Since M is differentially closed, there is s € M such that f(s) = s%) = 0 and g;(s) # 0 for
all i = 1,...,n. Thus, p is satisfiable and, by |K|t-saturation, realized by some b € M that is
differentially transcendental over R. Since R(a) and R(b) are over R isomorphic to the fraction
field QuotR{X}, we can extend the differential field embedding again by sending a to b. O






6 Quantifier Elimination by Lou van
den Dries

Back in the 1980s there did not exist a good documentation of quantifier elimination test. In
1985, Lou van den Dries gave in [vdD| a new quantifier elimination test. So far, there has not
been published a systematic proof of this test. The goal of the following section is to serve this
purpose.

In the second section of this chapter we will apply this quantifier elimination test to the theory
of the field of reals with a predicate for the powers of 2.

Let us start by proving some lemmas that we will use in the following. Throughout this
chapter let £ be a language with at least one constant symbol and 7 an L-theory.

6.1 Extensions of Partial Embeddings

6.1 Lemma. The union of any increasing chain of models of Ty is also a model of Ty.

Proof. Let T be a theory. Let I be an ordered indexing set and (M;);c; an increasing chain of
models of Ty, i.e. foralli € I, M; = Ty and for alli < j € I, M; C M. Let Va Vs ... Vo, ¢(T),
with ¢ quantifier-free, be a universal formula in 7. Let @ be an arbitrary n-tuple in J;c; M;.
Since it has only finitely many components, there is an M; which already contains all of them.
Since M |= Ty, we have M; = ¢(a). Therefore,

M E o(a@).
i€l
Since @ was arbitrary,
U M; = VT ¢(a).
i€l
Hence,

UMi =Ty

i€l

The following will be the key lemma for the proof of the quantifier elimination test.

6.2 Lemma. Consider two L-structures By and Ba, a subset X C By, and a partial embedding
n: X — Bs. There is an extension of ) to an L-embedding ' : D — By, where D is the sub-
structure of By generated by X, i.e. the smallest substructure of By that contains X.

43
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Proof. We will first explain how to construct D, the substructure of By generated by X. Secondly
we will show that 7 can be extended to an L-embedding from D into By. What we need to do is
add to X all the elements that arise from applying terms to every tuple T € X and define what
happens to them when applying f.

Set D := {tB1(F) : tis a term and T € X}. Then D is closed under terms. For every constant
ce L, let P := B, To see that ¢P is an element of D, consider the term ¢ = ¢, then t5' € D,
thus ¢ € D.

Let g() be an r-ary function symbol in By. For d € D define gP(d) := ¢! (d). Now d is not
necessarily a tuple in X. However, it was constructed by a term. Thus, let ¢1,...,%,. be terms
such that d = (dy,...,d,) = ({5 (z7),..., 15" (z)) for some Z7, ..., T, € X, and let t(77, ..., ;)
be the term g(t1(77),...,t-(T;)). Therefore, gP(d) = tB\(z7,..., %) € D.

For a relation symbol R we define D = RP(d) if and only if B; = RP'(d).

Since the L-embedding is the identity map on D into By, it is injective. Thus, by construction,
D is a substructure of Bj.

Now let 17 : X — By be a partial embedding. For any d € D, say d = tP (%) for some term ¢, and
some tuple Z € X, we define 1/ (tP(Z)) := t¥2(n(Z)). For d € D the choice of a term ¢ such that
d = tP(Z) might not be unique. In order to see well-definedness, note that D |= t1(T) = t2(T) for
7T € X immediately yields that By = t1(n(T)) = t2(n(Z)), since n is a partial embedding. Hence,
n' is well-defined. We claim that 7’ is an £-embedding.

For a constant symbol ¢ in £ we have 7/(cP) = /(cB1) = ¢B2. Let f be a function symbol.
Then:

n(fPE @)t (@) = a(fPEr, .. )@, 7))
= [P (@), ()
= REEm@). - 102 (n(T0)))
= RO/ @), .. ' (67 (@T)))-

Let R be a relation symbol in £. Then the following are equivalent:

D E R(ti(Z1),...,tn(Tn))
< B E R(t1(Z1), ..., tn(Tn)) since D C By
& By = R(t1(Z1), .., tn(Tn)) since R(t1,...,t,) is quantifier-free
and T1,...,T, € X
& By = R (t1(Z0)), ..., 0 (ta(T0))) by definition of 7’
Hence, we have shown that 7’ is, indeed, an £-embedding. O

We will now come to van den Dries’ quantifier elimination test, which he gave in [vdD]:

6.3 Theorem. Let T be a theory with at least one constant symbol and suppose that the following
conditions hold:

(1) Each model M of Ty has a T-closure M. This means that for every M = Ty there is
MET with M C M, and M can be embedded over M into each T -extension of M, i.e.
into every N =T with M C N.
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(2) If M C N are models of T, then there is b € N\M such that M(b), the Ty-model generated

by b over M, can be embedded over M into an elementary extension of M.

Then T admits quantifier elimination.

Proof. We will prove this quantifier elimination test by using Theorem 5.12 and by applying the
previous lemma several times.

Let M =T be a model, X C M a subset, N |= T an |M|*-saturated model, and f: X — A
a partial embedding. We need to show that f extends to an L-embedding f: M — N. For the
sake of simplicity, f will keep its name after each extension.

By Lemma 6.2, f extends to an L-embedding f : A — N, where A is the substructure of M
generated by the set X. Thus, A is a model of the universal theory 7Ty, by Lemma 2.13. We may
now apply condition (1). So, A has a T-closure, i.e. A C A= T and A can be embedded over
A into N'. Thus, f extends to an L-embedding f’ : A — A. Moreover, A is embedded over A
into M.

From this point we start a transfinite iteration. Let fo := f’ and Ay := A. We will build
a chain of models Ag C A4; € ... C A, € ... € M and, as in Lemma 5.11, a chain of £-
embeddings fo C f1 € ... C fo C ..., where fo : Ay — N. Let k = |[M \ A|. We want the
desired map to be
fi=J fa Mo N.

a<k

For the successor step suppose that A, and f, : Ay, — N are already constructed. Without
loss of generality we assume that A, C M, otherwise set Ay+1 = A, and fo+1 = fo and we are
done.

By condition (2), there is an element b, € M\ A, such that A, (b,) can be embedded over A4,
into an elementary extension of A,, say &,. Applying condition (1) again, since A, (ba) E Tv,
it has a T-closure A, (b,) | T that can be embedded over A, (by) into each T-extension of
Aq(by), in particular into &,. Hence, we obtain the following diagram:

Aa c Aa(ba) c Aa(ba) c M.

We will first construct an L-embedding of A, U{bs} into N, then extend it to an L-embedding
from A, (by) into NV, and finally obtain one from A, (by) into N. Let foi1 ’A = fo. Define the
set

L(v) :={¢(v, fo(a)) : @ € Aq, ¢ is a quantifier-free formula, and M | ¢(by,a)}.

In order to show that I'(v) is a type, we need to demonstrate that I'(v) U Th(N) is satisfiable.
Let A C T'(v) be an arbitrary finite subset. We will show that there is € N such that
N E é(z, fa(@)) for each ¢(v, fo(@)) € A. This will imply that T'(v) U Th(N) is satisfiable.
Since I'(v) is closed under conjunction, we may assume that A = {¢(v, fo(@))} only consists of
one single formula with @ € A,. Then M = ¢(by, @) and it suffices to show that ¢(v, fo(@)) is
satisfiable in . Since ¢ is quantifier-free and b, € Ay (by) € M, we have Ay (bs) E ¢(ba,a),
in other words A, (by) = Fv ¢(v,a). Then also & = v ¢(v,a). Since &, is an elementary
extension of A, and @ € A,, we obtain A, | Jv ¢(v,a). By induction hypothesis, we already
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have an L-embedding of A, into N and existential formulas are preserved upwards in inclusion.
This yields N = v ¢(v, fa(@)).

Thus, we have shown that I'(v) U Th(N) is satisfiable and, hence, that I'(v) is a 1-type which
can be extended to a complete type I'(v)* € SIV(A,). Since N is |M|*-saturated, there is some
element ¢, € N that realizes I'(v)* and thus, I'(v). Set fot1(ba) = ca.

In order to convince oneself that f,41 is still injective, suppose that N = fo11(ba) = fa+1(a)
for a € Ay11. We will show that this implies already b, = a in M which proves injectivity. Let
us have a look at the formula ¢(v,w) that denotes the equality v = w. This is a quantifier-free
formula. Thus, ¢(v, fat1(a)) € T'(v), i.e. M |= ¢(ba,a). This yields that M = b, = a. Hence,
we have a partial embedding of A, U {b,} into N.

By Lemma 6.2, it can be extended to an L-embedding from A, (b,) into N, since A (b, ) is the
smallest substructure of M that contains A, and b,. By condition (1), A, (by) can be embedded
over Aq(by) into N. Hence, we have finished the construction of fa+1. Set Agt1 := Aa(ba)-
Then foi1: Aasr1 — N is an L-embedding of models.

For a limit ordinal « let

o= h: A= N

A< A<a

Since each f) is an L-embedding, also their union f/, is an £-embedding. Each A} is, in particular,
a model of 7y. By Lemma 6.1 their union is also a model of 7y and by condition (1) this union
has a T-closure

U Ax = Aa,
A<a
that can be embedded over [ J,_, Ax into M. Thus, A, = T and f/, expands to the L-embedding
fa:Aqg — N.
This algorithm terminates as soon as A, = M. At this point we obtain the desired L-
embedding f := fo : M — N.

By Theorem 5.12, 7 admits quantifier elimination. O

6.2 The Field of Reals with a Predicate for the Powers of Two

In this chapter we will show that the theory of real closed fields with a certain discrete multiplica-
tive subgroup—in the following denoted by RPT—has quantifier elimination in the language of
ordered rings augmented by two new symbols. This section follows [vdD]. We will denote by £
the language (+,—,-;<;0,1) of ordered rings. For simplicity reasons, we will omit the symbols
of £ when talking about a structure.

Let A be a unary function symbol, A a unary relation symbol and for every n € N, let P, be
a unary relation symbol. By £* we denote the language LU {A,\, P, :n=1,2,...}.
6.4 Definition. Let RPT, the theory of the field of reals with a predicate for the powers of two,
as van den Dries calls it, be the L*-theory given by the following axioms expressing that:
e R is a real closed ordered field, i.e. axioms K1 to K9, O1 to O5, RK1, and RK2n,
e A is a multiplicative subgroup of positive elements of R:

Al:  Vz (A(x) » x> 0)
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A2:  VaVy ((A(x) AN A(y)) — Az - y))
A3: A1)
A4: Vz (Ax) -y (Aly) Ax-y=y-z=1)).
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e such that:
V1:  A(1+1),
V2: Vr(l<z<2—-A(z)),
V3n: Vz (P,(z) < Jy (A(y) ANy™ =x)), for all n € N,
V4: Vo (z<0— Az)=0),
V5: Vz(z>0— (AN x)) AXz) <z < 2X(x))).

Axiom V1 states that 2 € A. Since A is a multiplicative group, it contains all powers of 2.
By V1 there is no element in A between 1 and 2. For an element x it holds P, () if and only if
2 has an nth root which lies in A. The function \ assigns to each positive element y the nearest
element in A which is less than or equal to y. If y is not positive, then A(y) = 0. Instead of
A(z), we will write z € A in the following as usually.

We will prove the following theorem after we have developed some theory:

6.5 Theorem. The L*-theory RPT admits elimination of quantifiers.

First we will go a little into valuation theory. For this part, see [Kuh, pages 9, 15, and 16].

6.6 Definition. We say that two nonzero elements a and b of an ordered field K are of the same
archimedean class if

for some n € N.

6.7 Definition. Let K be a field and T' an ordered abelian group. A waluation on K is a
surjective map v : K — I' U {oo} which satisfies the following properties for all a,b € K:

(i) v(a) = oo if and only if a = 0,
(i) v(ab) =v(a)+ v(b),
(iii) v(a 4 b) > min{v(a),v(b)}.

The walue group of a valuation is the image v(K ™).

There are some immediate consequences for a valuation v : K — I' U {oo}: For every a € K
it holds v(—a) = v(a). For a # 0 we have v(a~!) = —v(a). Every finite element—that means
every element bounded by some natural number—has valuation 0: v(1) = v(1-1) = v(1) +v(1),
hence, v(1) = 0. Now for any finite element r, 1/r can be bounded by 1/n and n for some
n > r, thus v(r) = 0. Condition (iii) also holds for more than two summands: v(a; +...+a,) >
min{ay,...,ay} for all n € N and a; € K. And finally the inequality in (iii) is an equality
v(a + b) = min{v(a),v(b)} if v(a) # v(b).

It is not hard to see that the property of being in the same archimedean class forms an
equivalence relation. Let I' be the set of archimedean classes of nonzero element in a field K.
We denote by [a] the equivalence class of a. By setting [a] < [b] if and only if n|b| < |a| for every
n € N, we can define an order on I'. One can easily check that the order is well-defined. We also
define an addition on I' by setting [a] + [b] := [ab]. Equipped with this operation and order, I'
becomes an ordered Abelian group with neutral element [1]. We also obtain the following:

6.8 Proposition. The map v : K — I' U {oo} given by a — [a] for a € K* and 0 — oo, is a
valuation. It reverses order on positive elements, i.e. 0 < a < b implies that v(a) > v(b).
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Proof. We will check the conditions that makes a map into a valuation. It is certainly by
definition surjective and (i) is fulfilled. Also (ii) holds by definition.

In order to verify (iii), let a,b € K. If a = 0, then v(a) = oo and v(a+b) = v(b). Similarly for
b=0. Solet a,b # 0. First assume that [a] < [b], and that both a and b are positive, as otherwise
one can simply consider their negatives. Together these assumptions yield that nb < a for all
n € N, in particular b < a. Then it holds a < a +b < n(a+b) =na +nb <na+a = (n+ 1)a.
Dividing by a yields

b
<1<t

<n+1.
n+1 a

Hence, [a + b] = [a].

Now let [a] = [b] and assume that a > b > 0. Further, assume that [a+0b] < [a]. Then it follows
for all n € N that na < a + b, in particular, 2a < a + b. But this yields a < b, a contradiction.
Hence, [a + b] > [a] = [b]. This shows condition (iii).

What remains to be shown is that the valuation reverses order on positive elements. Let
a,b € K with a,b > 0. Suppose that a < b. This implies by definition of the order immediately
that [a] > [b]. Hence 0 < a < b implies that v(a) > v(b). O

From now on, let v denote the above examined valuation, which assigns to each element its
archimedean class. We will call this valuation in the following the natural valuation.

The natural valuation on K can be extended to the real closure K:

6.9 Lemma. Suppose that K is an ordered field. The natural valuation v : K — I’ Uioo} can
be extended to the natural valuation T on the real closure K of K. It salisfiesv: K — I' U {0},
where T is the divisible hull of T, and for all x € K, it holds

for somey e K, y >0 andn > 0.

Proof. It is easy to see that v can be extended to K, since @‘K = Let z € K\ K. Let
f(t) = ant™ + an_1t""* + ...+ a1t + ao be the minimal polynomial of = over K with a, = 1,
agp # 0, and a; € K for every i € {0,...,n}. Then a,2" + ap_12" 1 + ... + a1x +ag = 0.
Applying the valuation, we obtain

v(anz™ + an_12" .+ a1z) = v(—ap).
Without loss of generality we assume that for every i € {0,...,n} it holds a; # 0, as otherwise

we consider only the indices of the nonzero monomials. Suppose that there is ¢ > j such that
v(a;z") = v(a;x?). This means that v(aj)—v(a;) = v(z')—v(2?) and therefore v(z'7) = v(a;/a;).

It follows that
1 .
v(x) = - _-v(aj).
=] a;

If aj/a; is negative, by replacing it with a;/a; instead, we obtain the claimed form.
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If, however, the valuations of the monomials are pairwise different, i.e. if for all ¢ # j we have
v(a;x") # v(a;jz?), we obtain

v(ag) = v(—ap)

= min {v(a;z%)}
i=1,...,n

= min {v(a;) 4+ v(z%)}

i=1,...,n
= min {v(a;) +i-v(z)}
i=1,....,n
Let ip € {0,...,n} such that v(a;,2%) = min;—;
and therefore

n{v(a;xh)}. Then v(ag) = v(ai,) + io - v(x)

-----

1 a
v(r) = — v <0>.
20 Qig
As above, if ag/a;, is not positive we may replace it by its negative. This proves the claim. O

6.10 Lemma. Let K = (K, A,(P,),\) be a model of the universal theory RPTy, and v the
natural valuation on K. Then the following holds:

(a) Each archimedean class of K is represented by an element in A. Thus, v(A) =T.
(b) ’U‘A has kernel 2%.
(c) There is an isomorphism AJ27 =T,

Proof. (a) For z > 0 we have A\(z) < x < 2A\(x) and A(z) # 0, ie. 1/2 <1 < z/A(z) < 2 by
V5, that means that z and A(z) are part of the same archimedean class. So each archimedean
class is represented by an element of A, since im(\) C A.

(b) C: Let z € A with v(x) =0. As [z] = [1], there is n € N such that 1/n < z < n. Let
k € 7Z be minimal such that x < 2¥*1 < n. Then 2F < x < 281 This yields 1 < z/2F < 2. By
axiom V2 it follows that z/2¥ = 1, and thus, z = 2.

D Since v(1) = 0 and 1/3 < 1/2 < 3, the numbers 1 and 2 are in the same archimedean
class, i.e. v(2) = 0. Then also v(2¥) = 0 for all k € Z. And since 2% C A, we are done.

(c) By (a), every archimedean class has one representative from A. Hence, v| 4 is is surjective.
Then the claim follows from (b) and the first isomorphism theorem. O

From part (c) of Lemma 6.10 it follows that two elements in A which are in the same
archimedean class only differ by a power of 2. This means that for a,b € A with [a] = [b]
there exists n € Z such that a - 2" = b.

Consider a model (K, A, (P,),\) of the universal theory RPTy. Depending on the structure
of K we may draw different conclusions: If K is a field, it follows that A is a group. This shows
Lemma 6.11. If, however, K is even real closed, then (K, A, (P,),\) is even a model of RPT.
We will prove this in Lemma 6.12.

6.11 Lemma. Let K = (K, A, (P,),\) = RPTy, where K is a field. Then A and P, are groups
with P, C A.

Proof. Since K is a model of the universal theory, by Lemma 2.13, there is a model R =
(R,B,(Qn),pr) E RPT with £ C R. Let us fix an arbitrary natural number n € N. By
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definition, B is a group. Clearly, @, is closed under multiplication and, if z has an nth root y
in B, then also 1/z has an nth root in B, namely 1/y. Hence, also @, is a group. Because K
is a substructure of R, it holds A = BN K. Now B is a group and K is a field, hence, their
intersection is also a group. Similarly, it follows that P, = @, N K is a group. O

6.12 Lemma. Let K = (K, A, (P,),\) = RPTy, where K is a real closed field. Then K = RPT.

Proof. Since K |= RPTy, there is a model R = (R, B, (Qn), 1) = X* such that L C R.

Obviously, axioms K1-K9, O1-05, RK1, and RK2n are satisfied in I, since K is real
closed. By Lemma 6.11, A is an ordered Abelian group, hence also axioms A1-A4 hold. Now,
V1, V2, V4, and V5 are universal, hence, preserved downwards in inclusion. They hold in R,
therefore they also hold in IC. It remains to show V3n. If x has an nth root in A, it is certainly
contained in P,. So, let on the contrary x € P,. Then « € Q),,, which implies that thereisy € B
with ¢y = x. Since K is real closed, y already lies in K. But KN B = A. Hence, y € A. This
establishes axiom V3n and finishes the proof. O

6.13 Lemma. Let K = (K, A, (P,),\) E RPTy. For each x € A ezactly one of x,2x,...,2" 1x
belongs to P,.

Proof. By Lemma 2.13, there is R = (R, B, (Qn), ) = RPT with £ C R. Since R is real closed,
the value group of the natural valuation v on R is divisible and, therefore, by Lemma 6.10 (c),
also B/2%.

This means: For all n € N and for all z € B there exists b € B such that b"2% = 22Z. In other

words: Vn e NVxe Babe BI € Z -
b = 22t

What remains to be shown is that ¢ can be chosen to be ¢ € {0,...,n — 1} and is unique: By
division with remainder we obtain ¢ = rn + k where k € {0,...,n — 1} is unique, so b" =
x-2F.(27)". Set b=b-27". This yields b" = (b-27")" = x - 2%,

Formalizing what we have just shown, this gives us the analogue of axiom P4n from Presburger
Arithmetic:

n—1
R EVz | B(z) — \/ (Qn(in) A /\ —|Qn(2j$)> for all n € N.

i=0 ji

But this is a universal L£*-formula, hence, preserved downwards in inclusion. Thus, it also
holds

n—1
KEVe | A(x) — \/ <Pn(2ix) A /\ —|Pn(2jx)> for all n € N.
i=0 j#i
This proves the claim. O

The reader may have noticed some analogues to Presburger Arithmetic. In fact, the theory
RPT somehow extends Pr:

6.14 Proposition. Let K = (K, A, (P,),\) be a model of RPT. Then A= (A,-,+,<,1,2,(P,))
15 a model of Presburger Arithmetic.
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Proof. A is certainly an ordered Abelian group. Hence, axioms AG1-AG4 and 01-04 are
satisfied. In the proof of Lemma 6.13, we have shown axiom P4n. As 1 < 2, axiom P1 holds.
Axiom V2 immediately implies P2 and V3n immediately implies P3n. O

With this preliminary work we are now ready to prove 6.5:

Proof of 6.5. We will use Theorem 6.3 to show that the £*-theory RPT admits quantifier elim-
ination. For the proof of the first condition let D = (D, A, (P,), A\) be a model of RPTy. Then,
by Lemma 2.13, there is R = (R, B, (Qn), ) = RPT with D C R. Note that in the language of
ordered rings every substructure is an integral domain. Hence, let K be the fraction field of D.
Then K is certainly an ordered field and we have K C R.

We will verify condition (1) in two steps. At first we will show that R induces an L£*-structure
on K and that this L*-structure is actually independent of the specific choice of R, i.e. is the
only one that makes K into a Xj-model and extends the L£*-structure on D. Secondly, we will
show that R also induces an L*-structure on the real closure K of K and that this is the only
one which makes K into a model of RPT and extends the £*-structure on D. We will then see
that K with the induced structure is a RPT-closure of D.

Step 1: It suffices to show the following:
(a) BNK ={a/b: a,be A},
b)) QN K ={a/b: a,be P,}, and
(¢) for 0 < a,b € D, where a/b is positive in K, p(a/b) only depends on .
We will start by showing (c¢): So, let 0 < a,b € D, such that a/b > 0 in K. It holds that
0<Aa) <a<2-Aa),as well as 0 < A\(b) < b < 2-A(b), so A(a)/2A(b) < a/b, and with similar

arguments we get

2 A(b) b A(b)
Note that p restricted to D is just A. Since B is a multiplicative group, it holds that A(a)/A(b) €
B, as well as A(a)/2X(b) € B and 2A(a)/A(b) € B.

Now we are in one of the two situations: Either we have a/b < A(a)/\(b) or a/b > A a)/A(b).
In the case that

1 Ma) a 5 Aa)

1 Ma) a _ Ma)
it follows that 1 Ma)
“(5>:§'Awy

as p assigns to a/b the nearest element of B which is less than or equal to a/b. On the other
hand if
Ma) _
A(b) —

a A(a)

(-3

b A(D)
This shows (c). Now it is easy to see (a): D : If a,b € A, then a/b = A(a)/A(b) = p(a/b). Hence,
a/b € BN K. C: For the other inclusion let x € BN K. Then x = a/b for some a,b € D. It

then we obtain
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holds a/b = p(a/b) = A(a)/A(b). Thus, we obtain

BmK:{%:a,beA}.

It remains to show (b): D : Let a,b € P,. Since P, C Q,, it follows that a,b € Q,. By
Lemma 6.11, @, is a group. Hence, a/b € @Q,. As a and b are in D, clearly a/b € K. Thus,
a/be @QpNK.

C: Let a,b € D with a/b € Q, N K. Then a/b € BN K, which implies by (a) that there

exist z and y in A such that a/b = z/y. As x,y € A, by Lemma 6.13, there are unique
0,k €{0,...,n — 1} such that 2z, 2%y € P,. Hence,

2'a -k T —k @
22 _ otk 2 _olt=k = )
2ky y p €9
But it already holds that a/b € @Q,. By uniqueness of ¢ and k, it follows ¢ — k = 0 mod n. As
¢,k e€{0,...n—1}, we obtain £ = k. Thus,
a 2k
b 2ky’

where 2Fx, 2%y € P,. This proves (b).

Step 2: We will now move on to the real closure K of K. Analogously we will show that R
induces an £*-structure on K and that this £*-structure is independent of the specific choice of
R, i.e. that it is the only one that makes K into a ¥-model and extends the L£*-structure on D.
In order to do so, we consider the extension v : K — I' U {oo}, as in Lemma 6.9. We will show
that in the representation

y can even be chosen such that y € Q,:

Since y and p(y) are in the same archimedean class and therefore have the same valuation, we
can replace y by u(y) and, thus, assume without loss of generality that y € B. By Lemma 6.13,
then exactly one of y,2y,...,2" 'y belongs to @Q,. And since this element is also in the same
archimedean class as y itself, it has the same valuation and we may even suppose that y € Q..
Therefore, it has an nth root in B, say y», which has the same archimedean class as the element
z, that we started with. Now let us fix an arbitrary z € K with = > 0. We are going to show
the following:

2k . y% <z< ok+l y% for some k € Z. (6.1)

Since there is m € N such that 1/m < x/y% < m, we can take ¢ € N such that 2 > m and
obtain

2_£y% <zr< 2£y%.

Now choose k € N such that £ < /¢, and such that z < 2k+1y% and x > Qky%. Thus,
kL k+1, L
2%yn < x < 2" yn

and Zky% € BN K. Hence, u(x) = 2ky%. This proves (6.1) and shows that K is closed under pu.
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It remains to show that BN K and Q, N K are independent of R. In order to do so, we will
first show that

BNEK = |J{y": yeQ.nK}.

n=1
C: Let x € BN K. Then, as shown before, there exist ¥ € Q,, and k € Z, such that u(z) =z =
1 _
2"3N%. Thus, z = (2"9) " and by setting y := 2*"y we obtain that = = y% where y € BN K.

D : For the other inclusion let n > 1 and y € @, N K. Then it has an nth root in B, which
implies that yn € B. Since K is real closed, this root also lies in K. We have already shown
that @, N K is independent of R, i.e. also BN K is independent of R.

Let us consider @, N K. An element z taken from this set is positive, lies in K, and has an
nth root in B. Since K is real closed, every positive element has an nth root for every n. So, for
this element z to be in @, N K, means that its uniquely determined nth root is in B. Hence, we
obtain Q,NK = {z": r € BNK}. As BNK is independent of R, also Q, N K is independent
of R.

Thus, we have seen that the induced L*-structure on K by R is the only one which makes
K into a model of RPTy and extends the £*-structure on D. We denote this L£*-structure by
K. By Lemma 6.12, K is already a model of RPT. This is the desired RPT-closure of D: Since
D is an integral domain, the smallest real closed field that contains D is the real closure of its
field of fractions. The induced structure on K by an arbitrary supermodel R is unique. Hence,
two different supermodels R and R’ induce the same structure on K. This means that IC can be
embedded over D into any model N = RPT with D C N. Thus, we have completed the proof
of the first condition of Theorem 6.3.

Next, we come to the verification of condition (2). Let K C R be two models of RPT,
where K = (K, A, (P,),\) and R = (R, B, (Qn), ). Then either they have the same amount of
archimedean classes or R has more archimedean classes than K. We will first consider the case
in which they have the same number of archimedean classes: Since each archimedean class is
respresented by an element of A, or B, respectively, it follows that A and B coincide: Let a € A.
Then there is b € B with [a] = [b]. By Lemma 6.10 (c) there is £ € Z such that 2‘a = b, so b € A.
The other implication follows similarly. Hence, A = B. Further, u takes its values in K.

Let k = |R\ By Theorem 5.10, there exists a x-saturated elementary extension of I, say
K = (K, A, (P,),)\)). Note that K, R, and K are real closed fields with K C R and K < K.
Denote these embeddings by h and f, respectively. By identifying K with its image under h
in R, we may assume that h = id. Since the theory of real closed fields RCF admits quantifier
elimination, it is model complete. Hence, h is an elementary embedding. Let ¢(v) be a formula
in the language of ordered rings and k € K. We have

K Eo(f(k) & K = 6(k) & R = 6(k).

Thus, f is a partial elementary embedding from K C R to K. Since K,R = RCF, |R| < &,
and K = K, the prerequisites of Lemma 5.11 are fulfilled and the partial elementary embedding
from K into K can be extended to an elementary embedding of ordered fields from R into K.

We will now show that the L£*-structure on R given by R is the only one that makes R into a
model of RPT and extends the L£*-structure of K. Because then the L£*-structure on R induced
by K coincides with the £*-structure given by R. Hence, it follows that also R can be embedded
over K into K as models of RPT.
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So, suppose there is R' = (R, B, (Q),), 1), another model of RPT which extends K. Then
again, B = A = B. The set @)}, consists exactly of all the elements in R which have an nth root
in B' = B, thus, Q], = Q.. Since R has the same archimedean classes as K, and K C R, K
is dense in R. They both extend ), therefore, also u and p’ coincide. So the structure of R is
indeed uniquely determined.

We have shown that R can be embedded over K into K. Hence, for any b € R\ K, K(b) can
be embedded over K into I, an elementary extension of K.

We come to the second case: If on the other hand R has more archimedean classes than K,
then clearly A C B. So let b € B\ A. For each natural number n € N we take

in€90,...,n—1} such that b= 2in - qp, for some ¢, € Q.

By Lemma 6.13, we can choose ¢, this way.

Let us consider the field extension K (b) with the order induced by R. First, we will show that
there is a structure on K (b) induced by R. It suffices to show that K (b) is closed under pu, as
then an L*-structure on K (b) is given by

Ky = (K(b),BNK(b), (QnN K(b))vﬂ‘K(b))'

For this we need the following identity:
The value group of K (b) is

V(K (b)) =v(K*) ® v({(b)) =v(K*) @ Z-v(b), (6.2)

where (b) is the multiplicative group generated by b and the sums are direct. This identity can
be found, for instance, in [Kuh, Lemma 6.3]. Hence, for every positive element = € K (b) there
exist y € K> and £ € Z such that v(x) = v(y) + £ - v(b) = v(yb®), where £ is unique. By Lemma
6.10 we can replace y by an element a’ of A. It follows that v(z) — v(a’b’) = v(x - a'~1b~*) = 0,
which implies that there is k € Z such that 2% < z-a/~1b~¢ < 281, This yields

2k5a/b€ g T < 2k+1a/b£’

which means that every positive element x of K (b) lies between two elements ab’ and 2ab’ where
a=2Fa' € A and £ € Z. These two elements ab’ and 2ab’ certainly lie in B and in K (b). Hence,
p(z) = ab® € K(b), which implies that K (b) is closed under .
Thus, £ C Ky € R and, therefore, K, = RPTy.
Note that for each n, since b = 2/ - ¢, with g, € Q,, we have ¢, = 27" . b € K(b). Thus,
b= 2 . q,, where ¢, € Q, N K(b).
Next, let K = (K (b), A(b), (Pn(b)), \p) be another structure on K (b) satisfying for each n € N
that b = 2/ - 5, with s,, € P,(b). We will show that K, = Ky, i.e. the following:
(a) BOK(®) = A®),
(b) Qn N K(b) = Ppu(b), and
(c) M}K(b) = X
First note that in Q,, there is t,, such that b = 2% - ¢,. But also there is s, € P, (b) such

that b = 2% - s,,. This, however, implies that t, = s,. Hence, we obtain b = 2 . ¢,, for some
an € Qn N Pp(b).
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Now, in order to show (a), we first claim that

BNK(b) ={ab’: a € Aand ( € Z}. (6.3)

D: Let x = ab’ for some a € A and ¢ € Z. Since A C B, it follows immediately that
r € BNK(b).

C: Now, let x € BN K(b). Again by (6.2), for every positive element x € K(b) there are
a € A and ¢ € Z such that v(z) = v(a) + £ - v(b) = v(ab®), where £ is unique. This means that
z and ab® are both in B and part of the same archimedean class. Hence, they only differ in a
power of 2, i.e. x = a’ - b*, where a/ = 2¥a € A for some k € Z. This proves equation (6.3) above.

Next, we will show that
{ab’: a € Aand £ € Z} = A(D), (6.4)

as this will imply (a).

C : Consider P;(b). It holds that b = 2% - ¢; for some ¢; € P;(b)N Q1. But Q1 = Band b € B.
Therefore, iy = 0. Hence, b € P;(b) C A(b). So any element of the form ab’, where a € A and
¢ € Z, is contained in A(b).

DO : By Lemma 6.10, each archimedean class of K (b) has a representative from A(b). Hence,
the identity (6.2) also yields, by the same arguments as before, that for every z € A(b) there is
a € A and ¢ € Z such that = = ab’. This proves equation (6.4) and, thus, implies (a).

Next, we will show (b): C: Let z € Q, N K(b). Then x € BN K(b) and, therefore, by
(a), there exists a € A and ¢ € Z such that z = ab’. By assumption there is g, € Pn(b) N Q,
such that b = 2 . ¢,. This yields that = = ab® = a - 2%¢’. As Q, is a group, we obtain
xqgg =a- 2"t € Q,, because z,q, € Q,. But a € K. It follows that :qué €EQ,.NK =P,
Hence, zq;* € P,. As K(b) is a field, by Lemma 6.11, also P,(b) is a group. Thus, since
P, C P,(b), we obtain x = xq;‘q, € P,(b), which was to be shown.

D : On the contrary, let © € P,(b). Certainly, z € K(b). What we need to show is that
r € Qn. By Lemma 6.11, it holds P,(b) C A(b). Hence, there is a € A and ¢ € Z such that
x = ab’. Moreover, there is ¢, € P,(b)NQ,, such that b = 2in.¢q,. Hence, 2q;* = ablq;* = a-2*.
As xq;% € P,(b) and a € K, we obtain a - 2" € P,(b) N K. But P,(b) N K = P, C Q. Thus,
a-2"* € Q,. This yields z = ab’ = a - 2""%¢, € Q,. This finishes the proof of (b).

It remains to show (c): We have already shown that for every positive element x of K (b) there
isa € Aand £ € Z, such that z lies between ab’ and 2ab’. By part (a), ab’,2ab’ € BN K (b) and
also ab’, 2ab* € A(b) Hence, M‘K(b) and A\, coincide. This shows (c).

Hence, we have shown that K} = K. We will from now on simply write

Ky = (K(b), A(D), (Pa(b)), A)-

Now, let K, = (K (b), A(b), (Pn(b)), X\y) be the RPT-closure of K. We showed in condition (1)
that this exist and that K (b) is the real closure of K (b).

Let x := |A(b)| and let K = (K, A, (P,), \) be a r-saturated elementary extension of K.
Let us call this elementary embedding ¢. Since K, K, and K, are models of RPT, by Lemma
6.14, the structures A = (A,-,+,<,1,2,(FPy)), A= (4,-,+,<,1,2,(F,)), and Ay = (A(b), -, +,
<,1,2,(P,(b))) are models of Pr. Moreover, A is as well a r-saturated elementary extension of

A with elementary embedding ¢ = w|A. Since A < A, A C A, and the theory of Presburger
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Arithmetic eliminates quantifiers, we are in the same situation as earlier with RCF and can,
thus, apply Lemma 5.11. We obtain that ¢ : A — A extends to an elementary embedding
gb’ A, — A

We will now extend v to an embedding v’ from K, into K. In order to do so, we only need to
determine the image of b under ¢’. Since each archimedean class from K (b) is already represented

in A(b) and ¢’ preserves the order on A(b) and, hence, on A(b), we can define ¢’ (b) = ¢'(b). Now
Y’ embeds K (b) into K as ordered fields. We will from now on write ¢/’ as the identity map.

Now, since K(b) C K and K = RPT, by earlier observations K induces an L*-structure on
K (b). Moreover, since b- 27 € P, (b) C P,(b),

b-27n =/ (b-27") = ¢/ (b-271") € P,.

So, b= 2in . p, for some p,, € E Hence, the L£*-structure which K induces on K(b) is Kp. Thus,
Kp C K and this embedding preserves K.

In order to finally establish condition (2), we need to show that K(b), the smallest substructure
of R which contains both K and b, can be embedded over K into K. But since Ky is a substructure
of R whose underlying universe contains both K and b, also K(b) C K. As K(b) is embedded
in Ky over K, it is also embedded in K over K.

This finishes our proof. O

Of course, one can replace the number 2 by any positive real number, since it does not play
any special role in the results. More precisely, let ¢ be a new constant symbol, and let ¢-RPT be
theory RPT except that “2” is everywhere replaced by “c” and the axiom ¢ > 1 is added. We
then get the following result:

6.15 Corollary. c-RPT admits elimination of quantifiers.

In the proof, we have seen that one is rather free in the choice of b. In [vdD], van den Dries
points out that this is the main difference of his quantifier elimination test to the usual tests.






7 Applications

Quantifier elimination is a very powerful property, as it helps in the question of completeness and
decidability as well as in the study of definable sets. It also has some geometric interpretations
and, hence, many applications in algebraic geometry (see for example [BoCoRo|). The well-known
Tarski—Seidenberg Theorem or Hilbert’s 17th Problem follow from quantifier elimination in real
closed fields, whereas Hilbert’s Nullstellensatz follows from quantifier elimination of algebraically
closed fields, just to name a few geometric results. In differential algebra, there exists an analogue
of Hilbert’s Nullstellensatz, which follows from quantifier elimination in differentially closed fields.

This chapter pursues the goal of giving a few examples from different realms of what quantifier
elimination can lead to. We will first see one geometric consequence of quantifier elimination,
namely the Differential Nullstellensatz. Afterwards we will set our focus on completeness and de-
cidability. We will conclude this last chapter and hereby this thesis with a section on applications
of quantifier elimination to the better understanding of definable sets.

7.1 One Geometric Consequence

There are many geometric interpretations of quantifier elimination of different theories. Without
denying the importance of such, we will only give one here. While Hilbert’s Nullstellensatz for
algebraically closed fields is a fundamental theorem in algebraic geometry, there is an analogue in
differential algebra, namely the Differential Nullstellensatz. Since the Differential Nullstellensatz
is not as well-known, we decided to give a proof of this theorem instead. We will deduce it from
quantifier elimination in differentially closed fields.

7.1 Theorem (Differential Nullstellensatz). Let k be a differential field of characteristic 0 and
let X be a finite system of differential polynomial equations and inequations over k in several
unknowns such that X has a solution in some extension £ O k. Then X has a solution in any
differentially closed field K D k.

Proof. See for example [Mar96, Corollary 2.6] or [Poi, Theorem 6.17|. Let L be a differentially
closed field containing ¢ and let K be an arbitrary differentially closed field containing k. Their
existence is ensured by Theorem 5.24. Since £ C L, there is also in L a solution to . We will
show that K contains a solution to X.

The differential field k£ is a common substructure of L and K. Applying Theorem 3.3, by
quantifier elimination, L = 3v X(v) implies K = Jv X(v). Hence, every differentially closed
extension of k£ contains a solution to . O
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7.2 Completeness and Decidability

Lemma 2.7 shows that in a complete theory all of its models satisfy the same L-sentences. This
is a very powerful property. In this section we will prove completeness and decidability for all of
the treated theories. In the case of decidability we will not give proofs in much detail.

The following theorem gives a sufficient condition for completeness.

7.2 Theorem. Let T be a model complete L-theory. If there is My |= T which embeds into
every model of T, then T is complete.

Proof. Suppose that there is My = T such that My embeds into every model of 7. Consider
two models M, N = T. Then there is an L-embedding from M into M and one from M, into
M. Since T is model complete, the L-embeddings are elementary. Hence, for every L-sentence
¢ we have

ME¢ & MoEo¢ & NEO
Thus, M and N are elementarily equivalent and, by Lemma 2.7, 7 is complete. O

We will now apply this theorem to our previous theories and show that all of them are complete.

7.3 Corollary. (i) The theory ACF of algebraically closed fields of characteristic 0 in the
language of rings is complete.
(ii) The theory RCF of real closed fields in the language of ordered rings is complete.
(15i) The theory Pr of Presburger Arithmetic in the language (+,—;<,Po, P3,...;0,1) is com-
plete.
(iv) The theory DCF of differentially closed fields of characteristic 0 in the language (+,—,-,0;
0,1) is complete.
(v) The theory RPT in the language L* = (+,—,- , N\;<,A, Py, P>, P3,...;0,1) is complete.

Proof. (i) ACF is the theory of algebraically closed fields of characteristic 0. The field of the
rationals Q is contained in every infinite field. Thus, the algebraic closure of Q can be embedded
into every model of ACF. Quantifier elimination implies model completeness. Hence, ACF is
complete.

(ii) Every real closed field has characteristic 0. Thus, Q is also contained in every real closed
field. Hence, the real closure of Q can be embedded into every model of RCF. By quantifier
elimination, RCF is complete.

(iii) Every model of Pr contains the ring of integers Z. Since Pr allows elimination of
quantifiers and is therefore model complete, Pr is complete.

(iv) DCEF is the theory of differentially closed fields of characteristic 0. The field of rationals
Q together with the natural derivation d(c) = 0 for all ¢ € Q is contained in every model of DCF.
Hence, again by quantifier elimination, DCF is complete.

(v) Let Q™ be the real closure of Q. As Q' is contained in every real closed field, and 2% is
contained in every multiplicative subgroup of positive elements of Q™ that contains 2, (Q'¢, 2%)
can be embedded into every model of RPT. Hence, also RPT is complete. O

Next we come to the concept of decidability. Whenever we use the term “algorithm”; the
reader who is familiar with theoretical computer science may imagine a register machine or a
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Turing machine. They are abstract models of computation which are used to simulate the logic
of algorithms. For this part we refer to [Mar02, page 42| or, for a more detailled approach, see
|[EbFITh, Sections 10.2 and 10.6].

7.4 Definition. A set S is called recursive if there is an algorithm that decides after a finite
number of steps whether a given object is an element of the set or not. An L-theory T is called
decidable if there is an algorithm that, when given an L-sentence ¢ as input, decides whether

TE ¢

7.5 Proposition. Every L-theory T which is recursively axiomatizable and complete is decidable.

Proof. See for example [EbFITh, Satz 10.6.5]. Since many authors use different definitions, we
will roughly explain how the proof works: One first shows that 7 is recursively enumerable. This
means, we show that there is an algorithm which lists exactly the L£-sentences ¢ in 7. Let 3 be
the recursive axiom system of 7. Let us first have a list of all £-sentences. Since X is recursive,
the algorithm can then decide whether or not the antecedent of each L-sentence ¢ is in X or is
a conjunction of elements of X. If this is the case, then the algorithm shall put the consequent
of ¢ on the list.

Now, we have a list of all £L-sentences in 7. Then for a given L-sentence ¢ the algorithm can
go systematically through the list and check whether it finds ¢ or —¢. O

This proposition yields the following strong results:

7.6 Corollary. All of the theories from Corollary 7.3 that we have treated in this thesis are
decidable.

It was Tarski who first showed completeness and decidability for the field of real numbers. His
proof gave an explicit algorithm for eliminating quantifiers. This proof can be found in [Tar,
Section 2|. He makes use of Theorem 3.2 and gives an algorithm to eliminate one existential
quantifier at a time. In fact, in his paper, he shows even more: Tarksi gave a decision method,
i.e. an algorithm that decides for a given sentences in a finite number of steps if it is contained
in a certain class of sentences or not.

So far, all our proofs of quantifier elimination have been non-constructive. Tarksi, however,
provided for the theory of real closed fields an algorithm to explicitly find an equivalent quantifier-
free formula. Also, Presburger’s proof of quantifier elimination for Presburger Arithmetic was
constructive. In fact, in all of our cases one can give an explicit effective procedure. The following
lemma tells us that for decidable theories there is an algorithm to eliminate quantifers.

7.7 Theorem. Consider a decidable L-theory T which allows elimination of quantifiers. Then
there is an algorithm which, when given an L-formula ¢(v) as input, will output a quantifier-free

L-formula (V) such that T = Yo (¢(0) <> ¥(v)).

Proof. See [Mar02, Proposition 3.1.22]. Given ¢(v) as an input, the algorithm searches for a
quantifier-free formula ¢(v) such that 7 = Vo (¢(v) <> (v)). Since T is decidable this is an
effective search. Because T has quantifier-elimination, we will eventually find (7). O

Even though there exist algorithms for effective quantifier elimination, the complexities of
these algorithms are in general very high.
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In [vdD], van den Dries asks the question whether similar results as completeness and decid-
ability could be obtained for the structure (R, 2%, 3%). Philipp Hieronymi answered this question
in [Hie| negatively: If another predicate for a multiplicative discrete set is added to RPT, then
this theory defines the integers. By Godels Incompleteness Theorem, this means that the theory
cannot be complete nor decidable.

7.3 Definable Sets

In model theory we often try to understand which sets one can achieve by only using symbols
from the language. Such sets are called definable.

7.8 Definition. Let M be an E—structureﬁand BC M. Aset S C M"is called B-definable if
there is an L-formula ¢(vy,...,v,, W) and b € B such that

S={ae M": Mk ¢@,b)}.

If B =10, we say that S is 0-definable. A function f: M™ — M is called B-definable if its graph
{(@,y): f(T) =y} € M"!is a B-definable set.

We will give a few consequences of quantifier elimination to the understanding of definable
sets. The first one is a well-known result about real closed fields. We will start with the definition
of o-minimality:

7.9 Definition. Let 7 be a theory in a language £ containing <, such that the linear order
axioms O1, 02, and O3 hold in each model of 7. Then T is called o-minimal, if for each
M = T, every definable subset of M is a finite union of points and intervals with endpoints in
M U {+xo0}.

O-minimality was introduced by Anand Pillay and Charles Steinhorn in 1984, based on van
den Dries’ ideas. Its aim was to generalize some model-theoretic properties of the field of the
real numbers, cf. [Hod, page 82].

7.10 Theorem. The theory RCF is an o-minimal theory.

Proof. See [Mar02, Corollary 3.3.23]. Let R = RCF. By quantifier elimination, every definable
subset of R is a finite Boolean combination of sets of the form {x € R : p(x) = 0} and
{z € R: q(x) > 0}. Solution sets of the first type are finite or, in case of the zero-polynomial,

they contain all | — oo, +00[. Sets of the second form are finite unions of intervals. Hence, we
conclude that any definable set is a finite union of points and intervals, also allowing doco as
endpoints. O

One implication of quantifier elimination of RPT that gives us control over the definable sets,
is the following theorem, which van den Dries gave in [vdD|:

7.11 Theorem. Fach subset of R which is R-definable in L* is the union of an open set and a
countable set.

Proof. See [vdD, §1. Corollary|. The proof is by induction on complexity of terms. O
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One further consequence of quantifier elimination is based on the universal axiomatizability
of RPT in an extended language. This axiomatization is obtained as follows:

If we have a brief look at the axioms of RPT, one sees that there are two obstacles: Firstly
this is the axiom A4, namely the existence of multiplicatively inverse elements. And secondly,
axioms V3n contain existential quantifiers. We can, however, add 0-definable functions to the
language.
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Let £** be the language £* expanded by the new function symbols f and g, for each n € N.
For the function symbol f we define two new axioms:

Ul: Vavy (f(x) =y xz-y=1)
A4 Vx A(f(z)).
Additionally, for the function symbols g, we define two new classes of axioms
U2n: VaVy (2 <0—=gn(z) =0)A (x>0 = (gn(z) =y <> 2" =y))
V3n':  Vz (P,(x) + A(gn(x))).
Now RPT is obtained from the axioms of RPT except for A4 and V3n plus the above defined
axioms, i.e.

RPT' = RPT\ {A4, V3n, for all n € N} U{U1, A4’, U2n, V3n’, for all n € N}.

The L£**-theory RPT’ is axiomatized only by universal £**-sentences and, hence, has universal
axiomatization. Since the functions f and g, are definable in the original language £*, we do not
obtain any more definable sets after augmenting the language by these function symbols. Also
note that we do not change the property of having quantifier elimination: Any L£**-formula in
which f or g, occurs is equivalent to an L*-formula and, hence, to a quantifier-free formula.

The consequence of the above observations is the following result due to Chris Miller’s doctoral
student Michael Tychonievich:

7.12 Proposition. Let A C R" be an R-definable set in (R,2%). Then there exists k € N and
an (n+ k)-ary set B that is R-definable such that the following holds: x € A if and only if there
exists y € (22)% such that (z,y) € B.

This result can be found in [Tyc, Corollary 4.1.7]. However, we would like to mention that
during the research for this thesis we discovered a gap in his proof. In correspondence with Miller,
the result is still true and it follows from the fact that RPT’ has universal axiomatization.

Filling the gap is not subject of this work but might be of interest for future investigation.
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